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PROGRESS REPORT. 

The following gentlemen hare been elected members of the 
Sooietj- * 

(1) St G. Buttoio, B, Sc., (Ijondon) A, It, G, »9c.— “Pfiacipal 
and Professor of Physios, Baroda College, Baroda; 

(2) Mr. Shiv Narayan, M. A., B. Be, (Ponjab), B. E. (Union, 
America), A.jV.J.E.E.,—A ssistant Professor of Electrical Engineering, 
College of Engineering, Poona; 

(3) Mr. Kalluri Sundara Bamiah B.A., L.T. —Mathematics Assist¬ 
ant, Town High School, Gantnr, (at conceasional rate), 

(4) Mr. K. Sf Srinxvasachnri, B.A., L.T. —Teacher, Mahant’s 
High School, Tirupati, (Chittor) (at cwiceeaional rate), 

(5) Mr. S. V. Venkataraya S^aslri i/.T,—Mathematics 

Lecturer, Victoria College, Palghat, (at eonceeaional rate). 

2. The Committee feci pleasure to announce that— 

(i) The Toihoku Mathematical Journal, edited by Professor 
T. Hayashi, and pablished at Tokyo (Japan) will bo reoeired in ex. 
change for onr Jonmal; 

(ii) The Vnivereity of lllinoie will send in exchange for onr 
jonrnal annnally, from their Department of Mathomatios the Ph. D. 
theses and other mathematical articles as they are published. 

(iii) “Nature” will bo available for isane every week for the 
current year, through the courtesy of &lr. Balak Bam, I.C.S. 

3. The following books have been received from the Publishers— 

(1) Numerical Trigonometry’—hy Messrs. Borobardt A Perrott, 
6di London, 1913. (George Bell A Sons). 

(2) A Shorter Algebra —by Messie Baker and Bourne, 1913, 2/6, 
(George Bell A Sons). 
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(3) The Calcuila University CaU}idar for 1913, Part IV. 

(4) Brief Biography an>t Popular Account of the Unparalleled 
Discoreriss of Prof. Ur, T. J. J, bly—by W. L. Webb. Lyma, Maee, 
U. S. A., 1913 (T. P. Nichols & Son Co.). 

(5) Logons Je Mathematigues Qenerales —by Prof. L. Zoretti, with 
a preface by P. Appell, Paris, 1914, 20 frs. (G-anthier—Villars). 

(6) Nature —VoU. 88, 89, 90, & 91, as presents, from Mr. Balak- 
Kao), 1. G. S. 

PooNi, D. D. Kipadia, 

31<f Jan., 1914. ) Bon. Joint Secretary. 


UNIVERSITY LECTURES IN MADRAS. 


We are pleased to note tliat a coui'iie of Unirersity leotoros twenty 
one in namber, wa.>) recently delirered id the Presidenoy College, 
Madrasi, by Mr. K H. iNoville, Follow, of Tiioity College, Cambridge. 
The conrse began on Jannnry the 5th nod ter.ninated on February 7th. 

For the benefit of those who could attend the lectures for only one 
week, Mr. Neville gave two Iccturoe on ‘ TlJE NATURE OP REAL 
AND COMPLEX NU.MBERS’ and two lectures oomplete^in themselves 
on * DIFFERENTIAL GEO.ME IRV.’ Tiie remainder of the course was 
taken up by a detailed treatiiiunt of ‘ MOVING AXES AND DIFFE¬ 
RENTIAL QEOMETRV,’ a subject which Mr. Noville has mode hia 
own. 


The conrse was well attended and drew an audience not only from 
the Bonth of India, but also from so far north as Aligarh. Mr. Neville 
will, it is hoped, issue liis loolures in book form daring the oourse of 
the year. 
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The Spherical Mean Centre- 

By M. T. Naraniengar. 

1. Let A„ A, be points on a great circle of a sphere whose dis¬ 
tances from an origin 0 on the great circle are a„ a. ; and let M be a 
point determined by the equation s>n (j; —a,)-|-sin (j: —aj)=0. 

Then, evidently, «=-^ (tti4 so that il i:* the mid-point of AjAj ; 
and sin sina 3 = 2 sin x cos ^ A]Aj <x sin x. 

The point M is called the spherical mean centre of AjA,. 

2. If A|, A,, Ay.be any number of points on a great circle whose 

distances from O are a,. Qj, a,., then their s. vi. c. is M determined 

by the equation 

sin (x—a,)4-bin (*—a,)+..,=0, 
or £sin(AiM)=0, 

BO that tan x = tan OM=r(sin (cos a,), 

and sin a,+sin Oj+sin a.,-)-.sin [•*—(*—<* 1 )] 

= sin xEcos (x—a,)—cosirsin (x —a,) 

=sin xlCcoB (AjAl) cc sin x, 

since £ sin (x—a})=sO, and is fixed relatively to A^Aj. 

3. If Ai, A],.bo a set of points 011 a great circle whoso s.m.c. is 

M, then 

£cos OAiCc COB OM, 
where 0 is any point on tiie great circle. 

For, 

£cos OA 2 =£(co 8 a,)=£ooB [x—(*—aj)] 

=cos xEcob (x—Q j), since Tain (x—a|)=sO, 

=cos x£cos (AiM) 00 cos OM. 

Cor. £cos (OAi) is greatest, when x=0; that is when 0 is at M. 

A Suppose ABC is a spherical triangle and M is a point within 
the triangle defined by the relation 

arc MA+aro MB+are KC=0, 

where the plus eign has to be interpreted as in the case of vectors. 
Tbos to combine aro MB, and aro MC, we may proceed as follows: 








4 


Bisect BC at 1) ami join MD. Then the suw or resultant of arcs MB, 
MC is X or K MD, such that sin X = \ sin OD, where X stands for 
2 cos I BC. 


A 



Now, if M be the median centre of a spherical triangle ABC, wo 
know that 

sin AM =2 cos i a. sin MD, (Casey : Sfhl. Trig. p. 72.) i 
so that arc MB+aro MC=X=aTU AM. 

Thus the point M defined by the equation 

arc MA+arc MB+arc MC=0 

is the centre of medians of the triangle ABC, and may bo called the 
$. m. c. of A, B, C. 

5. If A, B, C, D.be any nomberof points on asphore, the point 

M defined by the equation 

£ (arc MA)=0 

is the 8. tn.c. of the system, and a similar gcomoincal inlorprotntion of 
the eqaation will hold. Thus in the case of a spherical quadrilateral 
the 8. m. e, M is the intersection of the connectors of the middle points 
of opposite sides, and is such that 

arc MA+aro MB = —(arc MC+arcMD). 



For, if X is the sum of arc MA and arc MB, 

sin Xss2 sin MA'. oob | AB, by § A 
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Now, if P be tbe pole of B'D', 

cos PA+cos PBss2 cos PA', cos k AB. 
anil cos PA' = sin ilA'. sin M.’ 

• • «09 PA + cos PBsssin x. sin M. 

In other words, sin X sin M = sin a+sin /?, where a, /? are the 
perpendiculars from A, B on B'D'. 

Similarly, the resultant of arcs MC, MD is Y, such that 
sin Y sin M =SDm of sines of perpondioulars from C, D. 

Hence 8inX = —sinY. •*. X = -Y. 

Cor. 1. lo a spherical quadrilateral, if A'B'C'D'be the mid-noiots of 

AB, BC, CD, DA, and JI be the e. vi. c. 

Bin MA'. cos A AB = sin MC' cos | CD, 
sin MB', cos A BC =siD MD' cos A AD; 

6. Generally, the resultant X of p. OA and q. OB may be dedned 
as follows: 

Divide, the aro AB at C into parts whose sines are inversclj as 
y, then X is represented by X.OC, soch that 

sin sin OC = (y cos AC+j cos CB)* sin OC. 

7. We can now proceed to give a geometrical construction for the 
resultant of arcs OA, OB, OC where O is any point whatever. 

By § 4 the resultant of arce OB, OC is 2 cos ^ a sin OD, and the 
resultant of this and OA is X OM, where M divides AD inversely as 
1 : 2 008 I a by § 6. 



Hence, tho resultant of arc OA, OB, OC, is X or X*OM suoh that 
sin X = X'ein OM^sin OM (2 coa ^ a cos HDd*oos MA) 

s=Bin OM. (oos MA+oob MB+cog MC). 
Similarly, the roBultant of arcs OA, OB, OC, OD is X or XOM, suoh that 

sin X=X Bin OM=Bin OM £ co& MA, 
where M is the t. m. e. of ABCD; and so on. 

8. Next, let M be a point deCoed by the relation 

pilA+jMB+rMCsO. 
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Id this case it is leaiily seen that the point M is the point of con¬ 
course of the arcs AD, BE, CF, where, D, E. P divide the sides of ABC 
into parts whose sines are in the inverse ratios i>: 5 : r. 

This point M is the mnan centre of Al C for q, r. 

If O is any other point tlie resultant of ^ OA, g OB, r 00 is seen 
to be X or X OM, such that 

sin X = X 8 inOM=S)n OM. Ifpcos MA); 

anci 80 on. 

9. The ^. 7 a.c. of a 8 Cl of pointe umy bo obtainod from slatical con* 
sideratioDS a 8 follows: 

Let G denote the centroid of maases p, r .placed at A» B, C, 

.llien tlie tfhcricaJ mean ctutrc of ABC.i for multiples 

p,g,r......ctnncides ^^ith tbo projection of G on the spherical surface. 

For»tho centroid Q, of p,q, divides the chord AB into parts inversely 
as ^ : g ; so that its projsction divides the aro AB into parte a, /i con¬ 
nected by tho relation 

sin a: sin^sAAXGi; ABXGj 

= AG|: BGi=g : 


X 





Hence tbe result is true in the case of Ai B. 

Similarly, its truth is established in the case of any number of 

points A| B, C|. 

10 . The ». m. c. of a set of (*+y) points lies on the arc joimog the 
$, TO. c. of the first » points to that of the remaining y points. 

Thot proof is obvious stsktioally. Hence, we infer that the several 
arcs joining the s. m. e. of any x points to that of the remaining y pointa 
are conoarrent. 

Cor. 1, Tbe arcs joining tbe in id-points of opposite conneotors of 
four points aro cODCorront. 

Oor. 2. If in o A ABC D,E, F he the mid-points of the sides and 
L,M,N those of the arcs joining the ortho-centre to A, B, C, then DL, 
EM, FN are coDcnrrent 5 and the point of cononrrenco lies on the aro 
joining the ortho-centre to tho median centre. 
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11. If * 1 , Xf, .denote the sinea of the perpendicular arcs from 

a set of points Aj, A,,.on any arc X. and x the sine of the 

perpendicular from M their $. m. c. for multiples vi^ .. 

*,), where ffi denotes £(«! cos MA,) 

This follows from the statical property of the centrotJ of m„ Tn„ 
placed at Aj, A„. 

For, the actual distances of vi^, .from the plane of the arc X 

are proportional to .so that the ac<uof distance of the centroid 

from X IS Kl(r/H »,)/r(m,). Also, the distance of the centroid from the 
centre of the sphere is d suoh that 

rf,), 

where .are the actual distances of A„ A,.from the plane of 

the polar circle of M; and d., d„.are equal to R cos MA 

R cos StA,. >’ 

(mi cos MA,)^m.R. 


But 

Hence 


_ R.I(m| z,) 

dlim,) • 


Hence mx=L{fn^z^). 

The result may also bo deduced trigonometrically from Stewart’s 
Theorem. 

Cor. 1. If X is an arc paising through M, 

Z(m, a-,) =0. 

Thus the $. m. e. may also be deBned as the point determined by 
the above equation. ^ 

Cor. 2. The sine of the perpendioular from M on any side A A 

of A, A,......, varies ns the sum of the sines of the pcrpondioulars^from 

the remaining vertices on it. 

Cor. 3. If O bo the polo of X 

ut.cos OM=£(7ni cos OAi), 

since *. *i, .are equal to cos OM, cos OA|, cos 0A|. 

Cor. 4. If D, E, F be the middle points of the sides of the triangle 

ABC, the median centre M of ABC is the #. m. c. of DEF for mullinlea 
cos 4 a, cos ^ 6, cos ^ c. ^ 

For, we havecos OB+oos OC=2 cos i n cos OD. and two similar 
resalts. ujimr 

• * ^(cos OA)s:£(cos ) a cos OD). 

1^08 OA oc cos OM. 

Thus Zoos i a cos OD oo cos OM, and therefore M is the $ m.c of 
D, F, P for mnltiples cos J a, cos J b, cos | e. 
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Similarly. i< A, B, C, D...be a set of points and X, X, Z...be the 

mid-points of AB, BC. CD.then the s. m. c. of X, Y. Z...for multiples 

ooB i AB, COB i BC, cos 4 CD.coincides with that of A, B, C, D...for 

eqaimaltiples. 

12. If M„ is the s. m. c. of a set of ar points A„ A,.and Mj, that 

of another set of y points B,. B^. , s. m c. of the combined set 

divides the arc Mb in the inverse ratio I(cos A,) : E(co3 Mb B,)* 
For, if da, db. denote the distances of the centroids G^, Gb of the 
two sets from the centre of the sphere, the certroid G of the combined 
set divides G^ Gb in the inverse ratio * : y. Also 

xtla'- y tib = ^C®o8 Ma Aj) : E(co3 MbB,), by § 11; 
and sin Mrt M: sin Mb il = *da : yd6. 


X 



Hence 

sinM^lM: sin Mb M = r(oos Ma A,) : X(cosMbBi). 

Cor. 5. If two triangles ABC, A'B'C’ be snch that cos a+cosb 
+COS c^cos a'+co 8 fc'+cos c', then the s.m.c. of the six points ABC 
A'B'G bisects the join of the median centres of the triangles. 

For, in this case E 8 in*.los=Esin*.lo', and therefore tho aom of tho 
squares of the sides of the chordal triangles are eqnal, proving that the 
centroids of these triangles are equidistant from the centre of the 
sphere. Hence the result., 

13. Let M be the $. m. c. of a tinangle ABC for multiples n„ n„ n, 
and let the radius to M meet the piano of tho chordal tiianglo at G. 
Then, if *, y,s he the nreal co-ordinates of G, wo have 

Zi y: z= tiix : tif 

For, we know that n,, n, are proportional to tho triangular 
coordinates of M (Casey: §76). Also 2 ,y, s are proportioual to the 
volumes of the tetrahedra standing on B60, CGA, AGB and having for 
their common vertex tho centre of the sphere; and these are aBni:n«:t(t. 
Henoe the lesnlt. 

Similarly if A,D, 0,D...be any number of points on a small oirolo 
and M be their «. m. e. for mnltiples n|, n„ .the corresponding point 







9 


Q ou the plane of the small circle will have areal coordinates pro¬ 
portional to the Staadtians of (he triangles AMB, BMC. 

Cor. 1. The in centre of the choidal triangle projects into the point 
whose triangnlnr coordinates are proportional to the chords a„ f., Cj, of 
the chordal triangle. Bat a,: 6,: c, = sin ! a: sin i 6 : sin 1 c. Hence 
the projection is the point sin ^ a : bin J 6 : sin i c. 

Cor. 2. The ortbocentre of the chorda) triangle projects into the 
point whose triangular coordinates are as tan A,: tan B,: tan C,. But 
A,s:half the angle subtended by BC at tlie pole of the ciroumcirole 
(Casey: XXXV, 1). 

tan AiX tan i a cosec (S—A)oc cot (S—A). 

Hence, the projection is the point cot S—A : cot S—B : cot S—C. 

14, We have 

£(miCos OA,)ssm COS OXI by § 11, Cor. 3. 

Let 0 coincide with A,Ai.in sncoession ; then 


+ AiAt-l-m,cos AiA.,-f.=mco8 A,M 

«hCOS AjAj-f mj-f-nijCos AjAj-l-.= »ioob AoM 

••• ••• 

Mnltiply these equations by nij, 7»i„ m,.and add : 


E(7«,»)+2E(fn,m,cos A,A,) = »»E(m,cos A,N) = w’, by § 11. 

In particnlar, for a triangle ABC, if ti^ m, bo the triangular 
co-ordinates of any point M, 

Em *-f- 2 E(HiHjC 08 c) = >»*. 


15. For any two sets of points A^A,.A*; B,Bj. 

mnltiples m^, tn,.»*„ »)j. n,, to prove that 

(i) E ( T/if, Ug cos Ay, B, } =»i« cos Mfc; 

(ii) E(my, COS OAy,. co8 0B,) = 7a« cos OM^. cos OMj,. 
Wo have 


Emy, cos B,Ap=«i cos B, M 
E»i^ cos B,A^ = 7/1 cos B, M 





CF = 1.2,.xj 


and 


Mnltiply these by «„ tj, .and add ; the result is 

cos Afi B^) = mEn^ cos B, M^, [?=1,2,3 
= 7717» cos ifaMj,. 

Again 


Eittp cos OA^ssni 'JOS OM^. [?. = !, 2.ar] 

ErtflCos OB^=» cos OMft. [?=1, 2, . y\ 


By and 



2 
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Mnltiplyinp: we get 

Z{mi, n,co3 O.VOB«) = m.i*. cos OM« cos OM^. 

Cor. 1. The two sets have the same s. in. c., if Mj, =0, the ooo- 
ditioa for which is 

t{mf, n, cos B„)=»n.n. 

Cor. 2. If the arc Mb is a qaatlrant, cosMrtM(,=0, and,therefore 
the condition for this is 

n, cos Ay, B„)=0. 

Oor. 3. Two spherical triangles ABC, JA'B'C have a common 
median centre, if the sum of the cosines of all the arcs joining their 
yerticos is e<|ual to 

V ^ 3 +^^s <i + co3 6+cos c) } { 3+2(cos w'+cos IZ+oos^) } 


16. Consider the resultant of the set Emy,»jA^B, for different 

values of p 7 - By § P, the resultant of H,A,B„n,A,B,.nyAjB, 

is represented by »i A,Mb, whore »=!(»»>• cos that ofn ,AiB,‘ 

„^A,Bb^.ny.A,B,. hy n A,Mb ; Ac. Also, the resnltant of miAjUb, 

.is represented by »n‘M„M(, where m = £(m^ cos M^Ay^). 

Hence the resnltant of the act is mn M^Mb, 


17. Retnrning to § 4 let ns examine in detail how far the analogy 
between pUn« vectors and spherical arcs can ba stretched. 



Let OA, OB be two great circle arcs ; then their resultant is ob¬ 
tained as follows: 

ThroDgh A, B draw parallels (arcs of small oiroles) to OB, OA 
respectively intersecting at C ; OC shall be the resultant required. For, 
denoting sin OA, sin OB, sin OC by », y, a 

r sin /?=«/ sin (a +/}) ; s sin a =x sin (a +^). 

XX y: 2 =sin a : sin /? : sin (a +/?). 

Now zeinyff^ysina is the condition that D should the middle 
point of AB: and 

B=x sin (a-b>?)/siD assin AB'sin B/sin a 

=8in AB'sin OD/sinBD 
3=2 cos AB'sin OP, 
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60 that OC represents the result ant of OA, 013. 

Cor. 1. Pat 0=5a+/?» tWtu 

z sill 0 = 11 9» ^ a = .r sin 0. 

Multiply by cos a, cos 0 uiul add : 

z = x cos 0 + y <^os a. 

That is z is the sum of the resolved parts of x and y alon^ the 
resultanh 

Oor. 2. Again z cos /?=« co8’>ff+y cos a cos 0 

= x— j: 8in^>?+y cos a cos /?. 
ssx^ysinasin^^+ycosacoSiff=2+ycosd. 

•\ z* = x*+y’+2 xy cos 0. 

Oof 3. The saui of the resolved parts of x and y along any aro 
through 0 is equal to the resolved part of z along the same. 

For z B\n /i = y sin 0, 

Z cos = X + y COB 0. 

z cos (>9+^«)=s cos 0 cos \ —r sin /? sin X 

=sx cos X+y (cos 0 cos X—sin 0 siu X), 
cos X + y cos (0+X), 

18. The resultant of any number of arcs OA, Oil, 0U,...i8 found 
as in tho case of piano vectors by resolving along two perpendicular 
arcs through 0 and compounding the coruponents. 

Thus if X, Y, denote tlie 8ums of coiuponeots of x, y,*.,along these 
rectangular arcs the sine of the resultant is Z, such that 

Z*=X*+Y». 

and the inclination of the resultant is tan"' (^/^) 

Oor !• The conditions that OA, OB,...ahould have a null or zero 
resultant are that X^O, and and conversely, if these conditions 

aro satisfied the resultant is zero ; that is, the point 0 is the s. m. c. of 
the system of points A, B, C,..* 

Oor 2. Defining the jnonient of a spherical arc round any point as 
the product of the sine of the arc into the sine of the perpendicular 
from the point on the arc, it is easy to see that the moment of the 
resultant Z is the snm of the moments of the components. Hence follow 
other oonditions for zero resnltant, as id Statics. 

19. If we replace a set of points A^,.by a set of arcs, we 

have a definite arc called the spherical rttean axxs corresponding to the 
$. m. c. of the points Ai, A„ whose properties follow trom the reciprocal 
therems relating to poles and polara* 
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Equi-Brocardian Triangles. 

J. C. Swaminftrajftn, M.A. 

1. Let BC bo a given base. On both sides of BC, describe 
equilateral triangles BPC and BQC. If A is the vertex of any triangle 
on the base BC such that its Brocni-d angle is eqnnl to a known angle 
ir, we have from A APB 

AP’=u’+c’-2uc cos (B+60’) 

= (r+c*—«c cos B+2«2 c sin B sin (30® 

- q. _ wy+c’- fc’) + 2 A V3 

= iyq.;.t+c»)+2AV3 

=2A(cotic+\/3) ... ••• ... (1) 

Similarly, from AAQB 

AQ*=2A(cotir—\/3) ... ... ... (2) 

The latter result shows that cot u-^v'3. 

2. From this it is n|)j)arcnt that iho ratio AT : AQ depoDda only 
on the value of the Brocard angle. Because 

AP_ f cotic+yS") - 
AQ \cotic—y3 J 

Hence the locus of the vertex A of the triangle whose Brocard angle is 
equal to ic can be obl.ained by bisecting /PAQ internally and externally 
by lines AG and AG', cutting PQ in G,G' respectively. Tlio locus of A 
will bo the circle on (3G' ns diamt ter. 

3. Putting, AP=a, AQ=/?, we can easily prove that if D is 
the middle point of BC, 
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DG=PG-PD=‘!y3/ _1 X =‘»V3.a-/? 

2 Iq+/? / ^ a+/} 

Similarly X)G' = «V8a+/? 

v «->?' 

IfeQue, if N js the centre of the circle on GG' as diameter, 

DN=i(DG + DG') 

_,;V3 r q+>g . 0--/3 ') 

4“ J 

_aV3 ri(al+/?^)*) 

_«V3 r APHAQ^-) 

'2‘ lAP*-AQ*i 

_aV3 / cot u?+-\/3 + coi tr—-^3 

2 ~ Ccotfr+'^—totw +V3 j 

a — cot tc _ a 

4. Now 


A DxrT-« Aacotir 

cot BND = ^^*=-' i-=cot ir. 


A a 


BND=u-. 


Hence BC suhtends at N an angle equal to 2u*. 

5. Taking BC and DN as the axes of x and y, we ohtuio the equa* 
tion of the locus of A in the form 


But 


*’+(y-'-ia cot ir)’=GN* 

= { lo cot u'—DG 


DG = a 


V3 aj-JS 
2 a+/ff 



„V- V cot u>+cot 30®—y cot IT—cot 30® 
2 y cot tr-f cot 30®+y cot tr—cot 30® 


=~ cot tr+gVeot* 10-3- 

**+(•/—;Ja cot u))*= la*oot* 10 —I o*. 

*’+!/*—ay cot «y+|a*=0. ... ... (3) 

The circle (3) is called Nenberg’s circle, after the disfiognished 
geometer who first studied its properties. 

6. It is interesting to notice that 

ZNBD=90®-u-, 

ZNBQ=30®-jc, 

•nd ZNBP = 150®-w. 
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NQ_ANBQ_ ^NB BQ sia (30 ^-cn) 
^*“ANBP JN'B APs”ioi(15(>»-w) 
_8in30® sin (tf(cottr —co t 30° ) 
~sinl50®siDtr\^cotK-—cotlSO®) 

^cotIf—cot 30*^AQ’ 
cot ir+cot 30® AP’ 

Also NQ-NP=ia(cot if-cot 30®).Ja(cot tr+ool 30®) 


= j a*(cot* If—3) 

sssqnaro of the radiaa of Neahorg’a circle from (3), 
=NA*. 

Hence NA touches the circum*oircle of AAPQ ond^NAQ = ZQPA. 

It 13 obvious that Nouberg’s circle cuts the circum-circle of AQAP 
orthogoually* 


7. Aa G Hod G' lies on Neuberg’s circle, the Brocard angles of 
the triangles BGC and BG’C will each be equal to tv. In the triangle 
BG'C, draw BM the median through B. Then 


cot GBM 


2BG’+2BM*-iGC» 
■' ^AGBC 


2BG*+BG*+BC*—JGC^iGC* 

4ABGC ■ 


BG’+CG*+BC* 

4ABQC 


since B0=CG, 


=cot ir. 

GBM=w. 

If ^BGC is denoted by 2X, then 

GB_2„ sin (2\.m) 

QM 1 sin tf 

sin (2V+ir)=2 sin u> ... (^) 

Similarly, if iCBG'C=2\', 

sin (2\'+u>)=2 sin tr. 

Thus ZBGC and ABG'C are determined by the equation 

sin (2V +w) =2 sin tc, 

the greater valno of V corresponding to liBQC and the smaller to ZBG'C, 
In fact, BGC and BG'C are the tertioal angles of two isosceles 
triangles on tho base BC, having their Brooard angles equal to ic. It is 
a weU'known fact that Steiner-aogles satisfy the equation 

sin (2 y—2 sin tc. 
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Hence the Steiner angles may be defined as the vertical angles of two 
isosceles triangles on a given base such that their Brocard angles are 
equal to a given angle less than 30°. 


8. Casey, defines Steiner angles as the angles which the tangents 
from B or C to Nenberg’s circle make with BC. We can easily prove 
that the angles which these tangents make with BC are eqaal to the 


angles BGC and BG'C. Before doing ao, we most notice the important 
fact that the length of the tangent from B or C to Neuberg’e circle (3) 


is equal to 


, 3a* 

+ _or a. 
4 


Let BG be produced to cut Neuberg’a circle again in T ; then 

BGBT=BC*, 

and ZGBC=ZGCB = ^BTB. 

BC=CT. 


Hence CT is a tangent to Neaberg’s circle and 

ABGC is similar to ABCT. 

/.BQC = ZBCT. 

Similarly, if CT^ is the other tangent from C, BT passes through G', 
and ZBG'C=ZBCr. 

Thus onr definition of Steiner angles agrees with Casey’s definition. 
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SHORT NOTES. 

The General Conic in Trilinears. 

1 . discrimination of the conics given by the general equation. 

Let iia*+f/?‘+iry*+2u'/?y+2t'ya+2ir'a>?=0licUho conic, which 
will be denoted by («, v, «•, u', v ic')(a, y)*=0. 

By mnltiidicfttioa of determinants wo easily prove that when a 
conic is transformed by any linear sobstitution 

X = fiZ + «iiy+ni= 

Y 

Z-fsT+fl»4/+n,r 

the discriminant of the transformed equation is equal to the discriminant 
of the original equation multiplied by the square of tho determinant 
formed by the I, m, n*s. Askwith: Analytical Geometry, § 353; Bromwich, 
Quadratic Forms. Wo liave boro 

a: = az,+/Jji+y*j, 
i/ = ay, + >ffy,+yt/„ 

--l = a+/?+y *, 

where (*.y) are the rectangular coordinates of the point (a,/?,y) ; 

are the vertices of tho triangle of reference, and the determinant of the 

snbstitntion is 2A. 

If,therefore (abefgh) (*,y, 1)’ transfonns to (u.r, ir,-u,V 
we have 



«c', 

o' 



h, 

9 

w't 

V, 

«' 

II 

t> 

_••_ 

A, 

h, 

S 



tr 


9f 


e 


Also (a, b, c,/, g, h)(x, y, 1)*+ \ 

transforms to (u,v,«r, ii', r',w')(a,^, y)*+V(a+^+y)*, 

(u+X, o+X, tr-bX, «'+X, v'+X, it^ +X)(a,/fl,y)* 







«, tr', tt', 1| 

Hence 

<»> ? 


it/ 

1 

tr', V, 1 

4A* 

K h, f 

s 


= 

i/, a', tr, 1 


9, /• c+X 1 

1 

1 

w-f*X 1 


X, 1 


or 
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Eqoatiog co^efficients of \ 


4A* {ah~hy=-. 



U/y 

V 

V, 

1 


to\ 


/ 

« , 

1 

1 

i 

1 




1 

1 

1 

= — <f, say. 

V, 


U’, 

1 

1 

h 

1| 

1, 

0 

1 

, pavsibola, or 

hyperbola according 


15 Degativei zero or positive. 

2 . To obtain the axes of tfie gefieral cotitc. 

When referred to its centre (0,6,A) 1)^=0 becomes 

K l,f 


aa ^+2 }txy+ba*+ whero D = 

ao —A* 


and the magDitades of the axes are given bj 

( 1 .+^) a+A) =i!. where X=-A_ , 

We have already found D and 06—/^^ and it remains to And a+6* 
Now (a,6,c/,y,A)(j»,y,l)’+fc(a:*+y*) traobforma to 

Therefore from § 1 , 

u+Attj, + s' + fct?i', 1 


4A’ 


a+fr, h 
h, b+Jc 


u/+kwi, v-rkvi, u'-^kui'y i 

v'+kvi, u' + kui, w+friPj, 1 


1110 

where arc written for Xi*+yi*, ■•,‘X^+ytys,... 

Now 

■=U+V+W+ 2 D'+ 2 V'+ 2 W' 


=(ttt)+utt>+t»ic—u'*—t/*—«*'*—2uu'--2rt/ 

— 2u>ui'+2tt'w' + 2u'«)'+2i/tti') 

=/(u,i/) Bay. 


Eqaatiog the cO'CflioientB of k on both sides 

4A’(a+!.) +&.' ?/("■■ “'-9) 

9u, 9ui 

=ru(vi+u»i—2u,')+£«'(—2«i'—2ui+2»i*+2«Ci') 

=£u(jB,»+y,*+*,*+y,*—2(ai^+y4^,)) 

- 2i:a (*A+yiyi+ai’+ 
s£tta*—2£u'ho cos 


u 

uf 

o' 

11 


t; 

«' 

1 

t/ 

u' 

w 

1 

1 

1 

1 

0 





8 
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sincp a’ = (j:i—3',y + (yj'“i/0’> 

2 (.ccos A = (:^-^,)’+(!/. 

= co-cfIicient of u written above. 

Tins of course is the con.lition for a rectangular hyperbola. 
The equation giving the a.vcs is 

'hl + {a + b)~+ab-h^-0. 


1 


u', 

f 

V 

1 


«./ 

v', 

1 

V D 1 ' 

Wnhng^ - 1 


‘S 

t 

II 



V, 


1 

% 

v^ 



1 

v', 


tr. 

1 






1. 

1. 

1. 

0 


the axes are given by jn «• r Ij 

4 ^'p^ + p(Xna^- 2 tu'hccosA)-\*c' v u' 1=0. 

I V n IT 1 

1 1 1 o’ 

3. The conditions for n circle. 

The circttTUcircle being assumed to be + ft 


oirolo, the expro'^sion 

(m, V, u', e', tr') (a^y)’+\ { a'/3y-h'y{/}+V)-cy{/}+y) > 

must be divisible by a+^4-y and must therefore be identical with 

(a+>ff + y) { ua + (e— X^yff + Cw— } - 

Equating co-efficients of /3y, yve get 

2u'- X (f<* + o’- o’)=-1-w - \ (6*+r»). 

^ t»4-fp—2u' 2v'_u-f w—2tr' 

Hence X= —^ -g,- ^ , 

bv synimetrioal considerations. 

^ ^ A. C. L. WlLKlNSOH. 


On Tangential Equations. 

The following article is the development of n method indicaietl in 
R. A. RoberU’ Examples on Conics (1884). 

Lot a’f*-bt'’ni’=l bo the tangential eqnation of an ellipse referred 
to its axes and (XI-bYm-l)’—R’(f’-bm*)=0, that of a circle [centre 
(X,Y.) radios R] ; then 

a*f*-i-b*m’-l-b^{ (Xi-l-Ym-l)’-R’(i-fm’) } =0, ... (1) 

denotes ft ootangential conic. («<i«: p. 30, Ex. 44) 
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When (1) splite up iulo factors, it represent two points. Tho dis* 
crimioant is 

ya Y* 

^ = 0 . 


a 


i_V • 6*-K^ • \- 


For the values of \ derived from this equation tho two points are tlio 
extremities of a diagonal of the tangential qaudrilateral. At the same 
time, for these particular values of the points as above determined are 
the intersections of 

(a*-X)’ + an l Xl + Yv^^l=0 ; 


t.c., ot 




xX 


o»_V • 


+15 


yY _ 


V 6’-V' 


= 1 . 


UeDce, the opposite vertices of the cotaDgootial quadrilateral 
of a circle uud a conic lie on a coufocal, being the iotci'scctious of 
the confocal with the polar of tho centre ot ttie circle with respect 
to that confocaL ••• ••• ••• 


Hence, also, if X|, Xj, X, are tlie three roots of tho equation 
ya Y * 11* 

--H-= l,we have, as in Lamb’s H^drot/ynamic#, §. 112, 

a’—X* (/*—X* X* 




/N *X * 

, results Worked out in Koberta (p. 31). 


Thus 


uc ’ be • 







wheio aiOjO, are the sami major axes of the three oonfocals through the 
three pairs of veriioes. 

For the iuoircle the confucals are hjperbolasand for tho ex*cirule 
two of the confocals ore ellipses. Again, if e be the semi-perimeter of the 
triangle formed by three tangents to the in circle and the ellipse, wo have 
Es*sBiU,B, where Rj, E,, R,, are tho ex-radii and R the in-rodius. 
On substituting for Ki, R» R, and R from (3) and remembering the 
distinction between t»* and ex-oircles as above referred to 

V—(o*— 

ab * 


**•!» ttj, a.» being the semi-axes of the confocal ellipses through the three 
Tertices. ... ••• ••• ••• ••• ... (4). 
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from ( i) we see Chat, if two of the vortices of a triaoglo move 
along confocal hyporbolas, the inccntrc is given hy 

acx^axO^a,, 6Vi/’ = (c’ —Oi*) (c* —a,*) (c*—a,*) 
whence, eliminating a,, the iocentre moves on the olHpse 

a*x' b*y^ __ j 

a7V'**(c'-V)(c’-a,*) ’ 

a result given, but not worked ont, by Roberts (p. 34, Kx. 46). 

Also, when two of the vertices of a triangle move along confooal 
ellipses, one of the ex-centres lies on a fixed coaxial conic, as seen above 
and the third corner moves on a confocal ellipse, so that, from (4), 2r or 
the perimeter of the triangle is constant. In the case of a triangle of 
maximum perimeter the sides touch a confocal, so lhat its perimeter is 
(a’—from (4). The invariant relation is 

-■1-^ = 1, or V a / “ft’" ft* ■ 

-ft’(a,’+a’-2a,o) + o’(o,*-c’)=0. 

OiV—2a,o6’—o*=0. 

. aft’±'\/a*ft*-bu*c’ aft’±a\/o’—a’ft*+ft* 

--j 

For obvious rca^ous wo nogloot the plus sign os giTing a value 
greater than a, ao that 

{ (a’-ft*)*-6*-(o«-a’ft*-fft<)+2ftV‘»*-ai’ft*+ft*} 

c 

=S ~ { 2Va^^^*Tft*“(a*+ft*) } 

i C 

3o ’ft» 

= (o*+ft’)+2 V^o* 6*+ t*' 

Ihus remembering that 6i*=ai*—c* , we have for the semi-perimeter 

V3 { o*+6*+Va*-o ’b’4^} 

a result given in Wolstenholme, Problem 1060. ••• ... (6)» 

Again taking the circle of oorvatore at a point P and the conic, 
three of the sides of the quadrilateral are coincident along the tangent at 
P, nud the other common tangent of this circle and the ellipse cots it 
in a point Q, such that P and Q lie on the same con-focal throngh 
p. ••• ••• ••• ••• ••• 

Further, if ABO be a triangle inscribed in a conic and oiroamsoribed 
to a confocal, D the point of contact of tho latter with BC and E the 
common point of BO and the fourth comruin tangent of |the in circle of 
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ABC the inner confooal, it follows from (2) that A and E lie on 
on the same confocal throagh A. But, by a well-known theorem, A and 
D also lie on the same confocal. Hence E is the point of intersection 
of BC with the confocal through A other than 1). But D and the 
common point of the common tangents of the osculating circle at D and 
the inner conic also lie on the same confocal. It follows therefore that 
the fourth common tangent of the inoitcle and in-conic of ABC passing 
throagh E, tonches the escalating circle at D. Hence the foartli common 
tangent of the incircle and the in-conic of ABC touches the osculating 
circle at D. 


Similarly, for the points of contact with the other sides. Hence the 
proposition that, if a triangle be inscribed in a conic and circumscribed 
to a confocal, the escalating circle at the point of contact of the sid^s 
of the triangle with the latter are all touched by the fourth common 
tangent of the inconic and the incirclc of the triangle—a proposition 
otherwise proved in Roberts (p. 113, Ex. 193) ... ... (7). 


Farther, if the in circle of a self-conjugate triangle, with refereuco 
to the ellipse = — = forming the invariant 

condition 9'r:0 for the circumscription of a self-conjugate triangle, we 
have 

r-+-')=o. 

0*^6’ ’ 

01* iff* 

which may be written —1=0, 

Oj*—a’ Oj*—A A* 


where 


9 a' 


bx 


1_ 


6* 


fc»=- 




o'+h”'" a'+M’" a’+ft** 

On comparison with results (3), (4), we see that the inter- 

** M* 

section of the polar of (a,>9) with respect to - ,—^,4- , , . .=1» 

or—with the same determioo two poiots the tangODta from 

a* 6* 

whichto.5!+i^=-i—. are also tangents to (as—tt)*+(y— 
a* b* ar+b' 


Hence it follows that if ia,/3) lie on the director circle of 

^ 4 . 1 / 1 =! since it polar with reference to the same touches 
a* ^6’ ’ 

= at the foot of the J.r from (a,/?) oo the polar, the in- 

a* 6* a*+6* 
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circle touches the polar at the same point as the confocal; and tke 
oDYclope of the circle is the confocal 

V+rr=-r^t. (Roberts, j.&.Ex. 67). 

A* N. RAGUiVACHAB. 


The Pace of the Sky for March aud April 1914, 

Sidereal time at 6 p. m. 




March. 




n. 

H. 

u. 

s. 


u. 

Kl. 

s. 

1 

6 

34 

12 


8 

37 

22 

8 

7 

1 

48 

» «• 

9 

4 

58 

15 

7 

29 

23 

• * • 

9 

32 

34 

22 

7 

56 

59 


10 

0 

9 

29 

8 

24 

45 

% • • 

10 

27 

45 


From this tabic tlio ooDstoUatious visible dariog the ovenings of 
March and April caa bo ascertainod bj a referenco to tho positions as 
given in a stat'allas. 

The Sun 

enters tho vernal equinox on March 21 at 4-41 p.u. 


Phases of the Moon. 




ifarcA. 






D. 

u. 

u. 


1). 

M. 

u. 


First Quarter ... 

5 

10 

33 

AM. 

... 4 

1 

11 

A.Ue 

Full Moon 

12 

9 

48 


... 10 

6 

58 


Last Quarter ... 

19 

1 

9 


... 17 

1 

22 


New Moon 

26 

11 

39 


... 25 

4 

52 



Eclipses. 

The eclipses of Febrnarj and March are invisible at Madras. 

Planets. 

Morenry which vras in superior conjonotion with thesunon January 
22, attains its greatest (E) elongation on February 22, is stationary on 
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March 1, is in inferior coiijanction with the son on March 10, is again 
stationary on March 23. It attains its greatest (W) elongation on 
April 7, It is in conjunction with the moon on February 26, March 24, 
and April 23. 

Venas is in superior conjunction with the son on February 12, and 
is an evening star after that date. It is in conjunction with the moon 
on March 23. 

Mars which was in opposition to the sun on January 5, is station* 
ary on February 13, It is inconjonclion with the moon on March 7 and 
April 4, and with Neptune on April 21. 

Jupiter which was in conjunctioa with the son on January 20, is a 
morning star* It is in conjonction with the moon on February 22 and 
on April 19 at 5*43 a.m. and with Uranus on March 4. 

Saturn is in quadratore to the sun on March 3. It is in conjunction 
with the moon on March 5, April 1 at 6 p.m. ami on April 29. 

Uranos was in oonjonction with the sun on January 29 ; and will be 
so with the moon on Febrnary 23, March 22, and on April 18 at 4*20 a.m. 

Neptune which was in opposition to the son on January 18, be* 
comes stationary on April 6. It is in conjunction with the moon on 
February 9, and on March 8 at 1*36 a.m. 


V. Ramesam. 
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SOLUTIONS 


Question 366. 

(M. Kannas, B.A,, L.T.) In a triaDglo ABC, V? \9 a diaoiotev of 
the circumcircle, and the Simsoa Hoes of Pj P iotorest at ii). Shew that 
the length of the perpendicular from on PP is 2R cos a cos /3 cos y, 
where ci, /?, y are the inclinations of PP^ lo the sides of the triangle* 

Additional solution by ‘ Zero ' and Satyanarayana, 

Take P as the origin of polar coordinates and PP as the initial 
line. If the vectorial angles of A. B,C be x, y, z the Simson-line of P is 

r cos (0—X—y—r)=2R cos * cos y cos c. 

Hence the coordinates of the foot of the perpoodioalar from P on 
the Simson-line are 

2 R cos z cos y cos s, (*+*/ + -)• 

When referred to the centre as the origin, the coordinates are therefore 
2R cos X cos y cos s—R cos t*+i/-|-s), (x-f-y-ps). 

Similarly, the foot of the i)erpeniiicular from F on ite Simeon- 
line is 

2 R sin X sin y sin c-pR sin (x + y + 2 ),^a+y + s— 


The two Simson-lines will thns intersect at a point u whose dietano 
from the initial line is 

{ 2 R sin X sin y sin r+R sin (x+y-fc) } cos (x-f-y-fc)— 

{ 2 R cos X COS y cos s—Rcos (x-J-y-ps) ) sin (x-py+c). 

Now cos (x-hy-+'«)=oo8 x cos y cos s (1—S|) 

sin (x+y-i-c)=c 08 x cos y cos c (si—«*) 
sin (*+y) sin (y-^2) sin (c-t-x)=co8* x cos* y cos* e (si s*—*i) i 
where «i, #», S| denote tho earns of the prodaots of tangents 1, 2, 3 at a 
time. 

Thns, the distance of ( 1 ) from PF is 


2 R cos* X cos* y cos* s { *»)“(*•“*«) } 

= —2 R cos* X cos* y cos* s («, ««—«•) 

= —2 R sin (x-fy) sin (y+e) sin (s-px) 
s2 R 008 a ooB /3 COB y, 


since the inolinalions of the sides of ABC to PF are 
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Question 467. 

(N. Samicaba Ajyar, M. A.) 0 is the cironmceDtre of ABC 

and A'S'Cy the triangle whose sides bisect OA, OB, OC perpendicalarly 
prove that AA', BB', CC’ are concarrent. 

Additional Solution by Narasinga Boo, A. 

It is evident that 0 is the incentre of A'B'C'. 

Through 0 draw OP parallel to A'C' and let AP be the A from A 
on this line. 

Then the A from A on A'C'=r+AP where r is the inradins of 
of A'B'C'. 

Bot r+AP=r (1+2 sin AOP) 

(1+2 cos O'). 

A' 



A 


Hence the eqoation of AA' referred to A A'S’CT is 

t/} __l+ 2 QOS C' 
y 1+2 cos B'* 

Thus AA', BB', 0(7 are concurrent at 

_ I _ I _ 

V1+2 COR A" 1+2 cos B' ^ 1+2 cos O') 

Question 473. 

(Sblbotbd) :—Bvalnate 

f® _co^j |-«>cos^ , 

Jo (!+*)• ’Jo (1+**1» 


4 
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Additional Solution by N. Sankara Aiyar, M. A. 

■-CD c^n T.ii 


Let J=| 

.rj 




o *(!+*’)’ 

dy* Jo * 2 

J = Aye’^+Bi/c-’ + Ce*'+De'+-^. 

Now, J vanishes with y =0, and is inhnit® when y=« . 
J==Bye-»' + De-^+^, whence 

Differentiating 

dJ_f® cos^^^_I} 

Jea+*y 


Bat 


— when y=0. 
dy 4 


B-D=—; or B=—7- 

4 4 

ifij 4 4 

- > + !L«-‘=Se- 

^4 2 


Jo (1+V)* 4 4 a 

i*® 008 2 * , W . ^e-i=35g_. 


Question 475* 

(K Appukottas Kbady, M.A.):—The space bounded by the coordi¬ 
nate planes and the surlaca (a!/o)“+(y/6)”+{*/c)"=l is filled with an 
clastic flnid withoat weight. Prove that the presanrea on the onrTed 
•orfaca rednce to a single resultant whose line of action le 

a(*—Xa)=6(j/—Xb)*c(8—Xc), 
where X =2 { r(2/n) } ’-r3 { r(l/«).r(3/») } . 

Solution by V. K. Aravamtulan, JJ. Jagannathcn and 

T. S. Kri$hna Boo. 

As nsual in snoh cases, project the surface on the three co*ordinnte 
planes and find thelrosultant prossnres along three mntuaUy perpendi- 
oolar directions. 

Since the flnid is elastic and without weight 

££=0, or j>—const. :=fc(8ay), 

P 
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First, projecting on the x\j plane, the vesolve.l pressure 'A along ZO is 
fc/; t/y, the integral being taken for all positive values of u: ami y 
given by the limiting equation (A 7 a)'' + (y/^*)” = l- 


Hence its value is 


fc a b —r- 

r 




; 0 . 


The CO ordinates of the point through which it acts are given by 

fjxdxdtj // ytlxd y 
fjdztly ’ ffdxdy 

Using Dirichlet’s integrals, these are seen to be 

'■ (n) 0+1) 

1 




t.e.. 


or?)’ (rf) 


, 0 ; 


2 

3 


b, 0 ; 


r 

a\, 6^1 O' 


where 


Similarly, the other components are 

Xs^/o, acting at (o, b\, cX), 
y =jt/ 6 , acting at (oX, o, cX), 

__^“‘^r(iy 
r(i 4 r 


Now, since each of these passes throngh (aX, l»X, cX), the resultant 
is a eingU pressnre whose direction cosines are proportional to *, y, s, 

*^111 
f«9s| to —I p 

or b C 

Thus its line of action is a(*-o\)=fc(y- 6 X)=c(a-cX). 


»4U WATAP OOZjLaGili LliJitAi:., 

&RINAQAii> 
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Question 482. 

(A. NaRAsisoa Rao) If 'K be the number of divisors of integer r 
(unity excluded), shew that 

n log n, as n->* . 

Solution by A. C. L. irtiA-irtsoM, M.A., F.R.A.S. 

The following asymptotic formula is given by Diriohlet, Journal 

de Zfiouvtllf, 1856, p. 359. 

t 7 , + £/,+d,+J„ = n log n + (2C —1) n+. 

where C is Euler’s constant. A proof will bo found in Cosiro: CaJcolc 
Lifinitesimale, p. 96. 

Question 483 . 

(V. V. S. Nabatan):—C onstruct a triangle ABC being given tho 
angle A. the side AB, and the distance of tho middle point of AC from 
the symmodian point. 


Solution by N. V. PanJya. 

Let K be the symmodian point and B the midpoint of AC, and let 
EK=f (a given length.) 

By trilinear coordinates, E is the point o, —^; K is tho point 

2qA 2fcA 2«A 
a*+b*+c*’ a*+5*-jc*’ a*-hf>’+c* 

. 2cA \M 

^ V,C o* + 6 * + oV J 

(3c’ cos* A+6*+c*—46c cos A), 


6 * 


4 ( 6 *+c*— 6 e cos Ay 
after enfEoient reduction. 

Thus, since p, c and A are known, 6 can bo found from tho above, 
and the reqnired triangle is therefore delormined. 


yi 


Question 484 . 


(K. ArPUKDTTAK ,Erai>t M.’A.):—If ^{«ys)^{ahc^yh){x,y,s)y' prove that 
em r® r® —4, - e— \ 

J J J ® 008 (jw+gy+rs)d»<fyds=^. 

—® —» —w ^9 

where A is thedisoriminant of <f> and \ 
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Solution hy R. Jayannathan. 

Consider the conic 4 = 0, and the straight line px-^qy + TZ=0. It 
is easy to see that by chADging the triangle of reference to a self con* 
jngate ^ having as side Z=0 the line pz’^qy-^rz =0, 4 transforms into 
aX’+/?P+yZ* and px+gy+rz into 2bZ, say. 

The integral in the question is therefore ti ansfocmed into 


/ 




(lx 


-OD 


.CO J X 

j 

-00 


yz 




cos. 2lz dz. 


Now 


J 


^ — az' 

e 


CO 


«co 


Vtt-'-oo 


_ V-n 

d3,(putting Va-.c=3)=.^ 


I 


^ (fys similarly. 

—oD vy 


Also,J“ ' 2t.-</s= ^ I«lc,.Cak. p, 162.) 


We have, farther, the invariant relations 

A = a>ffy and Ap*+B 3 *+^^’ + 2Fg''+2G3r+2U^=4(.»a^. 

CO .X ,x -(aa:* + >Jy*+ys’) 

,. r f I ® cos 263 dxdydz 

L<xi Lx -00 

3/2 -0* _3/2 -46*a^ 

= 4L=.c y = - .c 4a^y 

Va^ffy Va^&y 


-n 


3/2 -\ 


A- 


.e 


: where 


From the invariant character of A and X, it is at once clear that 
by retransforming from X .Y, Z to (z, y, z) our original coordinates, we 
get the geoerftl theorem asked for 

X X ^x _4 


'cos (^a5+gj/ + ") d^<lyds 


-CO ^00 -CO 


, 3/2 


A^ 
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Question 486. 

(A. N*. Rxgu-vvaciiar, M. A.) :—H a, y, 5 i)e the roots of 
+ 5X*+''-^+s —0> form the equation whoso roots aro 

/?y (a +S)-aS (/? + y) 

/?+y-a-5 


, etc, etc. 


’Solution hy the Proposer. 

Let p — aS f/?+y\ then, by cross multi|<licatioD 

ami tranpositioQ, wc have 

(a + 5) ^/?y+/)) = (/?+y) (a5 + ^). 
o + S _ /?+y _ _ p 

^+tt5 ^+/?y 2^+a5+>5y’ 

_ (q+S) >gy+(/?+y) qS _ j;_ 

/00tfy+a5) + 2 a/tfy6 
(>Sy+aS) 0/>-r) = 2 (pr-f5) 

^.i_ (^qvgyy-4a/?yS (q +S) (/?+y) 

^ - (Eq)*-4(a+5)(>(?+y) 

_H—4a>Jy8 (a+5) .'^ff-l-y) 


Thus 

Again 


/0C/?y+q5)+^«‘ 
.( 1 ) 


y-4(a+S)(/?+y) 

^(r>-4«j)^(pp~r)+8e (/>r-ps) 

Cp>-4g) (p,,-y):|-8 (/Or-7,) * 

In other words, /O is a root of the equation 

/>* (i>"—4p7 + 8r) —(rp*—4gr-i-8p*) + /) {4pj«—pr’ —8r«) 

4-(r*—4gr«+8p«*) =0. 


Question 487. 


(N. P. Panota) If P be a point on a hyperbola whoeo foci aro S 
and H, show that its asymptotes are parallel to the axes of the parabola 
passing throogh S, H and having P for their common foous. 


Sofuftons (1) hy T. P. Trtvedt, L.L,B., (2) hy R, Srtntvcuan, 
M.J,, D. fm^na 3/urfi, V. K. Aravamudan^ BA., and A. Noratinga Rao ; 
(S) by If* Sankara Aiyar, M,A. 

(1) Drawing any ono parabola through S and H having P for 
the fooQS, wo see that the inolination of the axis of the parabola to SH 
being 0, 


cos Os 


SN-HM SP-HP 2o 


SH 


SH 


2^' 
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where c is the eccentricity of the hyperbola. 


9 1 O 

« Vo*+6* 


tan 6=-. 


Bot the asymptotes of the hyperbola are inclined to SH on eithere 

side at an angle tan"*(b/a); hence these asymptotes are parallel to the 

axe of the two parabolas which can be drawn with the given data. 

(2) Lot PG bo the normal at P. The directrix of the parabolas 
are the common tangents of circles described with centres S and H, and 
radii SP and HP. 

““Clearly Q is the external centre of similitado of these circles. 

Let GL be the tangent to the circle (S) at L. 

We know that SGt SP»e=SG: SL. 

i:LSO=co8-‘(l) 



Thus SL (which is parallel to the axis of one of the parabolas) is 
parallel to one asymptote. 

Similarly, for the other. 

(3) Let P be a leo a, b tan a. It. Then the parabolas will be 
(a seo tt-!e)’+(b tan a-y)*=(a5 cos ein /J—p)*. 
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Since these pass through S and H we get 
a*( 8 ec a^ey+h* tan* a=(ae cos 
o*( 9 €C a+e)*+ 6 * tan* a =(oe cos /?+p)*. 

Sabtroctiog 

4 a* e sec a =4 ae p cos /?■ 

i.e., a sec a =p cos >S, or p=a sec a sec J3. Substitating this value 
of p, we get 

a*(sec a—e)*+ 6 * tan’ a=(<iecos a seo a seo /ff)*, 
t.e., sec’a —2 e sec a+e*+e* tan’a—tan’a 

=■?* cos* /i—2 e sec a + sec*a sec’/ff 
t.e., 1 +e* sec’a =e* oos’yff+seo’a sec*/?* 

I.C., Beo*>ff sec’tt—sec*/?—c*sec*/? seo’a-|-e*= 0 . 

I.e., (sec*/?— 

t.e., 8 ec* 4 =e*, the other solotion being inadmissible, 

t.e., 8 ec^=±e. 

The Bxis which is perpendicular to the directrix x cos >?+ 
y gjn/?—p= 0 , therefore, makes an angle 8 eo“‘(±e) with the axes |of 
reference and is therefore parallel to an asymptote of the given 
hyperbola. 


n"* degree 


Question 488 . 

(2cRo): _Prove that the roots of the determinant equation of the 


X, 1 , 0 , 0 . 0 ... . 


• • 


If If Of 0 •«. 

If Xf If 0 ••• ••• 

Of Of ]f i^f 1 ••• ••• 


• 


>• ••• »1 


=0. 


are 2 cos^^(k»l, 2, 3...n). 
n+l 

/IddtttoHal Soluitons (1) by T. P. Trivedi il. A., L. L. P., anrf (2) 

by K. J. Sanjana if. A. 

(1) Let/„(z) represent the value of the determinant of the 
order, and let F„ ( 0 )=O represent an eqnation whose roots are 


2 oo 8 -^^(fcs=l» 2...»). Wo shall show that the expressions F„ («) and 
n+l 

f„ (e) are identical. 
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fexpandinjj the detorminant in terms of the elements of tg* first 
row, we get 


■». 

1. 

0. 

0 

• •• • •• 

1, 

1 

1, 

0, 

0 


... 1 

I, 

») 

I, 

0 


• • • 

0> 

*. 

I. 

0 

• •• »•s 

f 

0, 

1, 


1 

• « « 

« s • 

1 -1 0. 

0, 

1. 

■c. 

1 

•»» ••• 

0. 

0, 

1 , 

*. 

1 

1 ...i 

0. 

1. 


1 ... 

• se 

« • e 

» «* 

• • • 

• •• 

...1 

• •e 


• se 

• • • 


• ee 


—(^)“^/n-a (^)« 

* ® » W+Zm-j (*) =*/n-i (®)- 

Agaio, if y represents cos-^+i sin then !/*^*-l=0. 

n+1 »+r 

Dividing this hj y*—1 and writing the equation ae 

y"+y"-*+y'‘-*+...+.y-^’+r"=0, 

we see tliat (®) is obtained by putting y+-=a! in thie, since y4--= 

n+1 

Again, we have identically. 

(y’‘+y”-’+y’‘-^+.y-”+’+r") + (y""’+y'^+...+y-’^*+jr'^*) 

=(y+r') (y«~'+y'^+...r*+*+y-^) 

On Bobstituting y+y*s;^ we have the same relation as before; vtc 

P„ (»)+F„-, (a)=* P„-,i(*) 

Now, taking the determinants of the first three ordere, we get the 
expressions 

X, 1, 0 

*, 1 

X, jsx*—1, 1, », 1 =x*-.2x: 

1, X 

0 , 1 , X 

and we know that the roots of x=0, x’^lsO and x*—^=0 are 
2oo8^(ft=l); 2 cob^(k=l or 2)«nd 2cos^(ft = |, 2 or3). 

Henco we have the same solutions for f,(x) and Pi(*) ; /*(«) and 
^i(») i /i(») and P,(*); hence by using the above relations, we see that 
ultimately /„(x) and Fb(x) are identical. 

(2) Putting the determinant =/n( 2 ), we can readily show that 
fn(»)~z/n.i(x)-f^(x), or 

/n(»)+/«-s(*) /»-!(«)• 

$ 
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11 I « is «* function of 2co50 of dogrea 

Nuw it is well known tluvt >* 

1 nuttinc t =2 cos9 and denoting tho function bj P, we have 
; putting („+l)0+8m_(»;^^‘ill^.!i0^ 

-8in0 8in0 

=i F_-, (t) ; 

that lh.e consecutive F’s are connected in ennctl, the same «a, as 

three consecutive f 8- « n • Q— 

Also, F. (h)=0 gives r f =0, or 2 cose^O, ..e„ 9-^ 
F,(h)=0, gives or 4 co»-e-l=0. e-.^i 


sin0 

ein 40 


and F.(h)=0 gives "“J=0- oos 29 cos0=O, ..c, 9- • 

The first three solntions of /" = tho first 

„,,ich arc thedonbled cosine, of “ 

tlrree solntions coinciding and ^„aLns /„ W=0. 

evident that all succeeding solntions ot «4 

and F„ (l.)=0, will ooino.de. (,.+119^0 

The eolation of F„ (t)=0 rs that of — 

^ - (0.1,omitting 0 

Ifsin(n+l)0=O,wo havo0= > 

eorrespond fo sln9 In tho den„„inaU>r. we see that the » valnes 
of i, and therefore of ». 

2 2is*** ”]■ 

t *vlt this prohlem was proposed by Mr. Tits 
.„LL 1!r r:::reeolleotlon when and on what lines the solntion 

was gtvoD. ^ 

Question 49 ^* 

(U. Sn.mvasA», M.A.) t-Shew that 

.Sohdfoa flil" S. K—>“"■ "’• f 

(T, The gnestion 

The left 8'^®=^ 5-7’ J 

o sin"'® 


f 




dat. 
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= 4 (putting a: = .5in20) 

■^■nJ Sin 2 0 cos 2 0 
'' o 

4 ^ 1 

=-f itan"‘y <h (pnt y=tan0) 

V'wJoV 

1-1+1- >. =V S-1 (-VH ] 

^/■^( V 5* ” ) Zjo (V'ff(2»+1)M 


-n 


(2) y_L(”+i)_ = 2 y --0,0 

Z/(2n+l) r (n+^) y/ftZjio 2n + l 


= 2 r2 f . - Rin^e sin"© I 

+-5 .; 


JO 


m 

2 [2 i tanh”* (ain 0) ti0. 

Vfl-’o *■ 

l-f® 

y-jj I z aech xdx, changing ainO to tanh x. 
o 

2 * 

Vfl/ 

o 

. ]d 


V 

CO 


= (l» 3»-"5‘ 




\2n+l)*} 


Question 49>< 

(M. T. NlBANIE^•GAB,):-II> any triangle prove that a oircnmconic 
passing through the eotls of a diameter of the maximum inscnbed 

ellipse tOQohes the ellipse. 

Solution 6y A. Narasinga Bao. 

Project the triangle into an equilateral triangle. Then ili6 maxi¬ 
mum inscribed ellipse projects into tt.e incircle of the cqmlateral 
triangle. Also the isogonal transformation of the incirole is the three- 
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CQSped hypooycloid with the cnftp^at the vertices, ao^^ any Hte throiigli 
the ceotre of the triangle transforms into a rectangular hyperbola 
tbroQgh the vertioee* 

Hence the theorem reduces to : 

// a rectangular hyperbola through the vertices of the tnangle cuts the 
trieusp at P aud then PQ touches the tricusp. 

This property has been proved in the JoarnaU {Vide: Vol, V* p. 86.) 


Question 492 . 


{K, V. Anastnasatan Sastsk, B.A. :—Expand 6 tanB in powers of 


sin 0. 


Solution (1) hy T. P. Trivedi^ ilAA., LL.B.^ and S, Itamanujan (2) by 

R. Vyikynathasicamg. 

n\ a 03in 0 _ x ein_*a: 

(1) tan-- . - a - y - v - . 


2 r+co9 0 1+Vl—, 


Now 

Again 


if i=3in 0, 


9in-**_, , , , 1*3 ** . l*3-5 *•. 

— + 2 y+*" 

Vl-i* ? ^3-5 ^3-5^ + ••• 


« • 


9in-*zVl— 


2-4 . . 2 4-6 





_ »*_2 z* 2-4x* 

”■ 3 35 STT ■** 

Hence 

l-3\ 

* 5 V3*^2-4/ 

.N 

7 U-5 2*4-6^ J 

Replacing z hy sin 0, the resale is obtained. 

(2) Let tstan^ and «=8in 0. Then 

t**—2f+«=0. 

[Edwards Diff, Cal. Page 457, Ex. 8 (1).] 

e^f+i!+4** .5.6 

2 3* 2 2‘ 2*3 W*" . 

,0=:,+i^+l:?.^!+. 

^2*5^2-4T^ 


• • 


mad 


By IDqUi plying the two seriesi we got the expansion aa givens 
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QUESTIONS FOR SOLUTION. 


508. (S. P. Si.VGARAVEf.u JfoDELiAB) : — If s„ stand for the sum of 
the reciprocals of the first n natural nombers, find the sum of the in¬ 


finite series 4 ) + 


509. (K. Appu Kuttax Ebbadt, M.A.) Forces act at the point 
(ft ffi within the ellipsoid x*/a^+ i/*/b*+s*/c* ^1, and are represented 
by the normals from the point to the sorface. Show that the resultant 
acts along the lines whose direction cosines are proportional to 

and find its magnitode. 

510. (S. P. SiNGABATBLC Mudauab) :—Shew that the locns of the 
symmedinn pointof the triangle of iiiaximam area inscribed in the ellipse 

^+4t= 1 ‘P flte ellipse 
o* b* 

** 4 . y* 

511. (S. KniaUNARWAMi Aitaxoab) :—If S and H are the foo 
of the niaximam inscribed ellipse of the triangle of'.reference prore that 

AS-BS-CSAH-BH-CH =^. 


512» (A Nabasinoa Rao):—I f n4>(")+(”+2) (n+2)=<f) (n-pl), 

prove that , 

(i) 4> (1)*-+ (3) **++ (5) .= * (l)8in (tanli-'a;). 

(ii) 4>(0)-<*(2)a!*+t(4)!r‘-. =4 ( 0 )+ 

4 (L)(oo8 tanh**a:+l), 

DIsenas the convergenoy of the eeries E 4 (”) *"• 

513 . (Pbovbsbobb T. P. Tbivbdj abd K. J. Samjana) .—Find the earn 
of the series 

, h , A(A-l)_ h(h-l)(h-2) _ 

h~k+2'^(h-/(+2)(h-/c+3) Ch-k+2)ih~k+3)(h-/c+4y"' 
where % is a positive integer and k any rational namber. 

614. (A. 0. L. WiLKlMBOM M.A., P.R., A.S.) All conics ontting 
a reotangnlar hyperbola orthogonally at all fonr points of intersection 
•onsiat of (1) hyperbolae having the axes of the given hyperbola as 


^f^ATAP nnr » - - 
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asymptotes (2) all conics confocal witli the given hyperbola. (3) two 
sets of ellipsL each passing through two fixo.l points ami whose centra 
teonoJ or 0.1,er of the «.o, of .l,e hyporbo.o aod .-1.0,0 axes ore 

parallel to the asymptotes of the hyperbola. 

515. (A.U.I..W.,,k.k,onM.A...F.'.. A.S.) .-ABCD i, » .loodri. 

lateral. DQ, BP a™ aaj Iwo parallel a.raigh. l.ao, meot.ng Al , CD 
rcpeo.ively in Q an.l PQL pa,-,.11.1 to CD .aect, IIC .n L and PN 
parallel to AB meets AI) in N ; i-rove that the mHldle pointn of AC, DL, 

bn five coUineftr. 

516 . (K. J. S.NUNA, M.A.):-TP. TQ tanRonts to “ ^ 

centre C and fooua F. cut the auxiliary circle m \, /.. and PW le po 
pendicular to the chord of contact; a tangent of the conic perpend^- 
culnr to TC cuts FY. FZ, FR^ in y. £. tr.respeotively. Prove that yw- 
trs, and enunciate the corresponding theorem for the parabola. 


517. (T.P. TbivediM.A.. Ii.LB.)—Is there any known method 
of integrating completely 

\(i **) d** d** 9 \d* / 

which is the well-known differential equation of all conic eeotions P 

518. (R. Sbisitasan);— If the centroid of the triangle formed by 
the normals to the ellip8e^-(-||-=l at the points whose eooentrio 
angles are a, /?, y, lies on the major axis, shew that 

3^4Eco8ttEco8>ffcoBy+2Eoo82tt+Ioo92(a+^)-0. 


619. (V. Anantabaman):— Given the base and llie vortical angle 

of a triangle find the loons of the centre of the circle passing throngh 
the three oxoentres. 


620. (R. Vtthtnathaswamt) :—ABCD is a qnadrilateral inscribed 
in a circle, centre 0. Denoting the sirason line of A w.r, t. BCD hj a 
and so on, shew that, if a, 6, e, d intersect OA, OB, OC, OD m P, Q, R, S 
and themselves cointeraeot at T, then P, Q, R, S, T» 0 are oyoUo. 


521 (K. V. Asaktahabayana Sasiht, B.A.):—IE V denote the 

^tTre volome of the figure bonnded by (»/a)^+(y/6)^+(«/c)^=li 
and A the whole area of ita trace on the oy-plone, prove that 


v= 


17A.C 

19-35 
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522- (V. V. S. Nabayak) :—Given a parallelogram (drawn on 

paper) and an ongraduated straight edge, show how to trisect a given 
finite straight line drawn on the same paper. 


523- (R- N. Aftb, M.A., F.R.A.S.,) Find the value of 

( ~1 u* \ 1 

1 —--and the integration is over the positive 

o’ 0 * / 

quadrant of a!7a’+»/V6’=l. 


524. 

(i) 



(S. Ramanujan) :—Shew that 

« 271 , 47r , Btt */5— 

^co8-^+Vco8-^+iycos-^='y - -g- 

27r . „ 47T . „ Stt . V3-e/9-6 

■</co8 —+ '^cos-^+i'co8 ^ - 


525. (S. Ramanujan) Shew how to find the square roots of 
Burds of the form ^A+-^B, and hence prove that 


and 




626- (S. Ramanujan) If » ia any positive quantity show that 

Tq*... Find the difference 


.1 + 


4* 


:! + 


5* 


n^n+l'^(n+2)’'*'(n+3)* '^{n+4,y ^(n+5) 
approximately when n is great. 

Henoe shew that 
11.3.4’ 


1001 


j-x 3 X 

1002’^iW*^ 


1004* 




527- (A. Naeabinoa Kao) A family of quartics touches each 
side of triangle ABC at A, B, C and passee through four given points. 
Prove that only two members of the family will touch the ciroumoircle 

of ABC. 




528 (A. N. UagkavacuaR M.A.) If (*», O ilenoto the Bom of the 

iiroUucts r together of the m nataral numbers, fiod the value of 

(2n-l.n) (2».-2, n_) . (2n-3,n) 

“ ■ | 1 J 2^1 | 21 2^-2 |»- 11 » + 1 


529 . (N. P. Panuta); —In a triangle ABC, D, E, P are the mid* 
pointfl of BC, CA. AB. If AX, BV, CZ are perpendiculars on the si-les 
of DEF, shew geometrically that DX, BY, FZ are concurrent at the 
dymtiiCilian poiot of AHO« 


530 (N- SAKfctABA Aitab M.A.) Solve id integers 

j I 17 

—Z—=a t>erfect square- 

y+0 


531 


(Ne Sabkaba Aitar, 


<Xi 

j 


M.A.):—Integrate 


*(!+»*)* 
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On the Bicircnlar Quartic 

By A. C. h. Wilkinson, M.A., F.R.A.S. 

1. A fundamental theorem of the general bicircnlar quantic, given 
by Cu»cy» tbo following 

A bicircular quarUc can be generated in four and only four trays <w 
envelope of a circle which cuts a fixed circle orthcgorudly and whose centre 
vwves on a fixed cent, al conic. This fixed conic is called a focal conic and 
fA 4 '/o«r/ocai conics corresponding to tU four methods o] generating the 
guarlic arc ccnfocal, their foci being the double foci of the quarttc. 

The fixed circle will also bo called a circle of inversion, since the 
bicircnlar qnartic inverts into itself with resi>ect to any one of these 
four circles. 

Bttsaet’a A7eni<pt(ary Treatise on Cubic and Quartie Curves, Chap. IX 
gives an account of these cut vea. 1 shall refer to this vtork by the name 

of the author sinifily . 

When the fixed conic is a parabola we obtaiu the Circular Cubica, and 
when the fixed conic is a circle wo obtaiu tbo Cartesians, including the 
so-called Oval of Uescarlods 

2. Pollowing Salmon’s Higher Plane Curvet, Chapter VI, I oonaider 
first the geneial biiKMlal quartie. 

Take for triangle of reference a triangle having the two nodes for 
two of its vertices; let 5=0 be the side joining these vortices. Assume 
that the other vertex of the triangle does not lie on the quartie. The 
general equation to the binodal is : 

iY+aty:(ij+my)+5*(oaT*+by*+«=’+2 /ay+2<;x5+2/y*)=0, 
wbero c is not zero. 

Identify the left band side with 

( H ,ry + G 1*8 + F,y 5) (H yty+G, x 5+F,«y) 

—C(c*+H*y+G* 5 +Fyf)*= 0 . ••• 0) 

The following equations arise for determining the ton oonstanto; 

U = -c, F,G,+F,G»-2CH-2CGP=2h 
H,H,-CH*=1, F,H,+F,H,-2CHF=2m 
G,G,-CG*c=a, HA+H,G,-2CHG=2I 
F,P*-CP*= 6 , 2 CG = -2s,2CP=-/. 

We have to sre that these equations are consistent and suffioient 
or the dotermina>ion of Hj, Gj, Pi etc. 
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Now C, Q, F are at once determine] aniqnel; and we maj re*write 
the other eqaations, as follows: 

H,H, = 1+CI1», P,G,+ P,G,=2A+2t;H+2CGF, 
G,G,=a+CG’, P,H,+ F.H,=2m+2CHF, 

P,P,=6+CF’, H,G,+H.G,=2]+2CHF, 
which are precisely the conditions that 

(l+CH>*+(a+CGV+(&+CF0i*+2(]+CIJG)xy 

+2(m+CHP)x5+2(i+CH+CFG)ys=0 

may break up into the factors Hi^+^iy+FiS and HjX+Gjy+FsS. 

Thus since C, G, F are known, we hare for U the equation 
1 1+CH* , Z+CGH , m+CHP I 


i+CGU , a+CG’ , fe+CH+CGP 
m+CHP , A+CH+C6P , 6+CP* 



This is a biquadratic for H, and corresponding to each ralae of U 
derired from this equation the factors Uii+Giy+P|S and H,*+G*y 
+F^ are nniqnely determined, except for an arbitrary oonetant multi¬ 
plier which does not aSect the iiroduct. 

From this the following theorem resolls: 

The binodal quartic may be exprceeed in the form (1) in precisely four 
different ways and in general these are distinct. 

More generally the quartic can be reduced to the form 
(C,a*-|- Hixy+G,a!r+ Fjyr) (C^’+ H,*y+ G^z+P^s) 

-(Ci>*+H*y+Ga:z+Fyx)*-0, 

in an infinite number of ways and it is quite easy to reduce all these 
to the fondamontal form (!)■ 

For, writing tliie UV=W*, where U =C,s*+++» V'=C,s*++ + 
W=C 2 ’+ + +, we have 

(W+VU)»=U(V+2XW+X’U), 

f W+XU+|a(V+2X\V-|-X*U)>* 

-(V+2XW + X‘U) { U+2/j.(W+XG)+ft*{V+2XW+X*a) > . 

Choosing X, p. so that the co*fficients of s' vanish in both the factors 

on the right hand side, 

CiX*+2CX-|-C,=0, 

Ci+2^ (C + X Cl) = 

We thus rednee W*=UV; to the findamental form (1). 

We cannot hare C, C| or 0, C, both zero; nor C,C,=C,* since the 
Vertex (li0,0) does not lie on the curve; hence X, p. can always b^ 
found to effect the redaction. 
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Coosider the form W> = UV. thin is the eovelopB of the eystein of 

conics \*U + 2VW+V = 0. .(2) 

The pole of 3=0 with respect to (2) is given hr 
V*(H,!/+Gis)+2X(Hy+G3)+H,y+G,s=0, 

\»(Hi* + FiC)+ 2 \(Ha-+P 2 ) + H,x + F,s=0, 
these beinB the polers ol the points ( 1 , 0 . 0 ) aed ( 0 , 1 , 0 ) respeetlvely 
Writing these 

X _ _= . .*-- 

X*G,+2XG+G, X*Hi+2Xa+H, 

the elimination of X mast give a conic as the locus of this pole. For, 
any s<traight line /x+my+n= =0 meets the locus in the two points given 
by the values of X satisfying the e^nation 

/(X*F,+2XF+F,)+m(>‘*G,+2 XG+G,)—h(X*Hi+2XH+H,)=0. 

Wo may thus state tho following general theorem. 

The general hiuodal qua. tic is the envelope of a cwic belonging to the 
net U V W of three conics through iivo fixed points {and not all passing 
through o third point) suck that the pole 0 / the line joining these (ico point# 
ifitA respect to the variable conic moves on a fixed conic. 

There are four such neU of conics whereby the binodal qaarlio 
may bo generated. 

If the three conics all pass through a third point the oorrwpond. 
ing qnartio is trinodal having nodes at the three fixed points of 

intersection. 

There are only four such neta'; for, we have seen that W*=UV la 
identical with 

/ W+XU + u.(V+2XW+X*U) } * 

=(V^2XW + p.*U){U+2/JL(W+XU)+p.*(V+2XW + V*U)} 

and the net of conios U, V, W is precisely identical with tho nef 

Je,U+fc,V+fe,W, VU+^c»'V+fe,'W, 

3. The four conic#, loci of the poles of the variable conics of the nets 
are inscribed in the quadrilateral formed by the four tangents to the binodal 

at it$ nodes. 

Take the fixed conic, looae of the poleat oa 

a**+l,j,«+c5*+2Aa!j/+2gx5+2/y«=0, ... ••• \P) 

and the qnartio to bo tno envelope of 

X(Ly:+Ms»+Nxy+Pf*)+fi.(Ii J/o+M -»+N ^ 

++il"*»+N "xy+P^B*) — 0 | 

where the pole of this conio with reppeot to s =0 lies on tho fixeil oonio 

( 0 , 6 , c,/,S, h) Cx,yz)*=0. 
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The pole of j=0 is given liy 

\(Mr+Ny)+/i(M'j+N'y)+KM"c+N"j/)=0. 

\(Ls + Ni)+|i(L’5 4 - N'x)++ N"x) =0, 
this being tlie intersection of tlie polars of (0,1,0) and (1,0,0) : 

Or*: y: 2 = \L+;jiL'+pL" \J[+^M' + */M" (XN+p.N'+vN"). 
Tims we reqoire the envelope of 
(\L+fLL'+J/L")y5+(\M+p.M'+t/M")-'-c+(XN+p.N'+t/N")xy 

+ (XP+/tP'+vP")j»=0, 

subject to (o, b. c,f, g, h)(V‘, M*,—N*)’5=0, 

writingXL+p.L'+vL"=L*,XM+^M'+vM" = M*,XN+/tN' + vN"=N*. 

In other words, we require the envelope of 

0, P. P, F' 

L, L', L" 

L*. L. L'. L" 

L*y«+M*s*+N*xy=:s’ -h M, M', M" 

M*. M, M', M" 

N, N', N" 

N*, N, N', N" 

=(aL*+>ffM*+yN*)s' 

flnbject to (a, 6, c,f, g, h) (L*, M*,—N*)*=0. 

This envelope is 

(A, B, C, P, G, H) (yz—az\ z*—>ff3\-ay+yc*)=0, 
where A, B, C, F, 6 , H are the usual minors in the diBcriminaat of 

(a, 6 , cj, g, h) (xyzy=0. 

Thus the quartic is 

A(yz—az*)*+B(sa;—>ff 2 *)*+C(a:y—yz*)’+2H(y;—az®) (r*—<ffr*) 
—2P(saj~/?z*)(*y—y**)—2G(ys—ofl*)(®y—yz*)=0. 

The tangents at ihe nodes y=0, 5=0 and *=0, 5=0 are given by 

Bz*+Cy*—2Fyz =0, 

A5*+Ca!*-2G«J=0. 

Now the condition X*+p.y+W=0 may touch the conic (3) is 

(A, B,C, F. G,H)(X,,i,v)«=0. 

If therefore X«+Vz=0i8 a tangent from «=0, z=0, we get for the 
pair of tangents from (0,1,0) the equations 

(A,B, C.F.G.H) (5,e.-*)*=0. 
or As*+Cir*-2G*5=0. 

Similarly the tangents from (1,0,0) are given by 

B5»+Cy*-2Py2=0. 

Thns the conic, locos of the poles, is inscribed in the quadrilateral 
formed by the fonr tangents at tho nodes and thus the four directing 
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conic, are all lasoribed in the .ante qcaflrilateral. When the node, a« 
Tthe oircclar ,,oint, at inBnity, the conics U, V, W of § 2 are c.rcle,, and 
r„"t of circle,: say hC, + ,aC.+.C.=0. a-here C., C C. - 6xed o.rde». 
can be erpressed otherwise. There „ a s.ngl. c.rcle 0 <= 0 ^, “rth 

Bonallr C,, C., C. and also every circle of the fora. XC, + ,aC.+vC. -0, 

and oonversely. Hence we have the theore.n stated m § 1 • 

A ifeVefor 5 ..ar(.-c can fa gintrat k ,je„erakj ... /our d.^erraf .rays 

a, He eaoefois. of a cirdo Ihot ml. a fio^ed circle orHoyonrily a.ul .rhos . 

OB tne enveioiK , convex $o obtained are am- 

centre moves on a fixed conic. The jour conics s 

feed, their foci being the doolie foci of the tmrculor goaruc. 

i Consider a circnlar cnbic and the lino at tnBn.ty as the l.m.t 

of a bicircnlar qnartie. We obtain the theorem . 

^ cVcula, rubfr m» be ycuralei «. the eneehfc of a crOe rehrehenU 
a frxed circle orthogoncllg end ,chore centre mote, on o ftxed yoroboK 
This can be done in general in four ways and the parabolas are 

A^in. the trinodal qnartie may be looked open as the envelope of 
\t/r+HSi+V*y-0, subject to the condition 

^ aV+by+cl»*+2&\p.+2s\V+2/p.V=0. 

The thaodal is . . a 

AyV+BcV+C*y+2H*y:'+2G«y’s+2P*V*=0- 

The six tangents at the nodes are 

Ay*+B**+2Ha!j/=0, 

Ai*+C**+3G*2=0, 

Bs*+Cy*+2F«/s=0. 

Ae in § (3) these six tangents toaoh the conio whose tangential 
eqnation is (i, B, and the po.nt eqnntion 

is therefore . 

(BC—?*)*•+...2(PG+CH)*t/+...=0. 

This proof is the same virtually ns that in Basset, § 192. 

5 The general theorems obtained give no iodioation respeoling the 

reality of the focal oonio or Bxed oirolo,. We proceed to ^ 

reality of the four method, of generation and the corresponding olaMiB- 

cation of bioironlnr qnartios. 

The general reel bicircnlar qnartio is given by 

vhich can be written . ^ . «■ . » 

(**+!/’+2te+2my+P+m’)*=aV+2Vxy+6'y + 23 'a+ 2 /'t/+c. 

Chonging the origin, this becomes 

(*»+ 5 ,*)*=e»*+ 2 h»y+by’+ 2 yz+ 2 /y+c, say. 
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If the discriminant of the right band side is not zero, oonsider the 
eqQation 

(^+y'+5y=ia + 2S):^+2hxy+(b+2S)y^+2gx-^2fy + c + B‘‘- 

The discriminant of the right hand side will vanish, if 

(a + 25)(i> + 25)(c+5*) + 2M-(a+25)f-(6 + 25)?’-(c + 5*)A’=0- 

The roots of the eqaation (a+2S)(6+25)—&*=0 are real and they 
make the remainiog terms (a+ 2 S)/’+(h+ 2 o) 9 *—^ perfect square. 
Just as io the discassioo of the discriminating cabic in Solid Geometry, 
these squares are one positive and one negative. Therefore the eqaation 
in 5 has at least one real root. Thns by transformation of axes we can 
reduce the bioircular quartic to the standard form 

(i® + 2gx +2/y+c)* = oa:*+ b’j '; 

where, in general, neither a nor h is zero. If one of a, 6 is zero, the 
bioircular degenerates to a pair of circles. 

If, however, A=0 and a=6, the eqaation 

(x*+y'+5)* = (a+25)(** + y') + 2yx+2/y+c + 5* 
which represents a cartesian, will have its right hand side a point circle 
if (o+ 25 ) { (a+25)(c+5*)~/’— 3 *} =0, and the cubic in $ has then 
one real root. 

Thus every real bicircnlar quartio, inclnding cartesians, can be 
reduced to the form ' 

(3ri+y»_c)»=ia(a!—a)*+6Cy— 

6. Consider now the bicircular quartio geoerated by a circle cal* 
ting (z—<t)’*f orthogonally and whose centre describes the 

»> n* ' 

conic -+?.=1, Write o,=Vci b^ss•\/b. 
a 0 

The circle («—oicos Min 9)tsr*ontfl the given circle 

orthogonally, if 

(a —Oj cos Qy+(ff—bi sin 0)*=y’-|-r*. 

Sabtracting, we require therefore to 6nd the envelope of the system of 
circles 

**+y*~2(*--a)o, cos 0—2(y—sin 0—a*—/?>+y*=0 ... (1) 
The envelope is obtained by eliminating 0 between this eqaation and 

(*—tt)a, sin 0—(y—cos 0—0. ... (2) 

The envelope is therefore 

(**+y»_a*-/?*+/)*«4o(*-a)*+46(y-/?)>. ... (3) 

Hence we derive the theorem : 

The bicircular quartic («*+y*—c)*—4a(a5—a)*-f-46(y“^)* has 
for a focal conic*and (a—o)*+(y—c, for the 

a o 

c(nre$pondtng ji^ed oirde. 

7 
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The cirolo U real only if a*+/?’>c. 

theo.,., - r.l 

gen«.l«. thebici,cu.ar '■““""p, ,, U™ (3) 

th, Ren.ratmg circle „ir„te and i. 

which itaases throagh the oenire ^a, t5) 

* ..«« fta.y sin 0*1 which is the tangent at the 
jierpendiowlar to - coa y+ 

poiQt Co, COS 0, b. rio 0) to the focal ellipse. 



In the Pig. C is the centre of tho fixed circle, P the point (o,oos 0 

h, sin 0) o! thf focal conic, K the circH centre P ootting ‘He fi.^ou^o 
, ^ 11 - rnn' the chord of contact of the circle K and the 

qoortfe. PY tho tangent at P perpendicnlar to CQQ’ and 
Q™--Pi-’=PC--y’-PY-=CV--y-. »here y i. the 

radius of the fined oirolc. i v:«;- 

We have therafora a second method of generating a general b.oir. 

oolav Qtiartic: . . a 

From a/ized pint 0 drou- the perpefidicular OY on the tangent to a 

conic, the (oT of point, Q on GY such that OP-QP « ce«*(anf. .« a 

***”'^ 1 ! Cy^QY* is poaitivo the oopresponding fixed oirolo U real, bnt 
if cy»— QY* is negative the corresponding fixed oirole le imogi^J. 

The fixed circle we have hitherto spohen of is also oallea the cm^ 
<jf fneem-on i for, if the bioircnlar qnnrlio ia inverted with rospeot to .t 



51 


the inrerae figore is the same bicircalar qnartic. This is obvioos ainoe 

CQCQ=y'. 

There are four points icith respect to tchick a bicirctilar quarttc can be 
inverted into itself. 

The normals, at Q,Q to the bictrcular intersect on the focal cotiic at F. 
Basset, §206. 

7. Consumer the bicircular 

(*>+ y^-cy = 4aC J - a )*+4iCy 
IdenlifyiDg this with 

(x*+y*-c')==4(o+\)(a;-a7+4(6+X)(y-4')* 
we have 2c +4\ =2c 

c'*-4aa'*-4h>5'*-4X(a'»+>^*)=c*-4aa*-46/?* 

oa' +Va' =aa 

b/y+\/}'^b/d. 


Hence 2(c'—c) = —4X 

a(a'—a) = —\a' 

&(>(?'= 

c'*_c*-4aCa'*-a*)-46(/?'*->S*)-4\(a'*+/?'*)=0. 
By use of the drst three equations, the last becomea 

c'+c-2a'(a+a')-2/?'(/?+/?')+2a'*+2jff'*=0, 


or 6 Dally 


c — X + 


aa 




b/J' 


<i4»X b+X 




... (1) 


a' = -^, /?'=j^c'=c-2X. 
o+X 6+X 


The cubic in X gives the throe other methods of generatiag the 
biciroular by means of the focal onnics -^+^^=1, and the circles 

h^/i* 

ri+rr*;^i”®+2X, where X is a 




M_V= 


a*a* 


b+\/ (a+X)*’(fc+X)’ 

root of (1). 

These fixed circles are mutually orthogonal. 

For, consider the two circles 

a!*+y»—2az—2/?t/+c=0, 


these are orthogonal, if 

c+X=0, which is condition (1) 

O+X 6+X 
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8. The bitangents of the bicircnUr 

c)* = a(a!—a)*+Ky-^)‘ 

are given bj a(a:-a)’+Ky-^V=0- 

and (a+X)(:r-a'V+(fc + l-)(y-/?')’=0- 

where a', /?' are deterfuined as in § 5. 

The points of contact He on the four concentric circles 

c=0, a*+y’—c+2\=0, 

where X is a root of (1). Also 

2 { aix-ay+b{y-/iy } +X(**+y*-c). 

=2 { <.+V) (*-a')’+(l+>') (»-/»■)’ > > 

in virtne of the relations of § 5. 

Thus the eight points ol contact of the two pairs of b.tangents ho 

2 { a(r-a)»+Hy+/?)’ } +X(*’+y*-c)=0. 

A similar theorem is true for the general qnnrtic. 

If X X, X, are the roots of the eqnation, 

aa* h/3* 






W6 obtain 


aa 


(a+X ,)(o+X,) (b+X,) Cb + Xj) 4 




!b/?’ 


... Cl) 


aa j. -=0. 

(MO;^+X,)(o+X,)**‘(*' + '^i)(^*-t X*)(b+X,) 

livery real bieircular quarlic has two real bitonffenfs. 

For, if a, 6 have opposite signs the pair of straight line8a(*-aV+ 

b(y—/fl)*=0 is real. 

If a, b have the same sign then, if X^X.X, are all real, from (1) at 
least one pair of valnes o+X, b+X most have opposite signs; if, how¬ 
ever, X„X„ are oonjngHte imagineries, then both (a-t-X.Ka+X,) and 
(b-bX,)(b+X,) aie positive and thus from (1) a4-X„ b+X^ have opposite 

8igQ8. 

A real bieircular quartie has either two real or six real Utangents, but 


cannot have four or eight. 

For, from (1; when X„XtiX, are all real the signs of the pairs o, 6; 
a+X,. b+X,; o+X« b+X„ a+X., b+X, mast be either three alike and 
one different, or one alike and three different; when two of the valnes 
of X are imaginary, say X» X„ the pairs o, b; (a+X,), (b+X,); must 
be one alike and one different in signs. 
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9. I proceed now to disoass the generation of the bicircalar 
qoartic bj means of real focal conios and real cii'clea of inversion. 

Since there is always one pair of imaginary and therefore conjogate 
imaginary bitangents, every real bioiroolar qaartic can be written 

ix^+y^~cy=4a\x-ay+4b\y~^y 

where all the letters denote real quantities. 

Corresponding to the equivalent form 

(j»+j,*_c+2K)>=:4(aH>^)C®-tt')’+4C6HX)(y->ff7 

we have 

o*+\’ ^ -6*+X’ ^+a*+K+h*+X' 

and the radios of the corresponding circle of inversion is 

y'* = a'»+/?'*-c+2X 

a«a> 6'/?* o*a> 6*>S* 

- (a*+ X)*+(6*+ X)*”a*+ X-h’^ X + ^ 

~ l^'Ca»+xy-(6*+x)*/ -'^dx* 


Consider now the carve 

o*a» b*/3* 

i'“®+a*+*+6*+a!- 

It has asymptotes y^z, 


The taming points are given by the equation 

a*a* b'jS* 

ki*~y» 


or 




The signs of the fanotion on the left hand sido are 
for«=+oo, x=—h\ zs—o*, z—— 00 . 

There is therefore one taming point on each of the branches having 
y^z for asymptote and from geometrical considerations there cannot 
be three taming points on either of these branohes. 

Thus the most general case ooonrs when this equation has four real 
roots. The corresponding onrye is represented in the Fig. 
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When a*0, OP=a’+^’- 



in only one re»i puiuw ^ 

m. A rtraigM line below P with three reel interaection. V., 

from left to right. . ,. e p 

m The turning point on the braneh iB to the r.ght of P. 

^2) The torniog point on the hrweh is to the W 



00 


IV. A straight line above P as (3) in the Sgure with three real 
intellections X|» X^ from left to right. 

V. A straight line as (5). At the first two points of intersection 

from the left, both a*+X and 6^+X are negative. The 
bioircnlar is therefore porely imagiDarj* 


The following table gives the signs of a^+X, 6^+X, y/* ^ X^H« fQj. 

dX dx 


the point of intersection, e, and 


Case. 

1 a*+\ 

y+\ 


C 


IV, 

+ 

i - I + 

1 

±<a*+/?’ 

+ 

1 


1 + 

1 - 

— 

” 1 + 

» 

+ 


+ 

1» 

+ 

11 

+ 

1 - 

1 + 

4 

±<aV>(?’ 

+ 


+ 1 


+ 

1 

+ <a*+>f?* 

+ 


+ 1 + 

i 

M 

+ 


+ 

+ 

+ 

1 

It 1 

+ 

III( 2 ) 

+ 


+ 

II 

+ 

»» Xj 

1 

+ 

+ 

+ 

II 

+ 


+ 

+ 

— 

II 

+ 

IV 

' + 


+ 

+ >a«+/?' 

— 

II X4 

+ 

+ 

+ 

II 


” 1 + i + 

+ 

1 

II 

— 


An inspection of the table leads to the following conolnaions : 

1. When the equation in X hie onltf one real foot, the bidroular quartic 
can be generated in ttoo tcaye only. One by a real focal ellipse and real circle of 
inversion, the other by a real focal hyperbola atuf reo^ oirde of inversion. 
There are only ticc real bitangents. 

2, When the equation in X has three real roots, all the focal conics are 
teal^ but only three of the oireles of inversion are real. (1) Xhe (tciVcuZar 
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can be geMToted frovi two real focal ellipres and corresponding real circl^ of 
inversion, or from one real focal hyperbola and rarresponding real circle of 
inversion. There are only two real bitangents. (2) The bicirculaxcanbe 
generaUd from one real focal eUipse and corresponding real circU of inversion 
or from two real focal hyperbolas and corresponding real cireU of inversion. 

There are six real bilangents. 

Considering the second method of generation in § 6, where 
Cyi_QY*=y*: we see that in (1) the bioircnlar can be generated from 
either en ellipse or a hyperbola; in (2) the hicircular can be generated 
in foar real ways one of which is alwcye from an ellipse and another 

always from a hyperbola. 

10. It may be of interest to cooeider a nomerical example and we 
select a case of type IV. 

Consider the hicircular given by 
The equation in X is 

5,4. 3 

2-^+3+X+4+2\’ 

, 5 

This has roots ±1 .“2' 

For X =1, a' /J' = V3. 

\ = -l, tt'=V3,^'=V3.o'=*, 

„ \ = -i,a*=4V3./?'—2V3. 

The equivalent forms of the hicircular quartio are, therefore, 

(,.+S._|)’=8(*-V3)’+%-V3)’ 

All these reduce to 

(jb»+j,»)«= 17 ai*+13 y*-16V3 *“8 V3 f 
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The corresponding methods of generation are by moans of the 
respective focal cooios and fixed circles of inversion given by : 

1+^=1 i “^+s’-:;;|»-V3y+|=o. 

1+1=1 ‘ ^+^’-V3.-^y+i=o. 

^+K=1; ir*+J/*-2V3a:-2V5ff+|=0, 

: a>+i,*-8 Vs *+4 Vs y-^=0. 

The first circle only is imaginary ; the only real bitangents ate 

»-4 V3=±(y+2V3)- 

(To be continued.) 
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SHORT NOTES. 

Parallel Straight Lines. 

[The following is the abstract of a paper read by the writer before 
the Mathemalioal Association of the Presidency College. Madras, m 
JanaarydMt. Reference: CooliJg^’a yon.E>iclvlean 0.^onctry.] 

Let 0 be a point and AB a line. Draw OP perpendicnlar to AB. 


r 



Consider the rays OB, lying in one of the halZ-pUnea boanded by 
OP. Then the following alternatives are possible; 

(A) of the rays 0B„ meets PB, 

(R) All Hie rays OB„ meet PB, 

(EL) Some of the rays 0B„ meet PB, and some do not meet if. 

Case (A) can be discarded. For, it is tontamoant to saying that 
we cannot connect 0 and a point in PB by a line. 

Case (R) applies to finite space, as can be easily seen. Draw 
OA OB, on different sides of OP, making equal angles with it. Then 
bv congruence we prove that 0A„. OB, meet AB at eqnal distance 
from P Take POAnStP^B^QO® and we deduce that the perpendi* 
onlars to the 8a)ne lino OP meet at equal distances on opposite sides of 
it. Calling this distance we easily prove that Ci. is independent of 
the length of OP. If we further agree thot two lines cannot have more 
than one point in common, then the two points of intersection .above are 

identical, and 

‘‘All straight lines are of emstant le^igth 2A.” 

This is the assnmption of Biemann and his geometry is therefore 
one of finite space. 

Case (EL). Let OB„ be any ray which meets PB, and let OB, be 
any ray which does not meet it. Then, evidently, OB, cannot lie in the 

angle POB„. Therefore 

pOb„>pob 

and by Dedekind’s principle, we can form a cut determining uniquely a 
ray'oB,, which separates the rays which meet PB from the rays which 
do not meet it, and which itself may be assigned to either oloss. 


f 
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Def: The ray OB, thus determined is defined to he pcralhl to the 
ray PB at the point O, and the aDf;le FOB is the angle parallelism 
for the distance OP. 

Prom symmetry there will be a ray OA, in the other fto2/*plane 
parallel to the ray PA, so that 

P(!)a,=p6b, =sogle of parallelism. 

Now, either 

(E) The rays OA„ OB, are the same liite, 
or (L) They are different lines. 

(1) The former oa.se gives one and only one line parallel to a given 
line through a given point, and is the ordinary Ewltdean assumption. 
The angle of parallelism here is a right angle. 

(2) The latter gives two lines through any point parallel to a 
given line, and is the I.iobatcheu;skian assumption. The angle of paralle* 
lism in this case i^ less than a right angle. 

If A,0 is profluced to A,', then rays which lie within the angle. 
B,0A/ lie also within the regetically opposite angle, and therefore do 
not meet AB at either end. 

Def: Such lines, as the above, which neither intersect nor are 
pnrallel are define<l to be skew lines. 

The following theorems relate to (L) and (E) : 

Theorem I. Parallel rays meet at infinity. 

This is at once obvious. For, the parallel ray through 0 belongs 
both to the set which meets FB and to the set which does not meet it 
(at a finite distance). 

Cor. 1. In (E) the rays OAri OB„ being the same can have only one 
point common with AD. Thus a line has only one point at infinity. 

In (L) the rays OA„ OB, are different and therefore the rays PA, 
PB have distinct points at infinity. 

[In (B) the points at infinity are imaginary.] 

Cor, 2. If a ray be parallel to another ray at one point in it, it is 
so also at any other point in it. If a ray is parallel to another, the 
second is parallel to the first. Rays parallel to the same ray are 
paiallol to one another. 

These results follow by considering the properties of the point at 
infinity. 

Theorem 11. (a) The distance between two intersecting rays increases 

as the rays are produced atid becomes ultimately infinite ; (6) the distance 
between two parallel rays decreases tn the directun of parallelisia, and be- 
comes ultimately zero ; and (c) the distance befweets two skew lines becomes 
uliimaiely infimte both ways. ^ 
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(o) Let OA, OB be two ijiterseotioff raye. Prom points A, A' on 
OA drop perpendioalara AB, A'B’ on OB. LetOB>OB. Then wo 
have to prove that A'B'>AB. 

If not, soppose A*B'=AB. Apply OAB to OAB so that A B 
coincides w>th AB and B'O falls along BO. Then 0 falls withont BO, 
on 0" say. And thus 

A’. " 



which is absurd. 

If A'B'<AB, produce B’A'toiA", bo that A'’B'=AB, then by the 
same procedure we reach a similar ubsardity. 

Hooco A'B'>AB. 

To prove that there is no superior limit to A'B'; suppose f to be 
such a limit. Choose OB’so great that I is negligible in comparison 
with OB'. Then A'OB' is negligible in comparison with OB'A' or a 
right angle, which need not bo true. Uonue, there oaunot be a limit U 

(fc) Let OC, PB be two parallel rays, OP being X to PB. From a 
point O’ in OC draw O'P X to PB. Let QR be the X' bisector of PP', 
Then since QRO' is an angle of parallelism in (L>, it is less than a right 
angle. 



By folding the quad. OPP'O' along QR, it is obviona that O' falls 
within OP. 

0’P'<0P. 

To shew that there is no inferior limit to O'P'; suppose I to bo 
SQoh a limit. Take PD soffioientty large in PB and draw DCX to OC^ 
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CBX to PB. Then bj Pil. I. OD cao be made to coincide with OC in 
the limit. Choose PD so large that DC< 1. 

CB<CD</. 

In other worJ-», there is no inferior limit to the approach of OC 
and PB. 

(c) Let AB, CD be two skew lines. Draw AK parallel to CD. 
Then bj (a) the diutance between AB, AIC is ultimately inhnite, anil 
by (6) that between AK and CD is nltimately zero. Also, since .A.B is 
skew to CD, AK lies between AB and CD. Hence the distance between 
AB, CD is ultimately infinite towards B, D. 

Similarly, it is infinite towards the opposite side. 

Cot'. 1. The distance between two parallel straight lines increases 
infinitely in the direction opposite to that of parallelism. 

Cor. 2. A rectangle cannot exist in (L). For, if OPP'O' be a 
rectangle, by folding across QR, it is seen that O" must coincide with 
O, since RO"P is otherwise greater than HOP. Thus, the opposite sides 
O'P and OP shoald be et^oal. 

Also, from the congmence of OPQR and O'PQR, it follows that 
OPQR is a rectangle. Thei'efore 

0P = RQ=0'P. 

By repealing a similar constrnction in the case of the rectangles 
OPQR, RQPO', we find the opposite sides 00', PP of the rectangle 
OPPO' preserve a constant distance between them. 

We have seen that such lines do not exist in (L). Hence the 
result. 

[A rectanule does not exist in (R) for the same reason.} 

TueoBEU III. Too skew lines hose one and only one common per¬ 
pendicular which is the shortest distance between them. 

For, since two skew lines diverge infinitely both ways the distance 
between them most be a minimum at least once. Also, it is readily 
seen that the common perpendicular is a minimum. Hence there most 
be at least one common perpendicular. There cannot be more than one ; 
for, then a rectangle will exist. 

Hence the theorem. 

B. Vttbtnathaswamt. 

Note on tbe Normal Section of an Enveloping Cylinder. 

In the Janunry (1914) number of the Edinburgh Mathematical 
Society's ilaihemaiical Notes, Dr. R. J. T. Bell has an interesting paper on 
the Principal Axes of a Normal Section of an Enveloping Cylinder of 
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an Ellipsoid. His method of rea>ODiog io the concluding part of the 
paper, however, doea not seem to be quite convincing. 

Having proved that 

(1) Any radius vector of an ellipse is equal to the perpendicular 

from the centre to a tangent; 

(2) The central perpendiculars to the tangent planes of an enve¬ 

loping cylinder are equal to the seroi*diametors of a certain 
section of the ellipsoid ; 

he concludes that the section of the ellipsoid must be equal to the normal 
section of the cylinder. 

Now, for the equality of two ellipses it is not enough that any 
semi-diameter of one is equal to a semi-diameter of the other ; but a 
further condition, such os the eqnality of angles between corresponding 
semi-diameter is necessary. For instance, in the ellipses (a, b) (a',b’) 
nny diameter of the first is equal to a diameter of the second, if o'>a>- 
f>>h^ though the ellipses are distinct. The additional condition re¬ 
quired in the present case is easily supplied by the following further 
property of the ellipse: 

The cefstraf jferpetidiculare on conjuffafe dtaiotiters are equal to two per- 
petulicular semi’diatneterg of the ellipee and have the sum of the squares of 
their reciprocals constant. 

From this we deduce that the sum of the squares of the reciprocals 
of tho principal axes is the same in the two sections considered by Dr. 
Bell, whence the eqnality of the sections is established. 

Tho properties referred to above admit of easy geometrical 
demonstration as ander 



(i) In the figure OL is the central perpendicular on the tangent at 
a point P of an ellipse, corresponding to p on the auxliarj oirole and Op 
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meet the ellipse at Q. To prove that OL meets the auxiliary circle at q 
which corresponds to Q. 

We have 

OM ON OP OQ OM 

OQ” OP~Oi’"OT= OL’ ‘9 cyclic. 

OQ = OL. 

In other words, the perpe^idicular on the tangent at P t$ equal to the 
eemi-diamete'f of the ellipse in the direction Op. 

(ii) In the ellipsoid, let p (ol, am, aw) be the point of the anxili- 
ary sphere corresponding to a point P (aZ, 6m, cn) of the ellipsoid. Then 
if Op meet the ellipsoid at Q {al\ hm\ c»'). the corresponding point q 
{al', am', an) of the sphere is on the central perpendicular OL to the 
tangent plane at P, and OQ=OL. 

For the proof, the steps are exactly the same as in (i) except that 
the point P in the figure is, in general, outside the plane of the paper. 

(iii) The normal section of the enveloping cylinder whose 
generators are parallel to OQ i^ of area A', such that 

OQ'A' = 'Tr a6c. (Property of conjugate diameters.) 

Also, the central section A conjngate to OP is sncb that 

OL.A ='71 a6c. 

Hence OQA'=OLA. 

Thnfl, the sections A and A' are equal. 

1st ifarch 1914. M. T. NARANtENOiR. 


The Pace of the Sky for May and June 1914. 

• Sidereal time at 6 p. m. 




3/ay. 


June. 

D. 

H. 

u. 


B. U. 

1 

10 

36 

• e • 

0 38 

8 

11 

3 

• •e 

1 5 

15 

11 

31 


1 33 

22 

11 

58 

• ee 

2 1 

29 

12 

26 


2 28 
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From tliis table the constellations visible daring the evenings of 
May and Jane can be ascertained by a reference to the positions as 

givoii ID a star-atlas. 

The Sun 

enteFvS Cancer on Juno 22 at 0*25 p.M* 


Phases of the Moon. 


Jfay. 



D. 

R. 

M. 

Firpt Quarter 

3 

11 

59 

Full Moon 

10 

3 

1 

Last Quarter 

17 

3 

42 

New Moon ... 

25 

8 

5 


June. 

n. H. V. 

... 1 7 33 

... 8 10 48 

... 15 7 50 

... 23 9 3 


Planets. 


Morcnry attains its greatest elongation (E) on June 1914. It la in 
conjnnction with the Moon on May 26 at 6-37 and on June 25 and 
witli Neptane on Jane 26. 

Venas which is an evening star, is in conjunction with the Moon on 

May 27 and with Neptnne on Jone 17. 

Mars is in conjnnction with the Moon on May 31 and Jane 28. It 

is visible in the evenings. 

Jnpiter ie in qaadratnre on May 12 j is stationary on Jone 12 when 
it begins to retrograde. It is in conjonction with the Moon on June 13. 

Satarn is in oonjanotion with the Moon on June 23. 

Uranasis in qaadratnre to the San on May 3 and stationary on 
May 17. It « in conjonction with the Moon on May 16. 

Neptane ifl in conjunoHon with the San on May 29 and with the 

Mood od Moy 2. 


y. lUUCSAUs 



65 


SOLUTIONS. 


Question 494. 

(S. Nabayami Ajyab, if. A.Prove that 


r 

J o 


4^0+ix) —4(a ~ix) 


2ix 


•**), “w r . 

“ 1 ^ 4 ( 0 )—( cc) j-. 


Solution 6y K. Srinivasan, M A., a>id R. Vythynathasxoamy 
By Taylor’e Theorem— 

4(a+w)-4(a-«) = 2^ [ . 


-^W2i\ 


CO 




dx 


~2|^' [ «’)-4"(«) I loel; 

_ log(-l) f ^ 

~~ 2i t4(o+oo)-4(a+0)|, 

by the theorem of Pronani. as modified by Elliot. 

Bat Jog(—l)=loge~*'^=-_,-.^ 

Hence l=^|^^(c)_^( oo) |. 


Question 497. 

(T. P. TaiVEDi, U.A,. L.L.B..) .--Prove that 

Solution (1) 6y K. NaraoinguBuo, (2)4yF. K. Aravamudun and other.. 

(1) We know that«-"'(Williameon,p. 161). 

DiffeieotUting with respect to a, we get 

00 

f cosf* , 'We-®'’,, , 

Jo 


9 
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Integrating with respect to r 

«i p rx j _-ff r f 

JoiCa‘+t’)* 4 o*LJ 


dr+ 


jare^ Jrj 


IL f-*—- —-arfU'l +con,t. 
4a* L a a a J 

= —_5(ar+2) c~‘"+conat. 

4a* 


~ar~m 


Pot r=0, and the constant is seen to be 


Thna 


( 2-8-"’’Car+2)'l 

*(a*+**) 4a* \ J 


whence potting a = l, the first resnlt is obtained. 

Next, consider the identity 

✓! 1 \ ♦ 1 einVx, cos2fg _ 1 

= (^-r+vO"=-x^+2(1+^) 20+^^)- 


The second integral is thas eqnal to 


(Jz 

oi+?- 


_wr lw (Gibson, p. 455.) 

*2 "^2 2 2 2 

=:L(2r+e-"-l). 

4 

. 00 cos rxdx^^ -rfi.fY (J.I.M.S. 1913,p.230.) 
(2) Wo know J ^ (l+x»)* 4 ' 

Integrating with respect to r, 

/■® ^8inr^^^__V'-(r+2)+C. 

Jo »(!+**)’ 4 

To find 0, pot r=iO; we get C =^. 

Hence the first mtogral=-j|^ . 


*Bin 2 rx 


J 0 < 1 +^ 

Integrating with respect to r 

[“ _?i5^x=^(f+i o+c, 


(Gibson, p. 469). 



6l 


Pat r =0, then C = — 


TT 

T 


Hence the second integral=^(—l+e"*'4-2f.) 


Question 498. 

(R. N. Akte, M.A., P.U.A.S.)The parabola y^aj^^hx-i-c 
is drawn at random (where a, b, c, are real). Show that the probability 

of its catting the * axis in imaginary points ^ log 2 . 

/ A lii 


Solution (!) by K. J. Sanjana M.A., (2) by T. P. Trivedi M.A„ L.L.B. 

(1) The a?~axis being y=o, we get ax‘+bx+c=0: so that we 
hare to 6 nd when the roots of this eqoation are imaginary. This 
reqnirce h ^4act which is impossible if a and c have opposite signs ; 
and the chance that a and c have the same sign is Hence if, under 
(bis condition, the chance of 6’<4ac is p, the probability required will 
be ^ p, when a and c are both taken positive. 

The chance that one of the three a, b, c, is greater than the other 
two is The values of * depend only on the ratios of the coeffioionts, 
so that we can divide ont by any one of these : if we divide out by the 
greatest, the other two aro each made to lie between 0 and 1 . 


Let a be the greatest: the equation reduces to »*+ 6 *+cs 50 , with 
the condition 6*<4c. Thos c>^which is less than nnity ; hence the 

limits of c are 1 and A, those of b being 1 and 0. The chance in this 


case 


the chance for imaginary roots is 3 -^. 


bimilarly, if c is the greatest, 


Let 6 be the greatest, the equation now reduces to ar'4«x4-c=0. 

The limits of 


with l<Aac, Ihus so that its limits are 1 an^ A 

4o ^ 


a are no longer 1 and 0, for if 0<a< i, c>l which is impossible. Thus 
the chance in this case is 


/•i 


da 


i 


dc = 


■j tt—i log O > rsl 


-(i-j log log 2 . 
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Tliercfore fioally, the required chance ii 

(2) We have to find the probahility that the roots of the equation 
«w*+f>x+c=0 are imaginary. Wo may suppose for the sake of con- 
venionoe that u, h, c all lie between 1 and—1 as the equation may be 
divided out by any suitable number however large. The roots are 

6 * 

imaginary if a and c have the same sign and ac 

The probability that a and e have the same sign ie Let <*and c be 
both positive and suppose p is the probability for imaginary roots ; then 
p is also the probability for imaginary roots when a and 6 are both 
negative. Therefore p is the nrobability for the’.roots being imaginary 
when a and c have the same sign whether positive or negative and the 
obiolate probability for imaginary roots= 5 ii. To find p we observe 

that ac beiog>—, o may have any value from A to 1 and then the 
values of c range from to 1 i also h lies between 1 and “ 1 • 


Hence 


P = 


M 

'-1 

M 



db da dc 

• J 

ih\ 


1 

• 

I 

i 

1 

I I 

1 db da dc 

J -i 


o 


the quantities a and c negd only be taken between 1 and 0, since we 
confine onr attention to positive values only. 


But 


a 

A* 

r 

\ 



db da dc ^ 1 



J -*i 

J -t J 




(-t) 


db da 


f fi b', h\ 

=J V—) 


db 


and 






8 > 


O 

1 -1 A 


f r I* dbdadc=2. 

J o-'o 


Thusp=—+ilog J.nnd the absolute probability is ^log2 


31 1 



Question 499 . 

(K. J. Sinjana):—A chord AKB of a corve is drawn peipendi- 
oular to the normal PK at any point P of the curre, and M is its 
mid.pomt; prore that when PK is in6nitesin,al the ratio of the 
radios of coi-Tatare at P lo the radius of curvature at il.e correspond- 
mg point of the evolute i« PK: 3 KM. (Suggested by Question 470.) 

SoltU<o,i$ (1) 6y r. P. Trivedi, M.A. L.L.B ; (2) by T.S. Krishna Jtao. 

(1) Let p ba the radios of curvature at P on the curve and p' the 
the radios of curvature at the corresponding point of the evolute. 


By Qaeation470(J.I.M.S.) ^ !/>*-!/» U+y,*) 

P y,’ 

Also if the angle KPM be 0; thet- 

Cafe. Ex. 38, paue. 110.] 

KM_ 3y, (l + v,«) 0 - 

PK 3]^ 

p^_ PK 
p' 3 KM* 


B 


K 

M 


) 


( 1 ) 


(2) Referred to the tangent and normal at the point as axe.s, the 
equation of the onrve may be written in the form, 

y=®^+2A«y+hy*+higber po>\ere of a? and y. 

The equation of the chord is y=k, eay. 

The points in which y=Je onie the curve are given by 

fc=02* 4-2AA:z+bfe’, 

if we neglect hi(ther powers of z and y than the second. 

2hk 


• • 




Hence, the co-ordinates of the mid-p dnt of the chord, are (^—Kkla, k) 

Now, by Q. 470, the ratio of the radine of onrvatare at P to that 
at the corresponding point of the evolute is g^ven by 

^ - 3yi Vt—Vt (l+yi*J 

P Vt 
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To find y„ y, at tbe origin, differentiate (1) successively ; 
y^=2ax^\^ 2hy + 2byy, 

»,, = 2o+2Ay,+2?ury,+2fcy,+2i)yy’+21.y,* 

y^=^2hyi^‘2.hzy^+2hyi^^'lhy^■\‘^hyyi’^2hy^t■\■A^)y^y^^ 


Thus (y,)o=0, (y,)o=2a, (y,)<,=12 ah. 


ftud tbe ratio 


p' _ _12aft__3A 
■je"„i4a* o’ 


But 

Honco 


KM=-—, and PK=fc. 
a 

PK 

3 KM 3fc p ' 


Question 500- 


(V. K. Aravamudan): —Solve the equation 


dx » » 


2y 


h 


iX4 


lit 


Solution by K. J. Sanjana, .V..-!.. and T. P. Trivedi, if.A., LL.B. 
Puttine 1 /=- ^ aimplifyiog, we get 

® tt rtX 

^^^+2xp+(x‘-2)i=0. 
dor ax 

To solve this we take a = <x,**" + a,x’''+'+a,x’”+’+.. , where m is the 
lowest exponent of x and r. ...are positive quantities in ascending 

order. The substitution gives 

n.(m-l)+2m-2> («*+'')(«‘+»—l) + 2(m + r)-2} 

{ (m+A)(m + «-l) + 2Cm+«)-2 > +. 

As o,d^, we got m*+m-2=0, giving «.=l or-2. A littleoon- 
eideration shows that r must be eqnal to 4; for, if it were 1.2, or 3, a, 
wouhi be zero and the term in would be wanting; so also s. t....are 

y, 12,.Thus wo have 

a,{ (m+r)(m+r-l) + 2(m + r)-2 } +ai = 0; 

and more generally 

flA+i { (m+ir)(m+ir-l) + 2(m+fcr)-2 } +o*=J0, 

whence Ok+i=“-‘*A‘r { (»n+fct‘+2)(«*+*:»'—1) } • 





When wi=l, a,= —5 l, o.= — *** =_^l_a — __ 

4 7’ ^ 811 47-811’ ‘ 4 7-81i m5* 

and 80 on. This gires u-=a^ix—^A -?*_annnoQP 

® \ 4'7~4'7-811 ”* j snppose. 

Similarly, when m = —2 we get b^Us=ho{ r^—^' + ..."I 

(. 1-4 14 5 8 J; 

so that X is seen to be Oo«i+^'o“ 2 - 


Hence — — where the dashes denote differentials 

with regard to x. This may finally be written 

cu£±< 
cu, + «,» 

where *==-— is the single oonstant reqoired by the proposed eqnation of 
the first order. 


Question 501. 

(K. J. Sanjaka, M.A.) If (r,n) = l*■+2^..+n^ shew that 

n-2>-...(-l/+V+,C,+,(r, „-r-l)=r! 
where n is any integer greater than r+1. When n = r+l, or r, prove 
that the formula is still trne, if the last or the last two terms are 
neglected; and find the valoe of the series when n = r—- 1 . 

iSefuttoR by R. Vythytiothastvamy, 

r!=A-(n-,)=»'_,C,(n-iy+.C.(»- 2 )-...+,C,(n-r)' ... ( 1 ) 

Also, the left'hand side of the question proposed may be written as 

n’’-,C,{n-l/-f ,C, (n-2/.iACn-**)”* 

-rC„(n-l/+,C,(n- 2 /.±,C,.(n- 7 —ly 

+ (n-l)*^-,C,(»-2)‘’+,C,(n-3’^. 

-rC«(n-2r+A(n-3/. 

*** ••• ••• ••• 

+ 2 '-,o,.r. 

-rOo-r 

+r. 

Henoe the left-hand Bido=n''-,Ci(n-l)'’-f-,C,(»-2)''... + r ! by ( 1 ). 
In order that all the terms in the given series may be significant 
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If «=r+l,or,<r+l,sonie of the terms at the end become zero, and 
some impossible. 

Wlien n = r —1 .the Inst three terms are not siijnihoant. 


Question 504. 

(E. Sbinivasas, M.A.);—Shew that 

J 0 sin 9 cos*”'0 cos (fl cos 0)d0 = ^[^i sin a + Q cos , 

where P = a*"‘- 2 fn( 2 m-l)a*”-’+ 2 m( 2 m-l)( 2 m- 2 )C 2 m- 3 )o*^-«-... 
Q = 2 ma*”-'- 2 m( 2 in-l)( 2 m- 2 )Q>'"-*+. 

Solution (1) by T. P. TriW/, il.A., L.L.B. and K» J. Sanjana, U»A. 
(2) ty P. Vythyanathastcamy. 

**TT 

(1) Let I s: I 0 sin 0 oos*'"0 cos (a cos 9)d0 

o 

= f ('’t— 0 ) sin 0 co 8*'"0 CUB (o cos 0 )(i 0 . 


- o 


21 


= TT j* sin 0 cos*'"0 COB (o cos 0) dQ 
*' o 

cos-0]'^ 

—1 j 2 m OO8*^“*0 Bin 0 bid (a ooa 0) d0^ 
— *0" OOH*”^0 sin 0 sin (a 039 0)d0^ 

= .{ 


2 sin a _ co 9*^0 cos (a cos 0 ) -j -ff 


a 




_ 2 m {2m I jj-ff 0 gQg j 0 j 


= "{ 


2 sin o . 2 x 2 m cos o 

-+ ■ /• 


_2m(2m^ X I"” oO9*™'*0 sin 0 cos (a 00 s 0)(i0^ 


n f sin o , 2m cos o 2m(2m—1) ^;^ 

SS£^Z~ - •t*-T- „» 




) 


a 
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P 8'“ « + Q cos a J ^ 

where P and Q have the values stated in the question. 
(2) We have sin ma: Jx =0. 

Differentiating with respect to in snccessivelj 

f-t a:®''*'* C03 mxdx+0. 

.+» 

lho» cos Ma Hin“*(»«)rfa:= 0 , 

Again 


+1 

j_i cos inx cos~\>ix)dx = -n 


81D m 


7tt 


'll 


patting 008 ->na, _ g —sin-'na, and expanding the inverse fonotion in lerin 
of odd powers of *. 

Now, consider the integral 

I = J 0 sin 0 cos (a cos 9) d9. 

r** 

This is the same as J co8“’x oos(az)dx, where ®=co80. 


B 


• e 


T 810 a V /.v 
1=—-— by (i). 


Differentiate this resolt 2m tiroes with respect to a, and we get 
(“)”*/Je flio 0 C09 cos 0) CO8*“0 rf0 = 1T~, (^) ■ 

By Leibnitz’ Theorem the right hand side is 

■n |<-r sin a l+2mC, (-rco8a l- 

+2m sin 

Henoe, removing (—)”*, we have 


+ 


|2m 
a^»+i 




Is 




(P ein a+Q cos a)^ 


where P and Q have the valaos giyen. 


IQ 
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Question 506 . 

(A. C. L. WIIKISSOK, M.A., P.K.A.S.)i-Show Itat it i. Impossible 
to describe a plan, qoadril.teral such that Iho aogle betaeea the 
diapooale is equal to each of the anples between the two pairs of 

opposite side?. 

Solutimt hy K. J. Sanjana, M. A. 
and several others. 


The angle AOD may bo equal to 
the angle P; but it i9>the angle 
. E, as it i8>BDC, which itself «>E. 
^ Similarly. AOB may be equal to E, 



bat most be>F. Hence the result stated. 


J »l 


Question 507- 

(S. RaM 4 N 0 Jan) :—Solve completely x* 
and hence shew that 


s=y+o. y’.-s+o. c’=x+a, 


(o) '\/8-'\/8+-^8-eto = H-2V3 sin 20'’ 
(fc) = 1+4 sin 10® 


or 


(e)-^23- -^23+2-^23+2-^23-2-^23+etc 

=1+4V5' sin 20 ®. 

Sefufion the Proposer. 

We have, 

*=s*-a=(y*-a)’-a= { (»*-o)*-o>*—a. 
4a!*a+2x*(3o*—a)—4x*(a*—a*)—*+a*—2o*+o*— 0=0 
Gvidently y and s also are the roots of this eqnatioo. 

Bat SB may be written as 

0 +^=-^ o+V^c 


• •• 


( 1 ) 




■^ 0 +*^ 0 +-^^ o+Aos*^ o+e. 
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Hence we have . ^2) 

Therefore x^—x~a most be a factor of the expression in (1). 

Now, dividing (1) bj x*—ar—a, we have 

x^+x'+a^Cl—3o) + x'(l-2a) + xXl-3a+3a*) 

+x(l- 2 a + a>) + (l^o+ 2 a’-a*)= 0 . 

Let /}» y, O-, /T, be the roots, of this equation. 

Then since y and z are also roots we may suppose 
that a*=a+>ff ) a'»=a+^'’) 


(3) 


/*=o+a') 


that 


/3*=a+y [ 
y’=a + a ) 

Let a.+/3-^•y—u and o.'-^-/3'+y' = v, then we see that 

a*+>fl“+y>=3a+«, 
u*— u—3a 


IS 


a>^+>ffy+ya = 


2 


ana 


y«*~oy+>ffy ) 

a>J*=aa+ya 

/3y^=a/3+a/3 ) 


Again we have, 

a»/i=a/3+/3*) 

/?V=«y+y* > 

and y*asua+a’ ) 

Adding up all the six results we have 

+y)=2a(a-r/?+y)+ 

a*+/?*+y’+ 0 /?+>ffy+ya ; 

i.e., (a+>ff+y)(a/?+vffy+ya)—3a>ffy= 

2a{a+/?+y)+(a'+/J*+y»)+(a/?+>Jy+ay). 

«. i (tt*-u—3a)-3a>Jys=2aH+(3a+tt)+i (h>_u_3) 

Hence we have a/?y=u'~2u*~7au—u—3.i. 

Similarly we have 

6 a'/?'y':sv*— 2 p®— 7 ot>—c— 3 a. 

Hence the sextic in (3) is identical with 

{ X*—**u+^x(tt*—tt— 3 a)—J (a*— 2 tt*— 7 a«—«— 3 a) } 

X {x»-x»o+| x(o»-v—3a)-J(c*—2o*-7ay—«—3o)> 


t.e. 


(4) 


have 


Now equating the co ofliciente of x* as well as x* in (3) and (4) we 


a+p = —1 

«*+o*—2(a*-ft»*)—(7a + l)(«+o)—6o+ 
3 { uti(tt+o)—2ut;—8a^tt+o) ) ss6(2a—1). 
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Substituting for w+u in the alwve result, we have, ity-2 a. 

Hence . « = -- \ - 

2_I .(5) 

and v=-- 

These values of « and v Bubstitnted in (4) reduce the eeitio 
equation in (3) to the two oobics : 

l_V4i^7 20+1+^40-7 , a-2+oV4^7_rt 

2 ,»+x*- ^ —*-o- + - 2 ’ 


1+-i/4«-7 2o+l-V4o-7 o-2-aV^*-7 

x*+x* ^ o ---2--2 ’ 

which can bo solved by the usual methods. 

In the numerical examples proposed, the combinations of the signs 
^lut and mtMMS may be determined by proceeding as follows i— 


1+2V3 Bin 20°=-^/1+4\/3 sin 20'’+12 sin’ 20® 


'^7+4V3 si 


sin 20®-6 cos 40® 


= ^7+4V3 sin 20°-4v3 cos 30® oos 50® 


- ^7 + 4^3 sin 20®-2V3 cos 70°—2V3 cos 10° 


008 70®—2*^/3 cos 10^ 


3 = -^7-4v 3 sin 3^ sin 40®=-^8-(l+2V3 sin 40^) 


= '\/8-'Y^8+(2V3 8 in 80®-l) 





77 


Id a aimilaar manner we have, 

1+4 siD 10°=Vil-li(I+4a.n 50*) 


= 


11 + 2(4 iiu 70^-1) 


11-2^ ll+2'y/ll-2(l+4Bm 10°), 


aod also 


1+4V3 sin 20°=V23—2(4V3 sin 80°—1) 

= '\/23~2'y^23+2(l+4V3Bin40°) 

= ^23-2y/23+2y^23 + 2(l+4V3 atD 
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QUESTIONS FOR SOLUTION- 

(R Vytutnathaswauy) :-If 2A, 2B, 2C are the mutual in- 

clieetions of any tbr.e lines in space and 2b. 2M. 2N -gles «lnch 
any foorth straight lice makes with them, shew that the following identi¬ 
cal relation holds 

011 114 

1 0 sin’C sin’B sin’L 1 

1 8in*C 0 sin’A sin’il 1 
1 Bin*B sio’A 0 sin’ N 1 =0. 

1 bin'L 8in*U sio'N 0 1 

A 11 110 


*5*1^ (Pbof. K. J, Sanuna.)—T hree real nnmbers a, b, c, are 

.t raadom. Fiad tke chance (i) that i,-<4ac. (») that 

6*>4ac. What is the chance of h* being equal to 4ac r 

534 . (Zlbo):—A given eUipse is projected orthogonaUy on o 
given plane. Shew how to obtain the a«B of the projection geometri¬ 
cally ■ 

535 (N. P- Pandva) i—Construct a conic having given three 

points on it and the symmedian point and orthocentre of the triangle 
formed by the tangents at those points. 

636- (K- AprOKDTiAM Ebadi, M. A.) ;—Prove that 

r f® ^ (al»' + «b-2H') 

whore H=(w’-f 2hey-f by* anti u'3oV-l-2Vj:y-f by’- 

637. (K. J- Sanjaka, M .A.)Prove that 

1 a’ 1*3 »* 1-3 5 ^ 

2 " 2 "”’^ 4 2 4‘6 6 

=i log(l+?i’)+i logCl+®>*)++0 + ••■« 

Where . 


f 
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aod that 


13 ^ 13-5 
2 2 ■**2-4 4 ’^2-4 ti 6 


wh^re 


-I log (1 — *’)—^ log (l+a:,*)—J 


TC 






log(l+x,«)_... 


In the erst eqaalUj z m an/ real quantity ; in the second, any real 
qaantity<l. 


538. (A. Nahasinoa Rao) :—If the taogents at the cironlar points 
of a nodal circular cubic curve meet at P on the curve, then any 
transversal through P outs the curve again in pairs of points such that 
the lines joining them to the node form a pencil in orthogonal involution. 

539. (S. Kbisbnaswajii Aitangab) The focal chords of the 
maximum inscribed ellipse of the triangle of reference parallel to the 
sides are the roots of the equation 

tan - X cot w+arA tan \ cosec’ w—2R*A^ tan '^XssO, 
where X is the minor semi-steiner ancle, tc is the Brocard angle and 
R the circumradius. 


640. (S. KfiisnNiswAMi Aitanoab) If S, H be the foci of the 
maximum inscribed ellipse of ABC and SH snbtcnds angles 0,. 0, O at 
the vortices, prove thst ’ * 

he cot e,+ca cot Qt+ab cot 0* = J:(a’)— { E(o‘)—) a* 


541. (S. Rauakujan) Prove that 

I4*— 4 ' ^ 4. ^ \ 

13 1-3-6+136.7+-+T+ IT 1+ 1+ I+-=V (- 2 ) 
642. (K. V. Anaktakahayana SABTHr.B. A.):—Expand 0 cot J0 

in powers of cos 0. * 


643. (R. Vtthtnathaswamt) :— Shew that 

V+2-+3'+ .n-=(c,A+c,A’+... 

where 




A00^ 


644. (Sbleotbd) :—Evaluate the definite integrals 

,00 ^ ““ 

J e * sin aa^dz ; J 


_ I Co 
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545- (M. T. Narakiengab, M.A.) Shew that the roots of 8**— 
18 x+9=0, and 8 j/*-18 ij-9=0, are connected by the relations 

*=3+2 y—2 y* ; and y =3—x—2 **. 

540. (S. Ramanujan) Shew that 

/I 1 \ 2/1 1 \^ 2+/1 1 \ 

(*) (s'?) +3 5* V3 4V +. 


-IT 


= 12 (2+V3) 


Oi) .= 7-H-..(1+V2)} 


547 (V K Abavamodan Prove that the obliqoe trajectories of 
the system of corves represented by the elimination of t between 

»=/((, a), y=4Ct, a) 

a being the parameter of the family, are given by replacing o by the 
complete integral of 

9f da** dt 9o ) 

and hence find the trajectories of a system of oonfooal ellipses, n being 
equal to the tangent of the angle of intersection. 
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PROGRESS REPORT. 

Mr. M. K. Kewdramani, B.il.—M.A. stodent, Pergosson College, 
Poona, has been elected a member of our Society at ooncessional rate. 

2. Oar Treasorer, Rev. 0. Pollard, is proceeding to England 
on leave, and the Committee therefore thoaght it advisable to appoint 
Mr. S. Nsrayana Aijar, M.A., F. S. S., Manager, Port Trnst Office, 
Madras, to take op the dnties of the Treasarer. The attention of the 
General Body is drawn to this change so that all matters pertaining to 
the Treasurer, may be referred to Mr. S. Narnyana Aiyar during 
Mr. Pollard’s absence. 

3. A Junior Trigonometry —by Messrs. Borcbardt and Perrott, has 
been received from Messrs. G. Bell & Sons, London. 

The University of Illinois has presented to oar Library the reprints 
of the Ph. D. Theses on the following sabjecte— 

1. Invariants of Linear Differential Equations. 

2. Projective Differential Geometry of Developable Sarfaoes. 

3. Primitive Gronps, with a determinatiojj of the Primitive 

Groaps of Degree 20. 

4 . Functions of Three Real Variables. 

Eoprinte of papers by Prof. G. A. Miller on Substitution Groups 
not exceeding the 7th degree, Groaps generated by the two operators 
satisfying the condition Gauss’s Lemma and some related 

Group Theory, Groups which contain an Abelian sobgronp of prime 
indezt on the nse of Co^eets of a Oroop, Infinite Sj^tems of Indivisible 
Groups, a Third Generalization of the Groaps of the Regular Polyhed¬ 
rons and some minor pamphlets have likewise been received. 

} 


Pooxa, 

Slit May 1914. 


D. D. Kapadia, 
Sony, Jo%nt Secretary 
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Mathematics in Relation to other Subjects ol Knowledge.* 

By Prof. R. Littlohailes, M.A. 

On accepting the invitation to deliver yonr inangnral addresi my 
hrst feeling was one of cheery optimiam, the eobjects at roy disposal 
being so many and varied that I felt certain of easily choosing one that 
would bo acceptable to yon all. On second thoaghU hoirever, nnmeroas 
difficulties presented themselves. The sabjeot of this inaagnral address 
should bo one that is fairly general in character, it should not be too 
technical, it should not be beyond the comprehension of even the least 
mathematically inclined of the andience and yet it shoald bear on the 
mibiect-mathomatios-which offers the eionse for the existence of 

this Society. 

I cogitated whether it wonld not be well to select the life of some 
renowned mathematician like Newton, Descartes Baler, Lagrange or 
Laplace and trivo a sketch of his life and of the indnenoe that he has 
exorcised in the subject that we have so much interest in. Second 
thoughts, however, led me to choose the present title for the sabjeot of 
my address this evening ; in the first place because it is a relation that 
has always had a keen interest for me, in the second place because it is 
a subject that has referonoo to the rationale of the foundation of this 
Society, and thirdly because it is a subject that offers scope for exciting 
tho attention not only of those who like ourselves take the suhjeot of 
mathematics seriously, but also of those who by virUe of the modern 
necessities of their own particular special studies require its aid in their 
owD work in a tboQfland and on© way©* 

There appears to me several ways of treating the sabjeot of this 
address, but two of them slaod ont before the rest. I might narrate 
$eriattm the various branches of human knowledge and ignorance and 
specify in detail the various branches of mathematics that are appli¬ 
cable to their complete study and research. On the other hand, I might 
catalogue tho various branches and snb-divisions of mathematics—both 
pure and what is toohnioally known as applied —consider how each 
division or sub-division has been Dtilised by searchers after truth 
in other branches of knowledge ; I hove not odopted either of these 
methods to the exclusion of the other, but have compromised by accept- 
ing »» Mo neither the former nor the latter mode of exposition. 

I have preantaod, of course, that mathematics ha$ tome relation to 
other subjects of kno wledge, the presumption appearing to me so obvi- 

■ An address delivered ak the inangonl meeting of the Uathematioel 
Association of tho Ptesidonoy Oolloge, Madrae, 1914. 
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oas as hardly to reqoira notice. 1 might even go so far as to state that 
1 am willing to show the applicability or relationship that exists or 
might exist between it and any other snbject that might at random be 
named. Having that in mind it is all the more difficult for me to 
render this address in any way complete or systematically detailed. It 
mnst be and must remain--unless you were willing to sit for a course 
of lectures on this snbject—of a cnrsory character ; more of the nature 
of a brief survey, than of an exhaustive treatise wherein logical 
sequence of onimpeachable reasoning is the main criterion of excellence. 


And ihis brings me naturally to one of the first divisions of my 
subject—the reasoning powers of matheraaiiciaas and the more general 
question of the philosophy of reason ; a subject that is no doubt often 
well debated by philosophers who know no mathematics, though the 
converse, w'z., the mathematician who knows no philosophy, scarcely 
exists ; for, who can be a mathematician without being at the same time 
a philosopher, a lover of wisdom, even if it be but a small portion of 
the wisdom of the universe ? One of the recent tendenoies of modern 
mathematics is the intense study of first principles, a profound intros- 
pecUon and critical examination of the foundation principles of the 
subject; its fundamental concepts and methods have been subjected to 
most careful scrutiny and the part played by in tuition and by logic 
with the neoesaary limitation to each, have received the most careful 
^tention of several of our most renowned thinkers, in particular of 
Whitehead and Hussell. Their written cogitations take us immediately 
into the realms of » Metaphysics "—the careful preserve of the philoso- 
pher. This subject has been variously defined, by both the more and the 
less seriously inolinod ; its absiruseaoss is probably well represented by 
thecymoaldefinUiou that the study of metaphysics is akin to "a blind 
man searching in a dark room fora black cat which is not there." And to 
quote merely one of its applications to mathematics, I might state that 
we involve ourselves in apparently contradictory but in reality abso- 
utely comprehensive statements ; any connection between a and b mav 
e considered as a relationship between a and b ; if there be no 

statement that there is no connec 
15 lUelt the etatemeat of a relatiooship between them This of 

MMso mwns that there is nothing in nature which does' not bear 
® ^*°“*^*P to or every other thing in nature,-a negative 
attabute bemg as essential, as a positive attribute, in the definition and 
limitation of a relationship. I do not however desire to dwell upon tho 
reWn of ^thematics to phUoaophy and in particular upon that 
portion of the phUosopby of mathomatios whioh makes it soH-evidont 



that mathematica is related to every other sabjeot upon which oon- 
ccpts liluy be formed and ihoogbls uttered. 

I shall turn ii.y attention to what I consider, in these essentially 
practical, industrial and commercial modern times, one of the most 
important features of mathematics ; ws., its relation to what iscarrently 
known as Science. Speciho branches of science e.g .: the treatment 
of Dynamics in its extremely large nomber of branches are 
recognised snbjecfs of study and research of students of mathematics 
and to detail evovy connection between pure mathematics and 
n.echanics would be as tedious as the compilation of a Tamil Dictionary, 
though possibly much more interesting. I shall however have to touch 
upon one or two main connections shortly, but before doing so I desire 
to emphasize the attitude taken up by the more ardent investigators in 
the various fields of science ; it is that no real and true science can 
exist until the phenomena pertaining thereto can he and are measured 

quantitatively and not merely observed qualitatively. That a pheno¬ 
menon exists and is observed is the first step towards the 
formulation of any soience, but that is far from being the 
whole method of science. Observations should then be made of 
the general tendency of the phenomena, whether there are any 
changes in time, any changes in space, any changes in mass, and when 
these changes are observed the variations are classified and we reach 
such a science, as for instance, “ systematic botany.” There is however 
no true science until the aid of mathematics is sought and applied. 
That varieties, variations and changes exist is interesting and these di¬ 
vergencies offer food for a certain amount of more or less inexact 
thinking and reflection snob os a child in its earlier stages of develop¬ 
ment moy be expected to indulge in, hut the mature rational mind, 
especially if that mind has received a logically scientific training, con- 
not rest content there. It must measure the directions of these varia¬ 
tions and their maguitudet both with regard to space and with respect 
totime-.anditis only at this stage that the phenomena come to be 
classed as truly scientific and can be treated in a really scientific manner. 
No real advance can be mode into the science of any phenomena ontil 

the aid of mathematics issoaght. 

Some sciences like the so-called natural sciences have oome under 
the infloenco of mathematics to an extremely small degree, while others 
like physics ore so interlocked with mathematics that the student of 
physics cannot proceed without calling in the aid of the mathematioiaa 
at almost ©very step. Lotus glanoe, for a moment, at one of the 
natural sciences, geology for example, and lot ns take one of its snb- 
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groops, mineralogy. In the treatment of this sobject how is mathema¬ 
tics involved ? To begin with there are the varions types of crystal 
symmetry which are best discussed aboat three axes, and the 
student of analytical geometry of three dimensions looks upon symmet¬ 
ry in crystallography as a mere corollory to some of his more elemen¬ 
tary mathematical ideas connected with three dimensional space. 
Farther the determination of different kinds of minerals and in partica- 
lar of crystals, is simplified by their behaviour with regard to light, and 
especially as regards their behaviour in polarised light by means of 
which some of the most beautifully coloured pictures of symmetry and 
of geometric shapes are evidenced. Bat how are we to further in¬ 
vestigate the formation of these shapes and colours? They aro investi¬ 
gated by a consideration of the geometry of curves and surfaces coupled 
with some theory of light. And how can we investigate or oven pos¬ 
tulate any theory of light without mathematical analysis at our elbow ? 
Is there any student of physios among you, who can tell me that he 
has discussed the wave theory of light, refraction, polarisation, wave 
lengths, interference or any of the ourrent ideas and phenomena of 
optical scieace without calling to his aid mathematics ? And have 
not many of you felt that this particular mode of treatment of the sub¬ 
ject, or that special little piece of analysis, was difficult, only because it 
was not completely oomprehensible without a prior mathemaiical train¬ 
ing ? It is probably too well known among you that the fixation of 
geological dates is another geological subject that has given rise to 
mathematical calculations based upon cooling phenomena, and it is 
needless for me to spend more time on that subject than that taken in 
mentioning it; Kelvin’s writings on the secular cooling of the earth 
show to geologists and physicists alike the use and application of 
mathematics to their respective branches of knowledge. I might choose 
other snb-divisions of geology and explain how they havo been shown or 
might be shown to depend for their comprehensive treatment on a 
knowledge and application of mathematics ; but I must pass on to some 
other sobjeot. 

In physiology we do not rest content until we have measured the 
aoiourU of ohaoge in the oirculatiog ^stem doe to respiration, the time 
otrefiez aotionand antil we have takenoUier more or less absolute mea- 
suree. These merely form the basis for other estimates and determina¬ 
tions wbioh have as one of their ultimate objects the meaning of life and 
d^th from the physiological standpoint. It would be of extreme interest 
to ebow the relationship that exiets between mathematioa and physio* 
logy, but I am not qualified to do more than mention that one of the 
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modern tendencies therein is, ae it is in all other sabjects, to demand 
mathematical eitactness ia all observations, calcalations and inferences. 

The science of melicino is more nearly allied (o that of chemistry, 
chemical physiology or physiological chemistry being one of the most 
important branches of modem science, and so we now torn oor attention 
for a moment to ti.e interesting snbject of chemistry which assnmes a 
discussion of the atom as pre-eminently its own. We shall not quarrel 
with her on tliat ground. We can well afford to be magnanimons. 'iVe 
know that chemistry without the atom is almost as insipid as rice 
without curry and so we freely give the atom to the chemist to play 
with. Hut he cannot play very long with his atom without experiencing 
an anxious desire to know something more about it than that it is his 
fundamental postulate, and ho turns to the physicist to aid him in a 
discussion of its behaviour under certain cii-cumstances and particularly 
under the action of heat. The physicist is delighted at the honour 
paid to him (though he considers in liis innermost self tliat it was obvi¬ 
ous to even the meanest intellect that his aid was all the while necessary) 
and sets forth to propound his ideas of tlie atom and its behaviour. But 
even he ha.s nut gone far before he finds himself in almost as complete 
a cul de sac as the chemist was before him. He finds that ho is con¬ 
fronted With certain phenomena which can be very well expressed by 
means of mathematical equations ; but the discussion of these equations, 
their complete solution and re-interpretation in terms of the original 
physical concepts are problems that he does not feel quite at home with. 
He has no other resource than to call in his friend the mathematician 
who lays the store of his analytical wealth at his feet. Let us make 
the relationship of chemistry to mathematics a little more concrete by 
abstracting from any chemical syllabus. I quote from the B.A. syllabuB 
of the University of Madras. “ The law of mass-action j the velocity 
of chemical change ; the relations of ohemioal energy to heat, and to 

electrical energy,.the kinetic theory of gases.” It does not need 

a specialist to see that in these portions of chemistry the ohemiat seeks 
the aid of the physicist and of the mathematician. Even now some on 
you will have recoUections of the haunting fear that is inspired in you 
at the recollection that thermodynamical formal© are equations that 
your lecturer and professor expect you to have heard of, to have seen 
and to have read about; nay, more, yonr professor possibly expects yon 
to be acquainted with them ; be may even expect yon to be so enamonres 
of them as to spend some odd minutes—hastily snatched from watobing 
an interesting cricket or football match or from participating in a game 
of tennis—in endeavouring to solve problems on the thermodynamios of 
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a gas that is not perfect. An awful nightmare it must be to the non- 
mathematical chemist to have soch a vision called op before him. 

Bat the chemist is not alone. The physicist in the advanced stages 
of his researches grieves at the amonnt of mathematics that he is 
required to be acquainted with. He i.s even required to be at home 
several afternoons eaoh week to "the calculns" and his friends, indeed he 
has come to recognize that be is completely oaf of the social " world 
of accarate science » unless he has frequent visits from the universal 
friend, " mathematical analysis.” How could he consider problems on 
the condoction of beat withont “Fourier’s Series,” and how can 
Foarier’s series be considered if not in connection with general analysis ? 

I might now tom to one branch of physics that is of so nniversal 
an application that we nan only just touch upon its fringe. I mean 
electricity with her sister magnetism. Electricity ia such an immense 

subject that I £nd some difficulty in knowing what particular branch 

should be Brst instanced as leading up to or depending upon mathematics 
tor »ta investigation. I might instance one nf the smallest and yet 
most important equations that it is the pleasure of the electrician 
to deal with I mean the equation of motion of a magnet situated 
WI hiD a COU aroQnd which a carrent momonthvily flows and which is 
represented in various forms but always as a differential equation of 
e secoB order. It is indeed the same equation as we meet with in 

den f ° OBO‘l[atory motion in rigid dynamics and wlioso solution 
denotes either periodic or aperiodic motion. The mathematical study 

to tb various forms is not difficult and it.s application 

0 the throw of a galvanometer, to the swing of a pendulum and to 
ntany other natural phenomena with which you may or may ^ be 
a^uainted is extremely interesting, first of all in the application of 

® “”‘1 secondly-and this is 

the^quatil? '®Po<*tance-in the interpretation of the solution 

« • • *** t«rme of the physical constants from which the 

ongmal differential equation was formed. 

_ ®^®ctromagnetio theories open np a largo field of matba 

rnatmal research and are so closely allied to radiation theorioloU ler’ 

J the advice of the mathematician is 

oom^na ^ theories to symbols, to criticise the deductions 

donbtfnl, and to state carefully and 
the conol ^ «“PPoaitioDB open which any hypothesis is based and 

w.old ^T“ ^ l®ad to. It 

w.oId be beyond the scope of a general talk of the present nature 
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to enter at any length upon a diaouasion of the theonea of radi^on and 

eleotiomagDetism; it remains to emphaaiM the fact 

upon experiment and propounded by phyaicists mast be snbjeoted to 
the critical examination of the mathematical analyst just as the 
theories that are propounded by the mathematioiau have to be sub* 
jecte.i to the vital tests of conformance with experimental phenomena 

such as are observed by the physicist. 

It is hard to leave the subject of physios in sooh a 
discussion ns we hnve before n, «t present. We oonld conti- 
nne with a reference to tl.e llieory of sonnd, Us Trbrations, 
mission of energy and nil its mntbemnlicnl repre.sentnt.ons which hove 

been so nbly exposed b, snob mnsters of the .nbieot “ 

Rayleigh, both of then, mathematicians of no mean order. We oonld 
refer to the mnthemalieal theories of the oondnotion of heat, to the 
mntl.enmtical discussion of elasticity with its aocoaipnnymg stress and 
strain abont which volnmes of ninthematicB have been written. We 
could touch upon probably the most interesting of modern mathemati- 
cal rcseniches—those whicli bear upon air-ship-s and promise to revolu- 
tinir-n some of our present means of travel. Aero-dynamios is a fasoma- 
ting snbjeot from tVio standpoint of the man in the street j bnt, the 
mathematician recognises that the aeronaut desires that his life shall be 
in no greater danger than that of the motorist and he wishes to trnst 
himself only to such an aeroplane as is proved by mathematioal ana¬ 
lysis as well as by experiment to be one in which the stability of iU 
motion is assured under even tho most atlverse conditions. The appli¬ 
cation of such analysis is only now being made ; the theory is, in places, 
heavy and based upon varions suppositions of fluid resistance and 
strength of materials, but advances are foretold and the aeroplane of 
the future will withont doubt be modelled from data that have mathe¬ 


matics as the gnarantee for its stability of motion. 

Hydraulics and fluid resistance ere met with in the oonstrootion 
of ships and also in a discussion of one of the modern means of develop¬ 
ing energy, namely, in the turbine and in partionlar tho steam turbine, 
while a knowledge of the strength of the materials used in the oons- 
traction of all machines is necessary ; this again reverts to a considera¬ 
tion, among other things, of the elasticity of the substance used m 
construction. We mnst not however, at this stage, claim too much for 
the Bubjeot of our heart. Mathematics helps a very great deal in the 
development of all modern soienoes, yet in the oommeroial and indns- 
triallife of the soientifio world a great deal of empiricism forms the 

basis of its constructions. A certain thickness of an iron bar is used 
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for a certain portion of a machine or boilding, not becaose it has been 
proved mathematically that this thickness is necessary to withstand 
the strain that is likely to be prodnced by the stress, but beoanse expe¬ 
rience and experiment have proved that this thickness gives a suitable 
quantity of material able to bear the necossory tension or thrnst. 
Mathematics enters here only by gradually systematising the forces at 
work upon the several portions of a machine and of reducing these 
forces with their actions and interactions to their fundamental 
constituents and indicating tlie necessary strength of the several 
parts that is required to withstand the applied forces. And in this there 
remains an immense amonutstilt to bo done by engineering rnathema- 
ticiaos and mathematical engineers. One oouM wish that a larger 
number of such existed ; for it is deplorable to find fo much empiricism 
and acceptance of dubitable authority on the part of engineers 
doe to a great extent to the magnitude of their subject and in 
part, no doubt, to the disfavour with which many of the most capable 
mathematicians that the world has produced, look upon the apparent 
degradation of their higher mental outlook when applied to the ordi¬ 
nary commercial and industrial facts lhat they so often scorn. It is 
farther to be remembered that a very large number of the applied 
mathematical problems of to-day did not exist acentury ago. With the 
advent of steam and oil engine.s and of the application and use of 
eleotrioal forces, new problems have arisen which are increasing 
day by day and are of necessity first attacked experimentally as problems 

of experimental or industrial science before the aid of the mathematician 
is sought. 

It is to be regretted that the mathematical treatment of a subject 
18 in general only sought when it is tound that it can make little further 
vane© upon purely- empirical and experimental linos. Who, for 

,. til any fullness the viscosity and lubrioa- 

ing powers of varions oils and to what extent variations in surface 
tenston were dependent upon difEoronces of temperature until it became 
necessary to lubricate fast moving machinery—a product of our more 
mo ern industrial civilization ? In these discussions mathematioal 
eqnatiODS whether they are the simple ones of an ordinary readily solu- 

e ‘oear algebraic relation or the somewhat more difficult differential 

equtt ions arising in oscillatory motion, or in thermodynamics or other 

relations, and which may not yet be completely solved by the ordinary 

ana ysjs at our disposal,—are invariably used to represent the physical 

p enomena observed. Their nltimate solution is necessary and, to my 
mind, certain. ■' 

12 
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But let ng tnm agi^e for a while to the application of mathemafcioa 
tosobjootBof study that do not at first sight appear to all^ofi^Y 
applicability. Wo may begin with history and eoonom, 08 -two snb- 
Jots which are usually coupled together though there » no oby.ous 
necessity therefor. Mathematics, physics, geology, m fact, any subj^t 
of knowledge can be treated historicaUy-jQat« economics so frequently 
is It is to certain aspects of economics that I would invite yo.ir atten¬ 
tion for a moment. The principles of economics are now being investi¬ 
gated from the standpoint of statistics and the treatment of statistics 
is essentially a mathematical matter of some importance. In U we are 
lead to a study of frequency curves and of correlation co-effioiente. 
Modern statistical methods are based npon the theory of probability 
and are usually associated with the name of Professor Karl Peareon. 1 
have hopes that the University of Madras will see its way, dnrmg the 
next academic year, to invite some statistical anthonty to Madras for 
Iho purpose of delivering a course of lectures of both an elementary and 
an advanced character on statistical methods. I cannot however do bet- 
ter bore than give the ordinary deBnition of statistics ns the soienoe of 
averages. It would please mo to enter into a discussion of averages, 
modes, means, frequency curves, correlation and probable ewors an o 
their application to tUo study of economic factors but it will 8““°® " ^ 
refer yon to the papers of men snob as Pearson, Edgeworth, EWerton, 
Tnlo and Bowley. Statistics is a branch of applied mathematics that 
has unfortnnately not received as much attention as it deserves in this 
country whore there are vast aooumalations of data awaiting analysis 
by some one with the necessary mathematical training and with mnoh 
time at his disposal. Some future research scholars have herein a 
suggestion for their subject of investigation. “The method of least 
squares ” which used to find so muoh favour with soienlists and indeed 
at the present day does still find a large amount of odheranoe on thoir 
part is only one method of matbematioaUy treating a series of recorded 
observations, and it can give place to their treatment by Buoh frequency 
curves as appear best fitted to the range of observations that may bo 
under disoussion. 


QaestioDs baaed on the theorj of probability naturally lead OBfrito 
statistioal eooQomioSi as distiugoUhed from biskorioal eoonotnioS) to a 
matter that we all think of sooner or later, the probability 6t fte 
length of our life and the precautions that we all should taVe to ensure 
that those dependent npon us may at our death not be left unprovided 
for. The Hindu Joint Family system does not neoeisitate life insnranoe 
and assurance on the part of Hindus to snob an extent as it‘does on the 
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part of members of other Nationalities, but with the breaking up of 
the joint famil/ sjetem and the dispersion of the units tliat form the 
family, the neoesaitj for each a provision urges itself forward. It is not 
ever^ one who thinks how it is that one insurance company charges 
larger premiums than another for the insurance of a life, or how the 
sum fixed as a premium is arrived at. Considerations both theoretical 
and experimental govern the selection and treatment of snch statistics 
as form the basis of the various tables that are used in fixing the sums 
required to be paid as premiums—tables of mortality, of sickness, of 
succession, of marriage, of soperannuation and so forth. All these are 
to be used by the actuary and must be prepared by him or by his 
friend the mathematical statistician. Actuarial science may be defined 
as the collection and utilization of statistics for the purpose of calcu¬ 
lating life contingeucies—a narrow definition; in a wider seuse it is the 
collection and analysis of past experience and the employment of the 
results of such analysis to forecast the average future. This analysis 
may be explained in simple mathematical language as the formation of 
certain curves which trace out the relationships between the real vati* 
bles concerned as deduced for a very largo number of observations («.</.» 
between the age of a person and the number of persons living at that 
age) and the application of these average curves to any particular case 
in point. This treatment is essentially mathematical, though the 
standard of mathematical knowledge required by the student is no 
exceptionally high and 1 suggest that some of you might in the near 
future apply your mathematical knowledge in the direction of statist!* 
cal analyeis. 

The hypercritical listener may at this stage ask how mathematius 
is allied to the study of certain otbor branches of knowledge, for in¬ 
stance, the study of English and of languages in generah I would not 
pretend to state other than that the connection is practically nil. Wo 
here come to the main distinction between what is known to the edu¬ 
cationist as the difference between literary btudiesand scientific studies. 
The student of literature may go through the world with his reasoniug 
faculties traioed to a very slight extent, the student of science, however 
cannot make any zeal satisfactory progress in bis work unless his roaaon- 
ing faculties are developed and one of the surest and safest methods of 
developing these faculties is by means of an accurate mathematical train* 
ing. 1 have long known that the Hindu has many excellent oharaoteris- 
tics bat that it is necessary for these oharaotoristics to be qualified by a 
ooune of mathematical training, so that the average Hindu mind may 
be reduced from what may be mathematioally termed as a tendency to 
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state of small osoillatioo ahont a position of relatiroly nostable oqniU* 
brium to a tendency to a state of steady motion about a position of men* 
tal equilibrium. This training may l>egiven by a study of other sobjects 
than iimthomatics, but tbe value of these subjects is dependent upon 
tho amount of reasoning that is required from the student, and without 
doubt tliis training of the reason is more readily found in a study of 
niatheinatics than in any other subject. We frequently hoar it stated 
that the Hindu lacks “ common sense.” It has been my good fortune 
to find this remark applicable to extremely few of tho Indians with 
whom I liavc come into close contact; it may bo that the remark is ono 
that has very limited roforeuce, but oven if tiiero is the smallest 
modicum of truth in it, I am convinced that my experience is the 
result of the fact that "common sense ” has l>eeu developed by tho 
rational training that every successful student of mathematics is 
compelled to undergo. 

I desire now to touch upon ti e “ non*humanising ** influonoo that a 
study of mathematics i-< supposed to have upon all its ardent students. 

I liave heard the .same .statement made about students of other subjects, 
e.j.. about the sindoi t of metaphysical philosophy who enjoys snoh 
literature as Kant’s Critiqiu' of Pure B>:(uon. I confess that there 
appears to be a little, but very little, truth in the idea. MathomaticB is 
essentially tho subject of tl>o speciali.st and every specialist is pre- 
Mimo.l to be slightly iin'Iiuman, but I comfort myself with the thought 
that there is something more than human and the non*humanising infln* 
enco of niathomiitics is tho development of tho human mind beyond that 
which is human into that which is more than human. On the other hand, 
if we pick up any book on the "History of Mathematios ” and read of the 
development of mathematics from the earliest recorded times, if we glanoe 
into tho aofnul*lives of the men who are only known to many of ns os 
mere names, wo will Qnd that they lived, ate, drank, married, begot 
children and died just lis we do ni>w*a'day.s ; we will read that they had 
their worries and trials, their poverty and honour and that they even' 
tually went tiie way of all desh, forgotteu by the majority of the world 
and occasionally remembered only by a student as a more name ; as for 
instance in Newton’s Law of motion, iu Bessel’s funotion, or in 
Cartesian co'onlinatos. We then experience the feeling that the mathS' 
raatician cannot be singled out to stand at the corner of tho street 
and thank liis God ns the Pharisee did, that he is not as other men are. 

Ono fnot I shonld like to impress upon you at this stage ; very few 
of the older stadonts appreciate it and practically none of the yonnger 
stndents know it. It is that matbomatios like all other soienoes as a 
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living science. The development of this idea would occupy too much 
time and I would only just mention one way in which this is brought 
home to us. The inter-dependence of pure and applied mathematics, ae 
for inslanue in the application of mathematics to questions ariAing out 
of the study of natural phenomena, frequently produces a problem 
which is mathematically insoluble by the methods of pure mathematics 
now at oar disposal. This necessitates therefore further investigations 
into and developments of pnro mathematics, and in particular of 
mathematical analysis; thns the progress of mathematical science is 
emphasised and history is made. 

Another branch of science to which I might invite your attention 
as a snbject of investigation is meteorology. Those of you who have been 
sufficiently interested in this fascinating subject will have recognized 
that until very recently practically all oor observations have been made 
in two dimensional space. Much can be made and iudecd has been made 
of an analysis of meteorological data of two dimensions but there is 
apparently no hope of completeness or finality in onr deductions until 
we can measure pressures, temperatures and the like, simultaneously at 
places above the surface of the earth, as well as at places on its 
surface. This, yon might retort, is the w’ork of the physicist. I 
agree: but os soon as the observations are made and collected, it behoves 
the mathematician to step in and proceed with his analysis of tlie 
amassed 6garea. lleantiine, many of the figures collected for stations 
in India on the surface of the earth await investigation, and 1 throw 
ont the suggestion for your application. 

But I have oooapied your time too long alremly and mast bring 
these rather scattered remarks to a speedy termination. It would ill 
bccomo me, however, to close an address of this kind and in this country 
without some reference to astronomy, the study of which dates back 
almost as far as the origin of history. To enlarge however on the 
connection between astronomy and mathematics to this audience 
would be saperfloous and I can only ask you to boar astronomy in 

yoQT mind as another subject in which the mathematician is absolutely 
necessary. 

Finally, 1 thank you for the honour yon have dono me in request¬ 
ing mo to deliver your ioaugoral address and I conclude wishing yonr 
Society every good wish for its fntare prosperity. 


% 
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Efficiency in Elementary Mathematics ‘ 

To-day the dominant note in edncation is efficiency. It ia fitting 
therefore that wo should consider the factors for training in efficiency in 
olementary matbomatics. 

The expressions of opinions, serious comment, great thoughts, in¬ 
ventions, social and intellectual achievements are not spontaneous, nor 
do they occur in a single mind because they are results of race deyelop- 
meet. How often in our experience have we been spared from exposta- 
lating on some cherislicd idea, design, method or invention because 
accident has given prioriiy to some other independent worker. Suoh 
first announcements are apt to be vague and undefined and as a oonse- 
qaence men take issue and often give way to passionate disregard and 
intolerance for the tenacious attitnde of an adversary. 

I have a pretty firm belief in that greatest of paradoxes, vtz., that 
both sides of an argnment are right. Therefore, my friends, I am going 
to regard your assertions relating to the cultural and utilitarian value 
of any mathematics material as amphibolous aspects of an ideal future 
vocation. I am not going to reoonoile those aspects, because they need 
no reconciliation. If you will permit mo to state an analogy, it appears 
to mo as if some of us had gone into a long glass tube, while others 
remained outside. In so doing we have chosen oar limitations of vision. 
■When we recognize the fragile barrier that separates our groups we can 
understand why wo look upon one another telosoopioally or miorosoopi- 
oally. We owe to a heritage the fallible belief in a dualism which has 
been symbolized constantly in the development of our literature, art, 
religion and science. The sense of opposites expressed as north and 
south, hot oml cold, good and evil suggest culture and utility. Let us 
give praise to that noble soul who first enunciated tho law of relotivity. 
Now yon know there is no greater avenue of adventure than higher 
geometry which reveals tho infinite attenuation of life and comprehends 
tho processes which guide the unborno possibilities of tho future. 

The isolation of the subjects of the old ourrioula has produced 

sterility. 

“ Education has not been able to keep abreast with the innumerable 
problems of our complex life very largely, because its emperioal 
methods are obsolete.*’ 

♦ Extracted from a paper read by Mr. E. H. Kooh Jr., of New York before a 
Mathematical Association. 
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“ Even floientifio men are recognizing the fact that they mast apply 
floientific methods to determine the ciroamstanoes which promote or 
hinder the advancement of science.”* 

It is snrely time for educators to apply the sc>‘enti6c method to 
determine those factors which enter into the problem of the efEciency 
of educational systems and more particularly to the special problem 
regarding the training for efficiency in elementary _ mathematics. 

The best definition of efficiency is borrowed from the technical 
man who first ascribed it in a commercial way to a machine. Efficiency 
is the ratio of net ontpot to gross input. 

(<x) Efficiency 

^ * iopot 

The human being is also a machine in the sense that it is a highly 
organized complexity of more or le«s co-ordinatcl parts. The intellsc- 
toal ottnbales when associated with the nervous syetem bear to the 
framework of ttio body the analogous relation that the forces of nataro 
bear to stmotnral material. 


Efficiency is a raeasnro and is therefore expressed as a ratio between 
a realized performance and an ideal possibility. There are as many 
different aspects of efficiency as there are considerations in any mental 
or phyelcal situation. When you speak of health or strength you 
QDooodoiotisly give efficiency a special name. 

It was quite natural to expect technical men to apply tliia term to 
the sitnalion which presents itself in technical and industrial education, 
because the facta in their case were more definitely known. In this res- 
poet tliey have made a begioning. 


It is my pappose today to indicate how such an application can he 
made in the special field of mathematics. Let ns consider the sum¬ 
mary of onr technical colleagnea who volontoer the following meanings 
of efficiency applied to edocation* 

1. The efficiency of tho curricnlum—t!io ratio of the usofnl infer- 

tnation and mental training offered by a college to that which an ideal 
college shonld offer. 

(I) Ee=5Effioienoy of onrricnlnm 

what is offered * 

what shonld be offered’ 


* Bolonoe November 4Cb 1910. 


• Karapetoff: CeHMbuKoflj io the IHieuuion of BffMency 
tfon, 8.P.B.B. BullcHn, m XVIII. 


*■" i’duca- 
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2. The efficiency of the teacher—the ratio of the amount of 
knowledge and mental development acquired by the student to the 
amount of the opportunities offered by the college. 

(2) Efficiency of the teacher 

what and how ho leaches 
what and how he should teach' 

3. Efficiency of the student as receiver—the ratio of that which 
the student assimilates to that which college offers. 

(3) Er=Bfficicncy of student as receiver 

__ what he assimilates 
wltat tlio college offers’ 

4. Efficioncv of the student as giver—the ratio of the use made by 
the student of his college education during his professional career, to 
the potential energy stored in him at the time of graduation. 

(4) E^. = Efficiency of student ai giver 

what he gives to the oonntry 
~what he has received fronr the college 

There was a time when the soldier was the most efficient man in the 
State. Centnriea later the mantle of efficiency befell to the lot of the 
lawyer. The cvolotion of the political, social and indnatrial progrese 
in the development of civilizalion compels the ffnger of time to point to 
the men of science as the dominant leaders of the nations. 

“ In America at least”, says Professor Townsend,* “ we havooome 
to accept as a fundamental principle that the snpronie test of an edooa* 
tion is the cfficienoy of the training it gives the individual to meet the 
demands of organized society and at the same time enable him to oou* 
tribute most directly or indirectly to the general progress of national 
life.” 

Therefore 

(5) E„,s=:Man*s overall efficiency 

his p rodootiveness+his contribationa to sooiety 
~ latent possibilities times education in its larger sense . 

( 6 ) 

where Psprodnotiveoess, . 

C=^ contributions to sooiety, 

L=Lateot possibilities, 

S^eduoation in its larger sense. 


Soienoe, November 4,1910. 
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Each one of these quantitiea is resolvable intu ionomerable factors 
loacy of which altboagh not definitely known are nevertheless familiar 
bjworde in the parlance of edocational meetings. The ankoowo factors 
are equally important and most be determined and investigated. The 
task at first thought appears so stupendous as to seem almost insupera* 
bloi but if we apply the scientific spirit we need not despair. Some years 
ago the Ooveroment sought to devise an automatic machine for predio 
ting the tides for any locality, and for long stated intervals in advance, 
The question was carefully undertaken, although the obstacles seemed 
as insurmountable as the elements entering into weather prognostica* 
tions. The working equation contained thirty^five variables. Today 
that Toaebine is a realization. Our jirobleoi narrows down when we 
confine our attention to the elements of mathematics which contribute 
to the efficiency of the individual. 

The individual may be likened to the incandescent lamp which has 
an efficiency of approximatuly one per cent. This means a waste of 
nioety«nine per cent, of the energy stored in the coal. Bri^^fly told the 
final efficiency is the product of all the contributing efficiencies involved 
in the mechanical and electrical transformations and transmissions 
through boiler, engine, generator, wires and filaments of the lamp. 

(A) EfsEffioienoy of the system 

^ energy given out light. 
energy stored in the coal 

Energy slor ed in tlie coul-^total loe»sesof energy 
energy stored in the coal * 

In like manner, man’s overall efficiency may be'expressed in terms 
of losses. 


(B) E,= 


( 8 ) = 

sabstitolmg io (6) and (B). 

Os:lost oppoitunities, 

l=Impedinieotb, 

F=Fsilar9B. 


(9) P+C=LS-<0+I+P}, 

•abetiiotioK io (8) sod (6). 

Or we CBQ represent man’s overuU efllcienuj art the product of all 
ibe efficiencies in the edacatiooal power station. 

(10) B„=E„ E| B, E,. See (1) (2) (3) (4). 

We aie eipcciallj interested in the mathematu's applied to Eo 
We aball define 'matbematice efficiency’ as tbeiatio of the factors which 
18 



oontribate to man’s social, political and industrial abilities to the 
stimulus and power given by mathematics training. 


(11) 

E,,, =MuthGmatics offioiency 
_ cootribatiD^ factori» 

(12) 

stimulus and power given 

M * 

(13) 

(*!«.*,*•.'«). 

(14) 

M=<Ji .Wfc), 

(15) 

• t' — .*»•) 

” .m*) 


. x„ are the factors affected by mathematics which contri* 

bate to man’s social, politioal and industrial abilities, and X is a funo* 
tion of XiZf .; 

nhm,Tn,.m, are the potential contributions of algebra, geometry, 

analysis and mechanics, and M is a function of m|m.|. 

There are two ways of increasing either increase the numor’ 
ator X, or decrease the denominator M« 

The known m’« are usually summarized thus 

7nj=the notions of number, measure, form, element, 
n(,sthe focussing of law through symbols and graphics, 
ni|stbe visualization and interpretation of law through formnlas 
and graphic representation, 

m^=the appreciation of co-existences and sequences of pheno¬ 
mena, 

m( = thc projection of the intellect beyond experience, 
mjfSsnot defined. 

We shall next turn our attention to the te’s and challenge their 
validity. We have been talking about those «’« for a long time and 
dare say have invented a few out of more deference for an ednoationfll 
hobby. We must not forgot one of the staunchest and earliest oritios, 
Profesor Perry* who holds that the study of matheiiiatios began because 
it was useful, it continues becaute it is useful, and it is valuable to the 
world booauHO of the usefalncss of its results in 

2 ) = producing the higher emotions and giving mental pleasure, 
2 j=s brain development, 

2 , = pTodQoiDg logical ways of thinking, 

^isaid given by mathematical weapons in the study of physi¬ 
cal Boienoe. 


* British Asioolatioo Ueoting, Glasgow, 1901. 
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^tf^passiDg 6 xa mi nations, 

a9=giving raeo mental fcooU as eaay to aae as tlieir legs or 

^ arms, enabling them to go on with their education, 

*T-teaohing a man the importance of thinking things out for 

himself and so deliTering him from the present dreadful 
yoke of aothority, 


*,=makiDg men feel that they know the principles, 

*.^giving acute philosophical minds a logical connsel of per- 
fection altogether charming and satisfying. 

or applicable to some special purpose 

or n^d of life or ,t may be useful as affording valuable mental disoip- 


The following were excerpted from various sonroes 

mathematics should promote culture, which means the sub- 
jogation of imitative power to the creative so as to make 
the individual develop centrifugal force, individuality 
critical opinion and transform that which is read into 
conversation and life,t 

*u = matbea>atic8 should maintain the standards of a Uberal 
education which implies a sense of truth and beauty 
*„-inftthematio3 should promote the identical spirit of science 
and literature which is to transform something of value 
from the unknown into the realm of the known 
aru-mathematics should respond to the dominant artivities of 


*„-mathemati 08 must justify itself in the acquisition of inform- 
ation of oommercial yaloo, 

*,.=mathematics should provoke intelleotual toloranoe-givo 
breadth of thought, ® 

ai,=matbematioB should stimulate enthusiasm. 


»n-mathematice should instil courage and sympathy with life 
*»-mathematio8 should give a realization of the value 
hnman life as a public asset, 

^,= matheu,atic8 should promote intelligent leadership 
Qiattora of pnblio oonoorn, 


of 

in 


mathematics shonld promote economy of time and effort 
»a-mathematics shonlc promote deligence and consciousness 
*«-mathematics shonld promote strength of character, 

shoDld proznoto jadgmenti 

^ProfeMor Aston, Oolambla Uaivsraity, September 38,19Ja 
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2,1 = mathematics shoaUl promote fidelity and poise, 

2 ,} = mathematics should pronote neatness and aconraoy, 

2 *=mathematics shoold train in habits of attention, 
2 „=mathematio 9 should train in system in dealing with 
material, 

2 „ = mathematics should train in clear and interesting present¬ 
ation both oral and written, 

2 a=mathematic 9 should render service in the development of 
the rational resonrces.'in aiding the growth and expansion 
of its industries and of its commercial power and in the 
conservation of the resources that constitute the inherited 
wealth of a people,! 

2 „=mathomatic 3 should inrnish a solid fonndation on which 
the more advanced work of college and technical school 
may be based, 

2,1 = mathematics shonld develop an appreoiation of the 
methods end spirit of pore soienoe, 

*„=mathematics shonld lead to precision, 

2 „=last but not least, matheroatios shoold promote common 
souse, 

There are many more factors of the numerator which may be 
mentioned. The critical test must be applied to each «, the so called 
desirable accomplishment, to see if it rings trne or whether it has been 
coined to defend in a vagne way some pet fancy of the mathematioa 
deportment. It is not generally true that in determining the effioienoy 
of any branch of study these same accomplishments ore more or less in 
advocacy. It seems to me thot if this were tree we would bo wasting 
effort and time in accomplishing in an inoffioiont way what may be 
more eflBciently oocomplished in another sabjeot. 

Beyond the ordinary claims mentioned which have been advanced 
and reiterated is the potent claim of a very broad consideration. I am 
convinced that in every department of human investigation there are 
definite underlying mathematical relations which are either little 
understood or totally unknown. 

I Seo Soionoo end PabUo Service Address, University of lUinoii Btologio 
Station, July M, 1910. “ Anaerioon Bduoatlonal DefeoU,” Soienoe, October 
28, 1010 Report of Troining of Mathomatioal Instraotors, Bulletin A. Math. 
Soo., November, 1010. 
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SHORT NOTES. 


Co9 TStii-X 

On the Integral J some allied Integrals 


§ 1. The solotion of Qaeetioo 472* by Prof. K. J. Sanjans admits 
of farther generaUeation as follows 

00 

Let I denote ( coa . differentiating 2n times with regard 


to r, we get 


i*" I 

t/r»* 


=(->)"/ 


® ®*" COS rz 


( 1 +*’) 




dz', 


or, 

Similarly 


‘511= r" 


Jr" 


= J 




(l+a*) 


(_!)«.,f® ; etc. 


Proceeding in this way, we shall get 
^ t dr»" dr*"-‘ 


+(-!)” I } 


CO 


_ cos TX 


{ r^+«, *■“-*+. 1 } dx 


= / 


GO 

o 

00 


008 rx 


(!+»•) 




T= j c *s r3Kfa!=Io, (say). 


Bot lo is known to yanish (Todhnnter, § 291) ; hence we have the 
differential equation 

(-1)" (D*-l)” 1=0, 
to determine I„, where D= 

ar 

Solving this, we get 

(Ao+A, r+A, r»+...A"-» r"“»)+e-* (Bo+B, r+...B„-, r"-*). 


* Journal I. M. 8., December 1918, pp. 880*81. 
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Now I is finito throaghoot the range of iotegratioD and remaiofl 
finite however large r maj be; hence the terms in e'mast be absent, 
or A|, Aj. A„ -|. 

inast be each absolotelj zero. Thas 

l=e-(B„+B,r + B,r*+.B„_.r”->) 

and we have now to determine Bg, B„ B,, etc. 

Ae «'^I=Bo+B,r+B,r*+ .+B„_ir'^*, we obtain, differentiating 

both sides k times, 

e'{l+kr+^ l"+ .H‘*-*>+I‘** } 

=|fc Bfc+(*+l)ft.2 Bft-ir+...(A) 

where the accents denote differentiation with respect to r. 

To get Bj, wo put r=0 on both sides. 

Obeervating that 1= f ^ we get when r=0, 

J o (i+*T 


Again 

similarly 

Again 


r= 


l'=/*^J^“‘^*.«othat(r).=0; 

(r)o--=(i'"")o=.= 0 . 

_ _ j® a’ ooB ra dx 


• • 


o (1+0 

(I") = - f * 

^ Jo (1+0" 


; etc. 


We thne get from (A), 

lAB^=f® ^ f® . kt x*dx 

* J o (1+0" 2- J o (1+0'‘'*’4I J o (l+0"“. ^ 

i k+1 terms or ij(lf+l) terms according as A; is even or odd. 

Patting a stan 0, we deduce 

-n 


' OD 


J 


dx ^ ( 


( 1+0 


2 OO8*"-*0dG. 


o 

Thus each of these integrals may be expressed in terms of Gamma 
fpnctioDB and may be obtained. 
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To find a single* expression for the series whioh gives B*. we write 
|fc B* = J TI cos**^ 0-^ sin* 0 oos^'-^ 0+^ Bin* eoos*^-... | rf9, 


= J 2 OOB*^^© 


5 COB*©--*! 
} 


cos*-*Osin0+... td© 


«=J 2 008**^*“ ®0 oos k Q dd 


2»f»_jEri 


( \ 2 n-k -2 ) 

( | n-l \n~k~~l y 


as 2n-2 is even (see Edward's Integral Oalculue, Ex. 19, p. 106). 


Hence 


We thus get finally- 


(2* |2ti~fc-2 ) 
* jfe f 


® COS Tx dx 

o ji+ ^r 


k = n—l , 

•^g- v-’t 2*‘I2»-it-2 

Zj FTn^S^ 

k=o - 


(B) 


§2 From I .B„_. r-} integrating 

both sides with regard to r, we get 

j_ sio rx 

~J o a!(l+**)'‘‘^*=“«^{Bo+B|(l + r)+B, (r*+2r+2)+...4- 

B«-,[r"-*+(n-l),r”-*+(n-l),r''-*+.(ti-1),^,] } 

To determine the constant we pnt r=0;then (J)o=0:and the 
constant ts equal to B«+B,Jl+B,j2+...+B«_i l»—1. 

Thufl J= { B„+B, 11+B, (2+... + B„., |»-1 > 

-e-'{B«,+B,(l + r)+B,(r«+2r+2)+...+ 

B^i [r''-> + (»j-l),r"-*+.| »-lj } . (C) 

S3 Tft sin^rada? 

® ‘ J ^ ((1+«•)*» ^^ (sv)* we differentiate K with 
regard to r; we thus get 

f=/ TiPW" = < + J« > 

—e^®'{Bo+Bi (2r+l)+B, (4f*+4r+2)+.,.+B„ » 

_U2^)^'+(n-lX (2r)«->+(»-l), (2r)"-+.„^.|^_|] j . 


* This expression Is due to Prof. K. J. Bsnjsna. 
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Integrating both sides with regard to r, and determining the con* 
slant as before, we get the valae of K. 

Now, 

+ (2r)'^’+(»-l). (2r)"-»+...lf^}dr 

= -if [(2r)“-' + (»-l), (2r)"-'+(n-l), (2r)”^+...+|t.-l 

+ (»-!), (2r)*^*+(n-l), (2f)'^*+...+|n-l 

+ (n-l), (2r)**-’+...+|n-l 

+... 

etc.] 

= { (ar)“-'+2. (n-l), (2r)"-’+3. (u-l), (2r)"-*+...+l» } . 

z 

The valae of the constant is seen to be 

— J { Bo+B( |2+Bi j3+...+Brt_i |<^i } i 

thus we find 

K= J J { B.+|2 B,+13 B,+ ...I-. B^. } 

+r { Bo+jl Bj+|2 } 


+®-2 { Bo+B. (2r+2)+B, (4r»+8r+6) 

+B, (8r*+24r*+36r+24)+.+B,».,[(2r)'^+2. 

(n-lh (2r)--»+3. (n-l), (2r)'^+ ...+jn >.(D). 

§ 4. The following partionlar resnlta may be noticed: 

(i) Pat i then (B) becomes 

f ® oo8 

J o 0+^ ^ ^ ^ 


Making r=l, 2, etc. 

f®C 08 aj. f® coH 2ai* it . 

Li+s*=27-Jo(iT?r=^“'’‘"'- 


As the formula (C) becomes 


f ® sin it . 

making f=1» 2, etc. 

r ® sin a , tt /«~1\ 

J . ia+5)*’=T (—)= 


It /e—1 


r® sin 2» /J ix * 

JoSO+S*) - 


... ( 2 ) 


( 8 ) 


( 4 ) 
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PoriDQlA (D) ^T08 

f ® Bin* rs$ dx _ tt , c-^ -rr 

Jo *•(!+»*) 2* 2 2'^■^"5" T 


^(-l + e-*^+2r); ... ...(5) 

[Ex. 497, Jourual, I. M. S., December 1913.] 


TaJdiigr=I, 2, etc, 

Jo = + 

(ii) Take n = 2 ; (B) now gives 

f®C 08 ra!(f» ^.-r 

Jo TT+z*)* --^-®+20-^(l + r) 

Potting r=l, 2, etc. 

f® cos xdz _jt cos2*d»_3‘»T 

J o (!+»*)* 2e’J o (1+a*)* 4c». 


( 6 ) 




(7) 


a • • 


( 8 ) 


As now —IL, weobtain from the formulae (C) and (D) 

r® Bin nr -n 


=^{2-e-(r+2)> 


• »» 


... (9) 

...( 10 ) 


r ® Bin* Tx , -n , ^ 

(iii)Take»=3; (B) gives 

r® cos rx dx -mr' f 14 213 2*12 •> 

J o ( 1 +**)’ 2^2 1 } 

= ^-"(3+3r+r*) 

[See eolation of Ex. 472, December Journal, 1913.) 
Here B<,=-^, B,=»^, B,=^, eothat from (C) and (D) we 


...( 11 ) 


obtain 


sin rx dx 'Tf f 

O ••• ■•■(12) 

[See Bx. 531, February Journal, 1914.1 




14 


( 13 ) 
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(iv) Similarly, we easily obtain 

/” “#^=^a5 + 15.+6r'+0 


• •• 


o (l+x»V 96 

CO sm ra ( 48-e-'(48+33r+9r*+r*) } 


...(U) 

...(15) 


lo <1 + **)* 96 

r JL i -105+96r+e-(105 + 114r+48r*+8r») > (16) 

J ^ «•(!+*»)* 192' 

® cosr^__2^-.'/105 . 105r+45r»+10r*+i-*) ...(17) 

^ (l+z*)> 768 

f s in rxdx _ -ff , 3g4_c-»-(384+279r+87r»+Ur*+r*) > (18) 

J a »(l+»Y 768' 


/ 


2Qth March 1914. 


T. P. Thitbdi. 


The Face of the Sky for July and August 1914 

Sidereal time at 8 p.m. 




July. 


August 


D. 

H. 

it. 

s. 

a 

u. 

s. 

1 

6 

58 

21 

9 

0 

35 

8 

7 

25 

57 

... 9 

28 

11 

15 

7 

53 

33 

9 

55 

47 

22 

8 

21 

9 

... 10 

23 

23 

29 

8 

48 

45 

... 10 

50 

59 


Phases of the Moon. 

July. 


• a • 


Poll Mood 
Last Qaarlor ... 
New Moon 
First Quarter ... 


D. 

7 

15 

23 

30 


H. 

7 

1 

8 

5 


u. 

30 p.u 

2 

8 a.u 
21 




• aa 


• •a 


■ • ■ 


Augu$t. 

D. H. M. 

6 6 11 a.11. 

14 6 26 „ 

21 5 56 p.u. 

28 10 22 a.u. 


Eclipses 


Ou August 21, there is a partial eolipso of the Sun, partly risible 
at Madras. 

First oontaot ... 6'5 p.m. 

Middle „ ... 6*58 „ 

Last « ... » 
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The.' Planets. 

Mercory is stationary on Jnly 2 when it bepns to retroijrade. It 
is in inferior conjnnction with the Son on Jaly 16. It is stationary on 
Joly 27 and attains its greatest elongation (19*14'^) on Augnat 5. It 
is in aaperior conjnnction with the Snn on AngustSO. It is in conjonc- 

tion with the Moon on Jnly 22 and on Angnst 20 and with Neptnne on 
Angost 10. 

Venas is an cTening star. It is in conjunction with the Moon on 
July 26 and Angnst 25 and with i[ar.s on August 6. 

Mara, which is approaching conjunction with the Sun, is in conjunc¬ 
tion with the Moon on Angnst 24 at 5*56 p.m. 

Jupiter is in opposition to the Snn on Angnst 11. It is in conjunc¬ 
tion with the Moon on Jnly 10. 

Saturn, which is in conjnnction with the Son in the middle of June, 
is in conjnnction with the Moon on July 20 at 813 and on Angnst 17. 

Uranus is in opposition to the Sun on August 3. It is in conjuno- 
tioD with tbd Moon on July 9. 

Neptune is in oonjunotion with the Sun on Jnly 21 and with the 
Moon on July 23 and August 19. 


V. lUUBSAM. 


The Late Mr. W. Qallatly. 

The Educational Times, dated March 2, annonooes the sad news of 
the sadden death at Boscombe, from heart failnre, of Mr. William 
Qallatly, M.A. His name must be familiar to readers of oar Journal as 
a valuable contributor in Modem Geometry. » A scholar of Pembroke 
College, Mr. Qallatly obtained his University training and his 
M.A. Degree at the University of Cambridge. He was both an author 
^ and a compiler of works on mathematical snbjects, and last year saw 
the publication of the second (enlarged and carefully revised) edition of 
his Modern Quometry of the Triangle.*' 
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SOLUTIONS. 

Question 486. 

(A. N. Raqhavicbab, M.A.) :—If a, y, 5 ba the roots of ar*+p**+ 

jx*+ra;+»=0, form the eqaatioo whose roots are 

M°+S) -<»5(^+y) _ 

/?+y-a-& 

Additional Solution by D. Krishnamurti. 

Let aar*4-4 6«*+6«x*+4 tf*+e=0 be the propooeii equation. Then 
taking Ferrarl's eolation of the biqoadratic (Bornside and Panion 
Theory of Equations, Vol. I, § 63), we see that 

/?+y=-2(6-M),/?y='+M;:N. 

a a ’ 

a + 5 = -^(l+M), t,5=^+M±N. 

a a 

If ^ be a root of the required eqaation, we find 

^_bN-M(c+2a0 


oM 


<i/o+c+2o0s- 


hN’ 


MN 

_5(o+2a9)*—ohe 

whence, after eimpUfication, 

6e+2a<i0 

^~6c-a<i+2abe‘ 

The required equation is obtained from the reducing cubic bj the 
above homographio transformation. The actual equation is seen to be 
with the usual notation 

[cd—he—/O (l>c—od)]* 

-I[ed-5e-^(hc-ai)]i(h/)-d)*+2J(fc/o-d)*s=0. 


Question 50 a. 

(T. P. Tbiyedi, hl.A., L.L.B.) Prove that the equation of the 
sides of a regular poljgon of ( 2 n+l) sides may be written in the form 
P sin (2»+l)a+(-l)"Q cos (2n+l)a-R=0, 

where 
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. 

(„ + l) 

terms. [Extension of Qaeatioo 479.] 

Solution by N.B. Pendse. 

Let the centre of the polygon be the origin anti the perpendicular 
on one side make an angle a with the initial line; and let a be the 
radios of the inscribed circle. Then 

is the equation representing a side of the polygon for different valoea 
of k. 

Pat ^ ® have 

7 008 4 > = ^ 

co9(2n-hl) 4.=co3{(2f»+l)(a-9)). 

Expanding co8(2»+l)9, Bio(2n+l)9 in terms of oos 0, sin 9 and 
patting ®/r, y/r in place of oos 0, sin 0, we find 

7*~+». COS (2n+l)4.= Qco8 (2«+l)a + (-l'‘).P sin (2«-f l)a. 
Again, expand co8(2n-pl)<^ in terms of cos^ and sobstitate o/r 
for the latter. We have 

r>''+*oo« (2«+l)+^(-l)"R. 

Hence, maltipljing by ( — 1)” thronghont, 

R=(—1)*‘Q cos (2n+l_)a + P sin (2M-f-l)a, 
which is the resoU stated in the qaestitm 


Question 503 . 


(R. N. Aj>tb, M.A., L.L.B.):—A circle is drawn within an ellipse 
concentric with the ellipse. A tangent to this circle cots the ellipse in 
P,P. The tangents to the eUipse (a?/a*+y*/6*-l) at P, F meet in T, the 
normals meet in N. If p is the perpendicnlar from the centre on TN • 
0 is the angle between PF and TN; o*+X, 0 *+^ are the squares of 
the transverse semi-axes of the oonfooal oonios throneh T ■ nrova th^* 
tor the different positions of PF ^ ^ 



Gc p- seo 6. 




no 


Solution by N. B. Pend$e. 

Let P, P be the points a, /?. Then obviously T is 

{ Qcos i(a + /?) sec J b sin -J (a+/?) sec l(a-^) } . 

».e., bm) say. 

Also N is 

{ Ic* cos a cos 01a,—me' sin a sin /? 6 } . 

The equation of TN is therefore 

x—ol _6cos ^ (a+iff)(a*—c* cos a cos 0) 
a hin Ka+>ff)l(M+c*ain a sin ^)' 

If d is the distance from the origin to the point of interseotion of 
TN and the perpendicular on PP', wo have p, seo Q—d \ 

y_a s in ^ {a-\-0) . 
zb cos a (<i+/?) 

ad sin i (a+>ff)=y. { a* sin* ^ (a+/?)+6*co8* J {a+0) > ^ 

=y.n sajt 

M 008 J (a4-/ff)»aw. 

Hence substituting in TN 

e*(6*co s g coB> i? +o*sin a 8 inyg)n _ 

“at { fc*—o*+(a*—li*)(co8 a oos^+sin a sin ^) } oos * (a— /f) 
n(b' 008 Cl 003 0-\‘a' sin a a i n 0 ) 
ah { 1 — oos (a—/?) ) oos -J (a— 4 )‘ 

Now X, p. aro the roots of 

a' oos*i (a+/y) ^ h*ain*^ (a+^) _oo,i x (a+0l 
a?^k b*+k 

and the sum of the reoiprooals of the roots is therefore 

a*COB* 4(a—>ff)—a’.cos* ^(a+>ff)+6*cos* j®)—3in*^fa + /?1 

a* 6* eia* ^ {a-0) 

_ a' sin a sin 0’hb' oos a ous 0 

o*6*sin*n«-/?) . 

. 1 , 1 _ 2(ioos i {<1—0) 

abn 

The condition that PP should touoh a oonoentrio oirole of given 
radius reduoes to oos ^ (a— /?) go n. 

Henoe 


1 . 1 


Ill 


Question 509. 

(K. AfPUKUrTAji Eradt, M. A.) ;—Forces act at the point 
within the ellipsoid *Vo’+y*/6*+3Vc’ = l, and are represented by the 
normals from the point to the snrface. Show that the resultant acts 
along the line whose direction cosines are 

and find its magnitude. 

Solution by R. Srinivasan, if. A., and if. K. Vecraraghavan. 

If the normal at (a?, y, 3 ) passes through (f,g,h,), we have 

f—^^ g—y _ h—z 
*7^ y/6* s/c*' 

y - C'hz 

(6*—a*)a+ay (c*—Q*)»+oy 

Since ( 2 , y, z) is 00 the ellipsoid, 

o’ { (6*-a*)a+ay>**^ Uc’-fl>+oy > » “'■ 

Simplifying, we get 

*'(6'-a*)*(c*-a*)'+2*‘ { ay(c*-a*)(6*-a*)* 

+ay(6'-a*)(c*-a>)» > +.=0. 

* * If be the roots, 

Now, if (a,/?,y) be the mean centre of the feet of the six normals, the 
direction coeines of the resultant will be proportional to 




ue., to 

5 /. i ^—9> J 1^2—A ; 

i.f., to 


*■«•! to 



The niagnitade H of the reanltant is given 
R*^(/-a)*+. 
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Qaestion 5i3 

(Prufessurs, T. P. Trivbdi & K. J. Sanuki) Find the eoni of the 
seriee 

i_ h hjh-l) 

h-k+2 ih-k+2){h-k+Z) 

h{h-l)ih-2) 

(A-*+2)(A-*+3)(^-fc+4)'^. 

where ^ ie a positive integer and k any rational number. 


Solution by E. Srinivasan, M.A., and K. Bangachari. 


Consider the aeries 

1 n-1 Cn-l)(n-2) 

m+1 (m+l)(in+2)**‘(m+l)(m + 2)(m+3) . 

This can be easily shewn to be equal to —. 1 — (Vide : Smith's Algebra^ 

page 4dl| Example 14) 

If in this we pot i+l for m and h for n, we get 

1 A-1 1 

h-k-hi (fc-fc+2)(fc-fc+3).+ 

The given series is thns equal to 


1-A. 


1 A—ft+1 

2h^k^l~2h^k+l' 


Question 515 . 

(A. C. L. Wilkinson M.A., F.R.A.S.)ABCD is a qnadrilateral. 
DQt BP are any two parallel straight lines meeting A6, CD respeotive* 
ly in Q and P; QL parallel to CD meets BC in L; and PN parallel to 
AB meets AD in N. Prove that the middle points of AO, UL, BN are 
oollinear. 

Solution by K. Bangachan. 

Let BA, OD prodnoed meet in R and let X, T, Z, M and 0 be the 
middle points of AC, DL, BN, ON and CD respectively. Join XM, 
XY, XZ OY and MZ. 

In the AAGN, X and U are the mid*pointa of OA and GN. Henoe 
(M passes through 0 and it is parallel to and a half of AN. Similarly 
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XO U a half of AD, YO is parallel to and a half of LG, and ZM is 
parallel to and a half of BG. 



In the triangle BRG, LQ is parallel to CB, Hence CL: CB=BQ '• RB- 
In the triangles RAD, PDN, PN ia parallel to AR. Hence PD : DR 
=ND : DA. 

Thus PR:RD=NA:AD=RB:RQ, •Jsinceiinthe APRS, QD is 

parallel to BP. 

AN:AD=BC:CL 

XM;XO=ZM;YO. 


lo the As XOY and XUZ, x 6 y=X^ and the ratios of the sides 
abont these angles are eqnal. Therefore X^O=X^M. 

Hence X, Y, Z are ooUinear. 


Question 516 . 

(K. J. Savjahi M.A.) TP, TQ tangents to a oonio of centre 0 and 
fooos P, oat the aozliarjr oirole in YZ; and FW is perpendionlar to the 
chord of contact; a tangent of the conic perpendionlar to TG cate FY, 
FZ, FW* in y,s,tr, respectively. Prove that ywsswe and ennnoiate the 
corresponding theorem for the parabola. 

15 



114 


Solution by D. Krishnamurti and K. Sangathari. 

Since Y and Z are points of intersection of the anxiliarj circle 
with the tangents, PY, FZ are X' to TP, TQ. Let CT cat PQ in V. 

Comparing As Ftrz and QVT, we see that they are eintilar, 
since Ptc, tcz, z P are respectively X'^ to QV, VT and TQ. 

its: TV = Fu.: QV.(1) 

In the same way we can show that A* F iry and PVT are similar. 

try: TV=F«?: PV ... ... ... (2) 



From (1) and (2), siooe PVs=VQ, 

u»5: TU^iry: TU 

ui 2 =try. 

[y.J?.—The proposition will hold even if the line ytrx is not 
a tangent, provided it is X*^ to CT.] 

In the case of a parabola the proposition will be — 

The portion of the tangent at the vertex of a partbola, i iceroepted 
by any two tangents, is bisected by the perpendionbir from the fooDS 
on the chord of contact. 


Question 519. 

(V. Amamtabauam) Given the base and the vertical angle of a 
triangle, dnd the Icons of the centre of the circle passing throngb the 
three exoentres. 



115 


Solution by R. Srtniva4an, HI.A., D. Krishnamurii and K. liangachari. 

We know the circnmcircle and the locus of the incenfre I (say the 
circle X on BC). If 0,-_0' be the uircumcentres of the triangles ABC* 
and Ijljlj, we know 00'=10; and O is fixed. 

0 ' divides 01 externally in the ratio 1; 2. 

Hence the locus of O' is a corve similar to that of I, and is a circlee 

It is easily seen that this circle equals the loons of the incentre and 
has its centre at the highest point of the circnmcirole* 


Question 533 . 

S Nabatak) :—Given a parallelogram drawn on paper 
and an ungradoated straight edge, show how to trisect a given fiuit. 
straight line on the same paper. 

S<dution hy M. K. Veeraraghavan. 

Through the extremities of tho given straight line PQ, draw 
parallels to the sides of the given parallelogram with the ruler. 

[For construction see Askwith's Pure Osometry, art. 63]. 

Let PRC^ be the parallelogram so formed with PQ for a diagonal. 
Join RS catting PQ at C. Through 0 draw parallels to the sides of the 
parallelogram, meeting SP, SQ at A and B respectively. Then RA 
and RB trisect PQ. 

The proof is almost obvious. 


Question 539 . 

r ® triangle ABC, D,E,P are the middle points 

o. BC, OA, AB. If AX, BY, CZ ore perpendicnlars on the sides of DEF‘ 

show geometrically that DX, EY FZ are conearrent at the symmedian 
point of ABO. 


Solution by B. Srinivasan if. A. 

Draw the cosine circle catting BO, CA, AB in if, d; s', « ■ - 

then K the symmedian point is ite centre. Draw LKL' Xr to BC 
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meeting BC in L and, ef in L'. Then T/ is the mid>point of ef which is 
= to BC. 


A 



AL* passes throogh D. 

If AA' be the sUitnde, X is the mid>pomt of AA' and X is the mid¬ 
point of LL'. 

DRX is a licet since DL'A is a line. 

Similarly K lies on EY and FZ. 

Question 5^. 

(K. Yttutnatsaswamt) *^If 2A, 2B, 2C aro the mntaal iooUDationi 
of any three linee in space and 2L, 2M, 2N the angles which any fourth 
straight line makes with themt show that tho following identical re¬ 
lation holds: 

0. 1, 1, 1, 1, 4 

1, 0, sixi*C, sin's, sin'li, 1 

1, sin'C, 0, sin’A, sin'M, 1 =0. 

1, sin's, sin'A, 0, aiu'N, 1 
1, sinl/, sin'M, sin'N, 0, 1 

4, 1. 1. 1, 1, o| 
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SoliUion by B. J. Pocock, B.A., B.Sc., F.B.A8. 

Take the three given linee as is coordinate axes and let I, m, a be 
the ratios of the fourth line. Then 

cos 2Ls=Z-t-m CDS 2C+n cos 2B 
006 2M = 2 oos 2C+^4'» cos 2A. 
cos 2NsZ cos 2B+m cos 2A+». 

Moltiplj by Z, m, n and add : I oos 2L-{-m oos 2M+n cos 2N = i. 

We have 2(Z*fm+n—1)--2 Z—*2m— 2 n+ 25=0 

Z-f- m+T»—1 — 2 i 7 iain*C —2nsin*B+^sin*L =0. 

Z+m+n—1— 2 Z 3 in*C —2nain’A+2am*M=0. 
Z+TO+n*-l“2Zsin*B—2wtsin*A -f2sin*N=0. 
Z-b m+n—l*~2ZsiD*Ii—2msin'M — 2 »» 3 in*N =0. 


From these 


2 , 

1 . 

1 , 

1 . 

1 , 

1 , 

0 , 

8 m*C, sin’B, 

ein'Ij 

1 , 

ain*C, 

0 , 

sin'A, 

sin'M 

1 . 

sin'B, 

ein'A, 

0 , 

ein'N 

1 , 

sin'L, 

sin’M, sin'N, 

0 


Moltipljing the let row by 2 and bordering the determinant, wo obtain 



2 . 2 . 2 , 2 , 

0, Bin*C, sin'B, sin*L, 

Bm*C, O, wn*A, sin’AI, 
sin'B, ein’A, O, ain’N, 
sin'L, tiin’hl, sin'N, O, 

1 . 1 . 1 . 1 . 



bnbtraoting the let colomn from the sixth and thsn the sixth row from 
the first row, we get the required resnltt 
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QUESTIONS FOR SOLUTION. 


548- (A. Na’tasinga Rao) :—If u,= — * > shew that the iD6Dite 

1 —» 

series Wi + Uj+Ha+^e—“lo**- = where the saffixes of u are 

(1— x) 

the numbers haTiot' non-repeatud >prime factors, the terms being taken 
with a+ve or—resign according as the number of such factors is odd or 
even. 

549- (K. J. Sanjasa, M.A):—If V =r-2’'+3'...+{-ir+V, 

prove V +.=0, lif r is even 

and n is an integer equal to or greater than r. Show how the value of the 
series may be founo when r is odd. 


550- (K. J. Sanja.\a) :—At a game of bridge recently played it 
was fonnd that every player bad three cards of each of three salts and 
four cards of the remaining suit: what is the chance of this distribution 
of the cards ? 


551' (T. P. Tbivbui, M.A., LL.B.) :—Prove that 
/// {abcdfghlmn) (* 3 /^ 1 )* dxdy dZy 

taken throughout a tetrahedron bounded by the co'ordinato planes and 
the plane xlp+y,'q-i-slr=l is equal to 

^ { ((tp^'}-l>q'+cr*+fqi +ffpr+Apq) + 5(lp+niq+nr)+l0d } . 


532- (S. Kbisunaswami Aitanoab) :—Find the sum of 
2 , I 1 ** , 1-3 5 * l S-6 aH 
3''^3-5-2 1! ■**5-7-2* 3 !'^7*9*2®*sT'^. 

, I- 3-5 . 2 »-l 

■^(2«+l)(2o+3)2*^* 7i! +••• 

553. (S. Kbisqnaswaui Aitamum) A B C is a triangle snob that 
its sides subtend equal angles at one focus S of an inoribod conic. 
With S as fooDB four more oonius are drawn oiroamsoribing the triangle. 
Show that— 

(i) The points of contact with the sides of the insoribed oonio are 
on the fooal radii through the vertices of the triangle. 
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(ii) The directrix of one of the oircnm-conics is identical ^ 7 ith the 
directrix of the inscribed conic corresponding to S. 

(iii) The directrix of one of the other circnm.eonics an-l its tangent 

throngh C meet at the point of intersection of AB and the directrix 
of the in<conio. 

(iy) If this point is then P, SC' is a right angle where O' is 
the point of contact of the inscribed conic with tlie side AB. 

5S4. (T. P. TaiVBDi, M.A., LL.B.):—If V denote the entire 
volnme of the solid 

and A the whole area of its trace on the a:y*plane, prove that 

R 

A 3n* Vn’ u)» 
and dednoe that for the solid 


2p 2p 



I = ® c0>+l)(2p+l) 

A 9 Question 523.) 

555 (R. Vtthtnathaswaht) P is a point on one of a system of 
corves / (r„ r„a)=.0 where a is a variable parameter. If dn is the 
distance at the point P between this carve anJ its consecutive, whose 
parameter is a+da, shew that 

da PQ’da 

PQ being the diagonal of a par dlologra-n who«e adjao nt sides are along 

and equal tu ^res,Savely. 

656. (R. VYiavNAtHABWAUT) :—Sliew that in a oi.ssoid the pro- 
doct of the perpendicular from the cusp on a tangent and tne length of 
the tangent between point of uontaot and the asymptote varies as the 
ordinate of the point of contact. 

657. (P* 0 »BM 0 B Sanjami) At a point P of a parabola the 
normal chord PQ is drawn meetiog the axis in G and PN is the ordinate 
to the axis, prove that PQ. AN=2 SP. PG. 
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If from P two chords PP„ PP, are drawn normal to the curve at 
P„ Pb prove further that 

SP,. SP,=AS SP, PP,.»PP,=PQ'AN, 

where S is the focus. 

Shew also that the oirole P, P, S passes through the oiroumoentro 
of PPjPr 

558. (N. 1*. Pandta) Solve completely 

i,+(9s,+x) |+3.(|)’+*(3y+3. |+x)g+xVg=0. 

559. (N. Sank.vra Aitab, M.A.) :—£valuate 

f” y'*-* ooth y dy, 

J o * 

and f ooseoh* y dy. 

J o 

(Suggest^ hy Qaeslion 465 of Ur- S. NftfJvyftOft Aiyar, M.As) 

580. (N. Sank.wia Aitar, M.A.) ••‘“Find the volume contained 
between the two ellipsoids x*/a*-i‘y^/b*-^s*/c*—l,and a:*/5*+e*/c*+yV®**®l* 

581. (P. A. SUDRAMANIA Iteb, B.A., L.T.):—Solve oompletely 

(l+3*.)g-»2-4y=0. 
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On the Bicircular Quartic. 

By A. C. L. Wilkinson, M*A., FAi.A.S. 

{Continued from payc 57.) 

§ 11. On Ihc real forms of bicircular quartics. 

Jn the fig. on page 50 where the circle of inversion cuts the focal 
ellipse in four real points, there are four real comnion tangents to the 
ollipse anti circle aa', /f/i\ y/, SJ'. As the tuDgent at P tarns round 
from a to 5 the noint Q moves from a' through Q to 5', and the point 
Q' moves from a' through Q' to 5'* where CQ. CQ' = CY*. Similarly the 
portion of the ellipse /fy gives the second oval of the figure. Between 
a and /?, or y and 5 the tangents to the ellipse intersect the circle, and 
the con^espondiog points Q,Q' are imaginary. 

The four poinU of intersection of the focal ellipse and circle of 
inversion are circles of zero radius having double contact with the 
bioircolar and are therefore foci of the blcircular. 

Every real bicircular has two real double foci, the real comuion foci 
of the focal codics, and four other real single foci. (Basset § 79). The 
positions of those real foci will he indicated in the following discussion. 



A complete disouesion of the real forms of bicirculnrs can bo inude 
by considering the real focal hyperbola and corresponding real circle 
of ioversioo. When the circle of iDversioii does not iiilorsect uu asymp* 
tote, then the corresponding points of contact of the bitungeot are rcali 
as in the fig., where CY is the pcrpondicular on the asymptote and T, 
r are given by CY*-^YT*5ssquare of radius of the circle of inversion. 

When the circle intersects an asymptoto the corresponding bitang* 
ent is real but its points of contact with the bioircolar aro imaginary* 

To illustrate the genesis of the coiiiplole tables that follow, 1 ahall 
consider the case of the above fig. 

Here we have a oirole oeotro C not intersecting either tbo curve ur 
the asymptotes. There are two branches of the bioitoalar, 6 real 
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bitaDgents iritli all the points of oontact real, 4 real infiexioos, no real 
foci on tliu focal hyperbola. As the radius of the circle enlarges, its 
centre rciiuiinini; fixed, the points T,T', t,t'continually approach eaoh 
other and when the circle touches the hy(>erbola the two ovals coalesce 
into a single corre having a node at the point of contact. When the 
circle cuts tlic hyperbola in two real points, bnt not the asymptote, as 
in tile tig. hclu\r,|the node liisuppears and we obtain a single oval with 
two real bituugents and real points o( contact, 4 real inflexions, 2 real 
loci on the focal hyperbola. 



When the circle touches an asymptote the |>oiute t,i' in the tig. 
coincide and we have a point of andulation on the corresponding bioir* 
cular. If tho uirole cut.s one asymptote but not the other the points t|t' 
become imaginary, while T.T’ remain real and we obtain a bioircnlar of 
one oval, one real bitagont with real points of contact, two real 
inflexions, two real foci on the focal hyperbola. Continning to enlarge 
thu circle, tbe points T,T' become imaginary, and finally when tho 
the uirole touches the other branch of tlie hy(terbola the single oval has 
shrunk to a conjugate |)oint at the point of uontaot of the olrolo and 
hyperbola. Lastly when the uirole iniersoots both branches of tbe 
hyperbola in four roal points the bioiroulur is entirely imaginary. 

With this explanatiun the following table is oonstrnotod for the 
three possible positions of tho centre of tho circle of inversioD with 
respect to the foosl hyperbola: 

NofaftOM,—Cp, C|, C| mean none, two, fonr real intersections of the 
circle of inversion, in tho last case all four mast lie on the same branch 
of tho hyperbola. For, whon the oirolo of invorsion intersects both 
branuhos tho corresponding bioircnlar is imaginary, Aq, A|, A| mean 
none, two, four real intersections with tho asymptotes. Under the 
oolntiin “ Bitangonta 5 R. R, 1 R. I, signify five real bitangents with 
rcui contacts, one real bitangent with imaginary contacts. Colamn I 



1 

Hieircular. jBItaogcnts. 

Co, Ao 

ISvo exterior 
ovals. 

6. R. R. 

C„A, 

One oval, j 2. R. K. 

C|, Aj 

One oval. 

1. K. R. 

1. H I. 

A, 

One ovaL 

2. R. I. 

C.,Ao 

Two interior 1 ,, „ 

ovale. 1 

' C„ A,' 

Two interior 
ovals. ' 

1. R. R. 

1. R. I. 1 

1 c., A< 

ITwo interiorl o d t 
ovale. : 


2. R. I, 


lotlexioa^ Foci oo Focul 
Heat Hyperbola. 

- Two on j 1 
4 . I 4 Im aginary, 

each oval. ° ^ 













Ceutro of circle of inTcrsion Ijiny between the hyperbola and its 
asymptotes. 

T r.- • 1 U-. . I Inflexions Foci on focal. bi- 

1 Bicrcular. BitaDgent s.[ _l^p^ola. I 

iTwo.xteriorj . , 4 Aliooone f . 7 . 


4 I 


41 i ... 


Co, A* 

Two exterior 
ovals. 

5 K. K. 1 
1 K. I. 1 

2 i 

Co. A, 

Two exterior 
ovals. 

4 K R. 

2 R. I. 

i 0 

C*. Afl 

One oval. 

2 R. R. 

4 

Cc A| 

One oval. 

1 R. R. 

1 R. I. 

0 f 

1 



2 
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Type III. 

Centre of oirole of inversion between the portion of the asymptotes 
in which the conjngatc hyperbola lies. 


Bicircnlar. ^Bitnngents. Inflexions. focal j 

_j_liyperbola. 

p . Two exterior I e d t, 14 Nos. on cHohi . - 

oyals. 1 6 K- R- ' ,,^ 1 . ' ^ 


ip . iTwoext?rnal 5 R. R. 

I ovals. 1 R. I. 

p * I Two e.xternal! 4 R. R. | 

• _ J ^ R- I 

Ic, A,] One oval. | J f' ' 


I . , j One oval. 2 R. I. 

i Q A \ Two interior 1 R. R. t 
; * ^ I ovals. _ 1 R. I. 

I p . Two interior o n r 
: ovals. 2 


4 1. 


2 R. 


4 R. 


4R. 


Again since every bicircnlar can be generated by means of the real 
focal ellipse ami real circle of inversion, we obtain the following olaasi- 
ficatioD. 

Co. Two interior ovals with four imaginary foci on the focal 
ellipse. 

0,. One oval with two real foci on the focal ellipse. 

C 4 . Two exterior ovals with fonr real foci on the focal ellipse. 

These resolts, by inspection of figures, will be seen to hold good 
whether the centre of inversion is inside orootside the ellipse. 

The following theorems now follow from the preoceding classifi¬ 
cation. 

1. IFAen o Bicircuhr confute of two exterior opaf#. He four reed foci 

lie on a food ellipte with a eorretponding real cirole of invereion. 

2. When a bicircular coneiett of two tntert’or ovals, its four real foci 

lie on a foe^al hyperbola with a corresponding real circle of inver- 
sion. 


S. When the bicircular conttsts of a single oval, it has 2 real foci on 
the focal ellipse with a corresponding reed circle of inwrsion and 
twe real foci on tlte focal hyperbola with a corresponding real 
circle of inversion. 

Again reverting to the classification of § 9, we can derive the 
following resnlts. 
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4. Wlien a hidrcular can be generated by focal tUipsee and 

correeponding real circles of inversion and by one real focal 
hyperbola and cariesponding real circle of inversion, it must 
consist of ttco ovale, one interior to the other. 

For were it two cxteioal ovals there woatd be 8 real fooi ; were it a 
aingle oval there would be 2 real foci on each elllpfle and 2 real fooi od 
the hyperbola. 

5. When n hiciicular cum he generated by two real focal hyperbolas and 

one real focal ellipse with correspoiuiing real circles of inversion, 
it consists of two ovals mutually rarfcrior to each other. 

fi. irhen a hiciVcuiav can be generated in only two real ways, it c(m* 
n'sts of a single oval and has two real foci on the real focal 
ellipse and two real foci on the real focal hyperbola. 

7. A bicircular quartic whetlwr a single oval or tico ovals can have 
nolle, two or four real ni^exton?, but no more. 

§ 12. The focal properties of the bicircular qiiartics. 

The following general theorem may bo voiified. If from any point 
on a bicircular guartic tangents are drawn to three circles of the same system 
having double contact with the bicircular, they are connected by a linear 
relation. 

Consider the bioiroular 
and three cirolea 

x>-Py'—c—2 (*—a) n ooa0—2 b Rin0=O. 

Denote these oirolea by r,*=sO, r,*sO, r,*=0 for valnos 0,, 0,, 0, 
respectively of 0. 

It is reqaired to verify that qoantities I, m, n can be found lo that 

fr,+mr,+nr,=0 

is identical with the given qnartio. 

^yhe□ completely rationalised the linear relation becomes : 

2 2 f*nV,r,*—2 TnVr,V,*=0. 

Kquaiing uo^efficieots between this equation and the given bioiroo- 
lar, the following six relations mast be satiafietl: 


11*^2 Ll*m*=l . 

a«« 

... ( 1 ) 

Ei* cos 01 —(cos 0, + CO8 0,)=O ... 

• •a 

... (2) 

li* sin 01—Ifni* (sin 0,+sin 0,)=O ... 

• •• 

... (S) 

2 If* sin 01 CO.S 01—2 Ifm* sin (0i+0j)ssO 

s»• 

... ( 4 ) 

If* 008*01—2 Ifm* cos 01 cos 0,+ l=O ... 


... (5) 

El* tin*©!—2 If*m* sin Oi sin 0,+Js=O ... 


... (6) 
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BVcm (2) and (3) we dednce 

+ - 0 , 

which oao be written 
also 

whence 

Bin (0,-0.) sin (0,-0,) sTn (0,-0,) 

By adding the Duroeratora and denominators and taking account of 
(1), each of these ratios 

^__1 

-4 s;n^_®"8in®li:^sin®*“®^ 

2 2 2 

Sobtraoting (5) and (6), we have 

I/‘ 008 20,-2 !/*/«> cos (0,+0,>=O, 

Combining this eqnation with (4), we obtain 

1 /* e2t0, _ 2 £ + 00 ^ 0. 

Wo thiiA obtain the reUtioni 

++= 0 , 

/e^0*4.t„e i0*4.„ei^0j_O, 

+ =0. ) ■" 

Consider the sjAtcm (7); solving we get 


(7) 


(«) 


m 


» 


; 0*T0. 0*-0. T~0,-6, 




am 


8in 


am 


Heaue 


= i< .i> (0.-6.) ,m .i„®l^0?. 

Comparing tbU with oar previouB expression, we have 

1 


k^=- 


. ..01-0*”770*-0i .';9^0/ ‘ 

4 Bin*—g—•*“ ~'2— *>P g 


... ( 10 ) 
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The valnes oilman given by (9) and (10) thna render consistenl 
theeqaationa(l). (2),(3). (4) andthedifferenceof (5) and (G). We 
haveennlly to show that these valoes satisfy also the sum of (5) and (6); 

E?‘—2 E/* m’cos (0|—0i)+2=O ... ... (11) 

Multiply the t vo eqnalions of (7) together, therefore 

/ 0 ,- 0 , 0 .- 0 . . , 

ji^.7n’ + n*=—SHm cos -l-inn cos 2 +»” cos ^ J 

Sonaring therefore 

EM+2X:i*m>=2E?’m*{ I+C 08 (0,—0.) } 

+8 ImntJ cos—s “CO®""2 ' 


Now 


ft—0 0,-0 0»—01 . 01—0. . 0'“0i ?LZ??. 

E sin cos 2 <'^os 3 -2“ ~2— 2 


Thus 


?!-?-■ CO, ®-r^'=8 .in’V ^ ®'? - 


« i„,„ D CO, ^2 CO, -2-=8 ..n -2 ' 2 - 

= -2. 

Hence equation (H) « satisGed. « « « , 

Considerations of reality of the quantities 0,. 0, 0.,, f. w. n hare 
„nt so far b-en taken into account. It would appear at first sight from 
flOl that all three quantities are not real together ; hod we however 

Litten equation. (1). (5), (6) in the fom, 

2 1, 

El* cos’ 0,-2 ri*m* cos 0, cos 0i=l, 

El‘ sin’ G,—2 El’ni* sin G, sin G.=l: 

we should have obtained ^ 

"0,-0.'T, 0.-«i., 

4 sin* ‘ 2 " 2 ^ 

It, remains to consider whether snoh an equation as (8) is poBsihle. 
Solving (B) we obtain 

I _ m _”_ 


—cos —o 


The ratio 


....n|0t“0» . 0»”^ 

on® —2—2^ 

l«(P—ffl*—n*) m jjQ - A _A » 


.... 0 .- 01 . 01 -' 
cos __8m — 
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whicfi^'s inconsisteDt with tljc ratio Thas ‘only conation 

sm (0,-eo ^ ^ 

(7) holde good. 

Hence the equation 

0 a—0s ^ 01— 0 ij. 0|— 0 . ^ 

rjsin -i—— ^±r.^s\n 1.^ —r =0 

6 « A 

when rationalised is identical with the given bicircular quartic. 

§ 13. Applicatiou to the reai foci of u 6 ?ciVc«/ar. 

Case /: when the bicircular consists of two exterior ovals so that 
the foor real foci lie on an ellipse. 

Here 0|, 0-, 0^ are real for the point circles or foci and thu'relatiun 
between any three foci and their distances to any point on tlie bicir* 
calar is 

r,Rjnfc^±>-, Bin 3in?>=®>=0. 

6 W 11: wh«D the biuiruolar consiblb of two interior ovals, su tliat 
Ihu four foci lie uD a h/()ui'bula. The four fouL all lie on the same 
branch of the hyperbola and their co-ordinates may be taken to be 
(a cosh 8 „ b sinh 0 i) ((» cosh b sinh 89 ) (a oosh 8 ^, b sinh 8 |) 
if they lie on the branch of the hyperbola for whioti the abscissa is 
positive. 

The relation belvrccn the foci and the bicircolar is now. 

risinh— 2 “ :tr^s\nn —g— ±rj hidu 2 ~ — 

Case III : when the bicircular consists of a single oval so that two 
real foci lie on a focal ellipse and two on a focal hyperbola. 

As the circles are not now of the same system no relation of the 
linear form bolds good. 

§ 14. Oovsrselyt if a bioircular is given by the relation + 

= where r,, r^, are the distances from three fixed points, these 
points lie on one of the circles of inversion of the hicircular. 

I'ako the circle on which the points lie as 

Denote the three points on this circle by 

(a+y cos 0, /3+y sin 0)|for values 0|, 0^» 0^ uf 0. 

Hationalieiug the expression 

(*—a—y cos 8 ,)*+(y—>ff—y sin 0 ,)*> ^= 0 , 

we obtain 

ll*[{x^ciy+{y—fiy—2y(,x—a.) cos 8 ,— 2 y(y—/?) sin 0 ,+y»j=o. 
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Dlionae ^ m, n so that Ei*—2 D*to’= 1. Then denoting the expres¬ 
sions (-j), (3). (5). (6), (4) of § 12 by A, B, C+1, U+1, E ne may write 
f he above bicircalar in the form 


{Ay(x-a)+By(y-/?)} 

+4y»(z-a)»4.4y>D(y-/?)*+8y*E(.x-a)(y-^)=0; 
or C(i-a)’+(y-/?)*+y»-2Ay(x-a)-2By(y-./?)]> 

=4y*(A»-0)(x-a)*+4y'(B*-D)(y->ffV 

+8y’(AB-E)C*-a)(y-/?). 

Now the origin and the direction of the axes are at onr disposal, 
rake Ay+a=0, By+>ff=0 determining a and and oboose the 
direction of the axes so tliat AB—K=0. The biuircular tlien becomes 
(.EHy*-a^-/?-+yy=: 4 y^ (A*-C) (j:-a)V 4y’ (B’-H) (y-^y 
of whicli the circle of inversion is 


(*-o)*+(y-4)» = y^ 

S 15. In certain cases the preceding general theorems dogoiiorate. 
Suppose a =;0. The correspoodioir bicircolars are symmetrical 
From § 7 wo see that one root of tlie cobic in V is given by \-f 5=0 and 

aa* 

S' i=i . 

-j inthelitmt. 

Thu corresponding fowU conic degenerates to y=0, the valuo of 
in inhnito and the corresponding circle of inversion also degenerate’! 
to g—0. In this case four of the foci are collincar. 

The bicircular now assumes a simple form in § 13. 

Consider the focal conic —-|j.=l for 6=0, if three of thejlooi are 

at distances Ui, Uj, ffoui the centre of the fuoal conics, wc have 

itisa ct>s}i 0„ «,= a cosh 0^ U]t=n cosh 0, and 

V2 sinh cosh (0,_0,)_1 


If S,8' are the double foci of the bioiroolaraod Fi, Fj, F| three 
collinear foci, we obtain for the bicircalar the eqnation 

F..S’ F,-y/ S' F..SF,|r.=0, 

Consider further the case of de^'eueraiion when the bioiroular 
Uecumes a cartesian. 
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Then a_6, tbns SS' coincide witii O ilie ceuire of the focal 

The ratios of sinh ainh siuh l.ave 

2 2 ■ 2 

be evaluated for a=0. 

We have 

V- V«.«,- 


circle. 
Duw to 



Ueoce if Uj, are the distances of the foci of a cartesian from 
the triple focus, the equation to the cartesian is 

(“»—ws)V“3*‘s±(“»—**i)V“t''j=o. 

More ftenerally the above theorem holds k^o*! if r„ r„ are t lie 
lengths of the tangents from any point on a cartesian to three circles 
liaving donble contact with the cartesians whose centres lie on the axis 
of the cartesian at distances Oj, Uj from the triple foous. 

§ 16. The (undainentul property of a curtvsian. 

For a cartesian the focal conics degenerate into circles and in 
particular one focal hyperbola and the correspomliug circle of inversion 
degenerate into the axis of the cartesian. The equation of a cartesian 
can be written 


{ar*+y*—e/ = 4a''(*—a)*+4ay = 0, 

where the eqaatiuns of the focal circle and circle of iiivonion aie 

•s*+y*=a’, a*—2o*+y»+c=.0. 

The cubic in K Itecomes 

(a'^+X) { (a*+X)(X -c) + a*a» } =0. 

1 lie factor o*+ X =0 corresponds to the case whore iho focal circle 
and circle of inversion coincide with the axis uf *. 

The quadratic in X i.s 

X*+\(o«-c) + a*(X’-c)=0. 

Now if o*—c is positive, the circle z*+y*—2aa:+c=0 is real; if 
^ 18 negative ilio rooCe of the qaedraiic in X aro real and one ia 

positive and one negative* 

From § 9 we now draw the following concliuioDa: 

There arc two types of cartesiaoH : 

(1) Those for which the cartesinn can be generated by means of 
two real focal circles and corresponding real circles of invasion. Theee 
Are the ovals of Descartes. 
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(2) Those for which the cartesian csn he generated in only one 
way by n.eans of a real focal circle and crreBpondmg real circle of 

iDverBiOD. 

We may notice that the focal circle and circle of inrereion mUt^ot 
in real poll if 2ax-a--c=0 „eete x'+y>=a> in real po.ate i that 

is, if 

(a’+c)*<4a > 

whicl. is the same as the condition that the quadratic in X ehonld have 

imaginary roote. , • i t 

TbQs for the first type of cartesians the focal circle and circle of 

inversion do not intersect in real points and the curve consists of two 

ovals one within the other. In the second type of cartesians the circles 

intersect in real points and the curve consists of a single oval. 

§ 17. borne of the properties of the focal circle which degenerates 
to the axis of the cartebiau may be obtained as follows: 

The cartesian whose equation is 

_ c)»=4o’{®- tt )*+4a*y’ 

USD hewn 

The straight ■’“'y biUcgcDl t« the 

“"m »ny .mint on the nrie of x e circle onn be drawn having 
doable contact with the cartesian. For the circle 

(x-»V+y’=(o’ ■ , , , 

„an he written x"+y*-r- 2 o*= 2 «x-r- 2 a +/0 -». 

and the cenditien for double contact 

(•2ux-c-2o’+p’— 

may have equal roots. 

Now (,_h)'+<«+<i=(x+*:)’. 

cx+d-^(2x+k^b)ik+b), 

whence 2 (fc+ 6 )=c. fc-I=2d/c. 

and 4b=c-4d/e. 

Thus the condition rcqnirod is that 

c+2o’-P!+tt*_o^ . oMiSJlO. 

- u a 

This gives fi* for any value of u. 

The fooi on the axis of » arc given by : wbonoo 

u(«'+c+2o*)-a*a-?-^^'t^i**=0; 
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a cnbio in uof which one root is t/=a» and the other roots are given hj 
the qoadratio 

«*— -(c + a^)+o*=0. 
a 

The roots of this are real if which is ilio same as the 

condition that the roots of the quadratic in X in § 16 maj be real. 

Hence when a cartesian consists of two ovals, it has 3 real foci on 
the axis, whea it consists of a single oval it has any one real focos on 
the axis. 

From § 15 if U), li, are the distances from the triple focus of 
any three circles, centres on the axis, having double contact with the 
cartesian, the eqoaiion to the cartesian can be written 

(«!—««) tr,) Vi*j r,±(iis—tti)\/«i ^1=0* 

For the three fooi the result of sobatitating andu^ the roots 

u 

of u*——(c+a*)+a*=0, gives the oarteeian referred to its three col* 
linear fooi. 

-Again, forusO, p= oo, and thus the straight line at inlinitj is a 
oircle having doable contact with the cartesian, as is geometrically’ 
obvioas. 

Taking as three circles having doable contact with the cartesian, 
two of the fooi wnd the line at inBnitj.^we have for tf,=0, p=cOf the 

limit of V«. »'*= Viir(^''+V-/9*)=aVa- 

Thos the cartesian may bo expressed in any one of the fonr forms 

(u,--«|)Va r,±(u,—a)V«i »'i±(a—ai)V**» *■*=0 ••• (1) 

cVa »’i±«iV«i’’*=0 — — •*. (2) 

ay/a (u,—a)±a\/u, r,±H,V® *’*=0 — ••• ... (3) 

aVa a)±a V"! V® »'i=0 ... (4) 

where the origin ie the triple foone; a, ui, u, the distances of the 
three foci from the origin ; r„ r^, r, the distances of a point of the carte* 
aian from these fooi respectively. 

These relations are not independent; for (3) and (4) can be dedcoed 
from (1) and (2) by elimination of r*, r, respectively. 

§ 18. In conolaaioo I shall identify the resalts jnst obtained with 
those given in Basset §§ 259 to 277. 

The cartesian may be written 

{ e+a)*+S^*-c > •=4o*(**+S/*) 
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or (f^+2ar 008 0+a'—c)*=:4a*r“, which is identical with Baaeet’s 
r+mr, = A;, 


or 


J r* + — - „r coa 0+-V = 


4k' 


nr l—m* J (1—tn*)* 

where V, k are writteo for Basseel’a c,, a,, if 

k*-m*\* _ P 

'* (l-m*)* 


r*. 


tn*\ _j 

l^ni* 


\a 


IT t i ^ i a*—c_ T»*V.* _ 

Hence I—«r=—, <i’—, - - iTt-^ - 

\ + a 1—m (1 —m*)* 1 —m 


giving for \ the 


eqnatioD 


a*—(a*—c)=\a. 


\-f-a 

Writing X + assu, this becomes 

(m— a) a*—i«5 = u’<i 

the quadratic of § 17 giving the foci on the axis of the cartesian other 
than u=a. 

Now H, = X +Mi = X' + -^t^ , where X, X' arc the 

1—m* 1—m* 1—»n* 

roots of the equation in X. 

The equation (1) of § 17 becomes 

"‘VX - / V , m*X /~ 

±V V +1 ri?±V V 

or tM(X-X')r,±X'r,±y^iXi+XX'(l-m»)*'*=0, 

which 14^68 with the result of eliminating the constants between the 
equations (7) and (8) of Bassett § 262 and substitnting for o* the ex- 
pwasion m*X* 4 -XX' (1—m*) from § 261. 

Equation (3) of § 17 becomes 


_ ”*Vx X q. Vx 


l—l-ta* 


r, ± 


«»VX , _ 


Vl-m* l-w* Vl^ 


=»',=0, 


or fc±»nr,±r,=0, 

agreeing with equation (1) of Bassett § 261. 

The other equations can be similarly identi6ed. 
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Stereographic Projection. 

Bt M. T. N\banie.\oib. 

[Stereograpbic projection is usually defined as the piojection of u 
spheical corre on the plane of a great circle, the centre of projection being 
the pole of the great cirole. We shall, however, define it as the projec¬ 
tion on a tangent plane, the centre of projection being the point diame- 
tricallj opposite to the point of contact. 

Thus defined the stereographic projection of any curve is niinidy its 
inverse in space with respect to the origrin, the radios of inversion l»eing 
the diameter of the fundamental sphere], 

1. The gtereographic pi'ojection of any gpliericjl circle is a circle. 

This follows from the well-known property that the inverse of a 
circle in space is a cirole. 

Oor. If the spherical cirole passes throngh the centre of projection 
the inverse is a straight line. Hence the stereographic projection of such 
a circle ie a straight line. 

2. The angle of intersection of any Uco spherical curvet is imaltereJ by 
ttereographic projection. 

This is simply a property of inversion. 

Hence orthogonal oiroles on the sphere project into orthogonal 
ciroloB in a plane, and so on. 

3. The stereographic projection of a diametral spherical triangle ABC 
(0=A‘\‘B) on the tangent plane at A. 

Denoting the projections of A, B, C by the Greek letters a,fi, y 
(<t=A) we see that the sides AB, AC, BC of the spherical triangle 
project into the right lines a/f, ay and an oro /8y. Forther, tlie cicnm- 
cirole ABC becomes the oirole a/ffy ; and as AB oats at right angles the 
circle ABC, the straight line a/S mast also cnt at right angles tlio circle 
A/ffy. Heooe, a/? is a diameter of the cirole a/iy. That is, the plane 
triangle a^^y is right-angled at y, having the angle a equal to the 
angle A. 

Oor. The centre of the arc j3y it to, such that the augle (D/fysitt)y/3 
= 11 - 0 . 

This follows from the property that the arc >?y makes angles B 
and C with the right lines a/B, ay respectively. 

IS 



138 


4. Properties of a spherical right'angled triangle. 

!iet ABC be a spherical triangle right-angled at C. Prodnoe AB, 



AC to 3'.,C' BO that BB'^AB, CC'=AO. Then evidently AABC=C'BC 
and AB'C is a diametral triangle having C' = A-t-B'. Therefore by § 3 

ay' tanAOC'_taniAC_lan_AC_t^ 

eoa A_cob tan AOB' tan J AB' tan AB tan c 

0 being the point diaroetrioally opposite to A. 



IJext, produce the sides of ABC to meet the polar great cirole of 

A At. Tit 

Then in the right-angled triangle LBN 

tan LN 


OOF|Ls 


tan LB 


by (1) 


Bat L = -J-b. LN=-2-A.:LB=y-o, since LO=LM=90“. 

it 


Hence 
That is 


2 ■* 2 
sin b=cot At tan a. 
X t _tana 

tan Ass-t— r 

BID 0 


««« 


Further from the triangles BLN, BAG, 


1 _ •i>_tan LN_tanAC 




•«• 


(8) 
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, cot A b 

tco3 0 sin a 

/. cot A^cos c tan b cosec a. 

H6Doe» by (2), oos c tao 6 co^cc a^cot a sin b. 

Thas cos c=cos a cjs 6 ... ... (3) 

Usin;^ (1), (2) anil (3) it is quite easy to deduce all the well^koown 
pvoporties of the right-angled ti iangle. 

6. Properties of the general spherical triangle. 



These can be made to depend upon the properties of the right-angled 
triangle established in the previous article. Thas to prove the forinnla 
for cos Af we may proceed as follows : 

cos Asian x cot 6, 

where x stands for AF, CF being to AB. 

Bat co3<CP=^= 

cos 2 OOs(c—x) 

008 (c—z) ^ COS a 
cos X 003 b 


• t • A ooa <z 

• • cos c+sin c tan x=- 

cos b 

• A oos a*--cos 6 cos c 

•• tan -:---. 

einc cos b 

Hence 

005 A^tao 2 cot b = °-C08b_C0S_g 

sm 0 sin c 

6. Analytical Inve$UgQtion. 

Consider tho central and stereojrraphic projections of a point P 
of a sphere on the tangent plane at A- These are Q & R sooh that ARQ 
IB a straight line. Farther, if the angle ABP=V, 

AQ=r=a tan 2X, and AR=»'=2a tan X. 

Henoe, Q, B are connected by the relation r=4a* ¥ (4o*—r'*). 
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Thus, when the locus of Q is known, that of R is raddily found an 
is seen to ba identical with that of U’, where AR. AR —4tt*. 



B 


Tho relation between Q & H is geometrically represented as 
follows :— 

40* 4o* ' 

f / 

^’=:^_ar=ar'-aii=2 aq' 

AQ AR 

where Q' is the mid«point ef RR'. 

That is. AQAQ'=2a*. 

In other words, Q and Q' describe inverse carves. 

Hence, a.s P describes a spherical curve, wo have the following 
properties among the plane projections connected therewith 

(1) Q describes the plane projection of the spherical onrve. 

(2) R, R' describe the stereographic projection which is each that 

AR.AR' = 4a*, 

Thus the stereographic projection is ita own inverse with 
rosiwot to A, the constant of inversion Iwing 2a y-Il. 

(3) Tho loons of the middle point of RR' is the inverse of Q with 

respect to a circle of radios aV—2 and centre A. 

7. Suppose, the locus of Q is a oonio, which may bo written, (with 
tho usual notation), < 

»*l+«J + «o=0. ) ♦ 

or r^,(e) + rfi(0)+«o=O. 

Then the loons of R is obtained by subBtitotiog for r, 4oV/(4o*—/») 
in the above. 

The result of the Bubstitotion is found to bo 

16 oV«y,(G)+ 4 aV/,( 0 )( 4 o»-r'»)+i*o( 4 <i>-/*)‘=O, 



or 



16o*tt,+4o*«,(4a*—r*) + Uo(4o* — /^)*=0, 
if we drop the accenti. 

This is a bioircalar <iuartic baTing the origin for a centre of iuver- 
aion. (Vide : Basset, § 200.) 

Casey’s method of generation of the quartio therefore shows tliat 
Q'is the foot of the perpendicular from A on a tangent to the focal 
oonio of the quartio traced out by R, R'. In other words, the focal 
oonio is the negative pedal of the locus of Q', and therefore the locus of 
Q is the polar reciprocal of the focal conic. 

Now, when the loons of Q is a conic, P generally describes a 
sphero-conic. Hence we have the theorem : 

The ttereograpkic pr,yectio,i of a ephero^mc it a htcircular quartic 
having for a centre of invertien the point diamctncally oppotiU to the centre 
of projection, whose focal conic is thepolar reciprocal of the central projection 
of the sphero-conic. 

In the particular case in which P describes a spherical circle, the 
stereographio projection degenerates into two ciroles, and the point A is 

a centre of inversion for these, being the centre of inverse similitude of 
the two circles. 



Thus, if 0 be the spherical radius of the circle described by P and 
p its pole, we have 

cos >^soo8 2 X 008 a-psin 2\ sin a oos 0, 
whore a=AOy, e=QAg; and 

f=a tan 2\, tanX. 

Hence the loons of R, R' is 

^“+T““ “ ®}> 

which dcootfs two ioytirM oiroles. 


142 


SHORT NOTES. 

A card trick. 

The oxi)lanatioD of the canl trick from the ‘ AnuiruMn' 

gireu on p. 15 of Vol. V of the Journal, is as follows: 

(Diamonds) 1 2 3456789 10 

(Hearts) 10 1 2345678 9 

(Spades) 9 10 1234567 8 

(Clubs) 8 9 10 123456 7 

Denote the position of any card in the above arrangement by {x, y) 
where x, y are the orders of the oolumn and row to which it belongs 
counting from the left-hand column and top row respectively. Then it 
is easily seen that the value of the card is (x-y+l) if this is positive, 
and (x—i/+l)+10 otherwise. 

In the re-arrangement of the cards, the order of the oard (x, y) 
from 8 of clubs is 

4 (x—1)+(5—y)=4 (*—y+l)+3 (y—1). 

Now (x—y4-l) is the value of the oard if it is positive i and y—1 
=0,1, 2 and 3 for diamonds, hearU, spades and clubs respeotivoly. 

Hence the rule given. 

If (x-y+1) is not positive the rnle will give a result inoiooss of 
the required number by 40. Hence we should subtract 40, in this case. 


R. VlTHtHATUiaWAUT. 
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On Question 155. 

[Q. 155. (T. Rajirama Rao, B.A., B.L.,) :—BE is the radical axia 
of the circles ABC and DEF. On EB produced take any point P and 
ilraw PAC parallel to the tangent drawn to the circle DBF at the point 
Blcntting the circle BAG at A, C. Similarly, draw PDF parallel to the 
tangent at B to the circle BAG cutting the circle DBF at D and P. Join 
AD and CF, and produce them to meet at Q. Shew that PQ is parallel 
to the line drawn throngh B snoh that the intercepts made on the line by 
the two circles are equal.] 

By limiting the position of P to the parts of the radical axis out* 
side the circles, the proposer has been able to present as complete what 
is in fact only a tririal dednction from two intoresting theorems. There 
are no direotions in the enunciation for distinguishing between the points 
A and C or between the points D and F. The quadrangle ACFD has 
two harmonic points other than P, ;ind it is only by the position of P 
that our attention is focosse>) on the one which has the required 
property. When we look for the neglected point, we soon find a series 
of results in which the suggested proposition takes a natural place, for 
this point is the point B itself. All these theorems are partioalar cases 
of theorems on the chords of intersection of any two>oonics; the analyti¬ 
cal treatment of the general case is the simplest way of deducing the 
results, but we give also geometrical investigations of both the general 
case and the particular. 

1. Two circles y, 5 intersect in B, E and a line through B meets 
them again in points A, F; if the tangent c to y at B cuts KF at U 
and the tangent d to 5 cuts EA at V, then UV is parallel to AP. 

A A A A 

Since BEA=UBP and VBE=BPU, we have BV/VE = FTT/TTB 
similarly AV/VB=BU/trB, and the proposition follows on multiplying 
the ratios. 

2. With the same notation as in 1, a line throngh A parallel to 
the tangent d, and a line through P parallel to the tangent c intersect on 
the radical axis BE- 
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For if the first of these lines meets BE in P, PB/BE —AV/VE — 
PU/UB and therefore PP is the second line. 



3. Through any point P on the radical axis o of two circles y, 8 
of which B is one point of intersection are drawn Hoea parallel to the 
tangents c. ri at B to y, S reapeotirelj ; if the firat of these meets o in 
tlie points D, P and the second meets y in the points A, C, then B is one 
of the harmonic points of the qnadrangle ACDF. 

For if AB, CB meet 8 in W, Z the four lines WP, ZP, DP, PP are 
all parallel to the tAiigent c, and therefore all coincide, so that since 
W, Z are distinct points they the same pair of pointe as D, F. 

4. Throngh a point of intersection B of two oirolea y, 8 are drawn 
two pairs of lines, the radical axis a and the line I on which the inter¬ 
cepts made by the two oiroles are equal forming one pair, and the tan¬ 
gents 0 , d to the two oiroles, forming the other ; these pairs are barmo- 
nio with respect to each other. 

Bet Y, X be the centres of y, 8, let T be the middle point of TX, 
and let 0 be any point in the line throngh B parallel to the line of cen¬ 
tres YX. Then the lines o, f, c. d are at right angles respectively to 
BO, BT, BY, BX, and the pair BO, BT is harmonic with respect to the 
pair BY, BX. 
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5. Two circles y, S have for a commyc point; the chord-s AC of 
y and DF of $ are parallel respectively to the tangents at B to y, and 
meet a point P on the radical axis of the circles. Then P and B are 
two of the harmonic points of the qnadranele ACDF, and the line join¬ 
ing P to the third harmonic point is parallel to the line through B on 
which the circles make equal interce[>ts. 

This follows at once from what has been proved, since the line-i 
joining P to the other harmonic points from n pair harmonic with thn 
pair PAC, PDF. 

6 . Let two conics y, 5 nieet in the poinLs B, B, L, M, let the tanc* 
enta at B to y, S meet LM in G, H, let any line ihrongh B mei‘t y, q 
again in A, P and let EA cat BH in V and EF cut BG in U. Then UV 
and AF intersect on the line LM, while HA and GF intersect on the 
line BE. 

If EF, EA cnt LM in R, S, what we have first to prove is that the 
ranges EASY, EFRU have the same oros* ratio, and we prove this hy 

projecting them both from B on the line LM, that is, we prove that if 
AF, BE meet LM in K, N, then the cross ratios NKSH, NKRG are the 
same. 

Using ABPQ to denote the cross ratio (AP/PB)-“(AQ/QB). 
we have ABPQ=ABRQ. ABPR. Now projection from the point E 
on to the conic y will connect S and N with'A and B, and projection 
from the point A on to the same-conic will connect S and K with E 
and B, bat we cannot connect by a single projection S with two of the 
three ’points N, K, H. To evaloate NKSH'we must therefore express 
it as a prodnot. We have 

NKSH=NKSL. NKLH. 

Now since 

NLSK=NLSM. NLMK. 

=E (BLAM). NLMK. 

=B tGLAM). NLMK. 

=GLKM. NLMK. 

=LGMK. NLMK. 

-NGMK. 


19 
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wt‘ luivi' also 



NKSL = NKMQ. 


Similnrlj 

NKLH = NKRM, 

and therefore 

KKSHt^NERM.NKMG 

=NKRG. 

It follows that the ratios EASY, EPRTJ are equal. Hence UV 
FA meet on RS, that ;i8, on LM, and also since HE and GE, HS and 
GR, HV and GU liave common points Ijing on BE, the common point 
of HA and GF also liesion BE. 
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7. With the Dotation of 6, let Q be the point of LM forming yvith 
N a pair harmonio with the pair G, H and let P be anj point of BE ; 
then the quadrangle formed by the pair of pointt* in which PH meets 
y and the pair of points in which P6 meets $ has P, B for two of its 
harmonic points and its third harmonic point lies in PQ. 

8 * With the same notation, the jioints distinct form B in which 
BQ meets the two conics form a pair harmonic with the pair B, Q. 

Lot J be the point in LM conjagate to Q, and 0 the point conju* 
gate to N, with respect to the pair of points L, M and let Y, X be the 
poles of LM for the two conics y, §. The polar of N for all conics 
through B, E, L, M is the line joining the point where BL cuts KM 
with the points where BM cutn EL, and therefore Y, X, 0 all lie in this 
line; let BJ cot this line in I and let Y J, XJ cat QB in Z, W. 



BX, the pencils B (LMQY) and B (LMHX) are harmonic; also by 
hypothesis the pencils B(LMQJ) and B (LMNO) are harmonio* Honco 
the pondl B (YXJO) has the same ratio as the pencil B (GHQN), that 
is to say, is a harojonio pencil, and therefore the range YXIO and the 
pencil J (YXIO) are both harmonic. Thas the pair of points Z, W is 
harmonic with respect to the pair Q, B« 
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Again, YJ iq the polar of Q for y and X\V is the polar of Q for 
Hence if HQ meeta y again iu C and 5 again in D, the ranges QZCB, 
QWDH lire both harmonic, and since QBZW has been proved to bo 
iiarniDtne, il follows that QBCD also is hai-monic, which is what we 
wish to establish. 

To reach these conclusions analytically, we may taka GHB for our 
Iriaiigle of reference an*l suppose the conics y, § to have the eqnatione 

(«*+2Aiiy+6y*+2/yr =0, 
a*’+ 2hxy+by*+2gxz= 0, 

wlierc ax*+2fixy~\-by'‘—Q is the equation of the pair of lines BL, BM. 
'I'lie line BE lias for its equation gx=fy and so wo may take for any 
point P in this line the co-ordinates/, g, k. Any point in PO hasco-ordi- 
uaUJs /+«», g, k, for some value of m, any point lu PH has co-ordinates 
j\ ij + n, k, UD’I the equation of the line joining them is 

k\.ai+ym) =■ (Jn^gm -f- mn)r. 

Now the tirst of these points lies on the conic ^ if 

a(/-f m)*-h m)g + bg* + 2g(f-i‘ m)k —0, 

that is, if 

aO+’«)*+-(A+^')(/+”02+69*=0> 

and similarly tlio second lies on the conic y is 

ap +2{h-^k)fig+n)-\-b{g+ny =0. 

Prom the form of these two equations it follows that if m|, m-j are 
I lie roots of the first, we may t ake for the roots of the second rii, r»e 
where 

(/+"h)//=Sf/(tf+»»i). (/+»n»)//=tf/(9+»i). 

that is, wliore 

/«i+‘/»»i+«‘i»»i=0, /ni+J»a,-f »V»i=0. 

Then the lines joining the point/-f-Wi, g, k fo the point/, g+wh, k 
and the point/+m„ g, k to the point/, gd-rn* A: have equations 

X4 ,»4 =0, aw,+y«», =0, 

and both pass through B, which ie therefore one harmonic point of the 
quadrangle for.-ned by these four points. 

If the lino joining P to the other harmonic point of the quadrangle 
nioots Gli in Q, while PB meets Gd in N, then PQ, PN are harmonic 
with respect to PG, PH and so Q, N aro harmonic with raapoot to G, H. 
But the co-ordinatee of N may be taken as f,g, oand tlieroforetheco-ordi- 
nates of Q may he taken as f,—g, o, and those of any point other than 
B in BQ as /,—gi f- The value of t for this point to lie on y is given by 

ti/*—2 bfg+by* —2/g(=0, 

and the value for the point to lie on $ by 

of—2A fg+bg'+2fgt~0, 

and since those values differ only in sign tho two points are harmonio 
with respect to B, Q. 

^ih A}tril 1914, ? 

frin. OoU., Oambfidge ) E. H. Netillb. 
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The Face of the Sky for September and 

October 1914. 

The Sun 

euletd tlie antouiual oquiaox oq September 24 at 3*5 a.m. 

Phases of the Moon* 

SepUifiber. Octo6er. 

D. n. u. t>. a. u. 

Full Moon ... 4 7 31 p.u. 4 U 29 k.u 

Last. Quarter 12 11 18 ,, 12 3 3 p.u. 

New Mood ... 20 3 3 a. a. 19 0 3 f.a. 

First Quarter 26 5 33 p.«. 26 4 14 a.m. 

There will be a partial eclipse of the Mood oo Supteoib^^r 4 at 
about 5*16 A.U. and lasting beyond the setting of the Moou. 

Planets. 

Mercury begins as an uTening star. It is in conjuDction with the 
MooqIoo September 21 and on October 21 and with Mars on October 30. 

Venus is an evening star attaining its greatest elongation 
(46^27' E). It is in conjuDction with the Moon on September 23 aud 
October 22« It attains its greateet brilliancy on October 23. ^ 

Mars is in conjunction with the Moon on September 22. 

Japiter is in coDjunction with the Moon on October 27. 

Saturn is in quadratare to the Sun on September 26. It is 
stationary on October 15. It is in conjunction with the Moon on 
September 13 and October II. 

Uranus is stationary on October 18. It is in conjunction with the 
Moon on September 2, September 29 and October 26. 

Neptune is in quadrature to the Sun on October 24. It is in cun* 
junction with the Moon on September 16 and October 13. 


V. Baubsam. 
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SOLUTIONS. 

Question 297. 

(D. U. Kapadia, M.A., B.Sc.)Provo that the doteiminant of 
the n** order 

a, b, b ... b, 6, b 

b, Oy b ... 6, b 

a, a, b . Oy a, a 

. = { («- 5 )a -3 b } (b-a)"-* 

• ••• 

a a a ... b, a 

6 b 6 ... b 

b b b ... by b, o 

where ia the first, aeooad, last bat one, and last rows there are (a*-!) 
b’s and onlj one b in the other rows. 

Solution by N. Sankara Aiyar, M.A. 

Snbtracting the last oolumn from each of the others wo get 

b, 0, 0 ... 0, 0, b 

0, (t“b, 0 ... 0, 0, b 

0, 0, b—a, ... 0 0 a 

see «•» ••s 

0, 0, 0,., b—o, 0, a 

0, 0, 0... 0, O’—b, b 

b—s, 6“S, b“-< 2 ...^—a> b-^—Oy a 

-1. 0, 0, ... 0, 0, b 

0, —1, 0, ... 0, 0, b 

0, 0, 1, ... 0, 0, a 

= (b—o)*^ 

0, 0, 0, ... 1, 0, a 

0, 0, 0, ... 0, —1, b 

1, 1, 1, ... 1, 1, a 
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-1, 0, 0, ... 0, 0, 0 

0, —1, 0, ... 0, 0, i, 

0. 0, 1, ... 0. 0, G 

••• ••• 

0. 0. 0, ... 1, 0, U 

0, 0. 0, ... 0, -1, b 

1 | 1 > 1 , ... 1 , 1 , 0 + & 

bj multipljinff the 1** coIqiud by b and adding to the last 

0, ... 0, 0. b 

0. 1. .. 0, 0, a 

0, 0, ... 0, 0, a 

••• ••• 

0, 0, ... 0, -1, 6 

1, ... 1, 1, a*f 

where the determinant is of the (n—1)** order. 

Proceedinj; than vre get 

1. 0, 0, ... 0, 0, 

0. 1, 0 ... 0, 0, 0 

0. 0, 1 ... 0, 0, O 

A=(t—a)"-* 

0, 0. 0 ... 1, 0. G 

0, 0, 0 ... 0, —1, 

1 1, 1. 1, a+2b 

-I, 

1, 2b—{n—5)a 
=(b-a)'*'' { (n—5) 0 —3b } 

The ansirer giren is erideDtlj incorrect aa the determinant is of the 
» order and the power of (b—a) shoald therefore be n —1. 

Question 339 . 

fM. Bqiiusena Rao) f—If the pedal circle of P with respect to a 
triangle ABO tonohes the nine point circle of ABC, show that the sum 
of the aiigle8;PAB, PBC, POA, ii constant. 
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SoJtUtm by S. Sanhara Aiyar, M.A. 

With the giv6n condition the Iocqb of P in given bj 

E® ooa A (y*—s*)«0, 

(See p. 39. Vol. TI, J.I.M.S.) 

t .e., Eiry* sin B ain 0 = £(xy’ cos B cos C+^r* cos A). 

Now cos(A+B+C)= 1. 

cos A coa B cos C+l^Esin A. sin B cob C. 

I(xy’ sin B sin C)+xy5E(8io A ain B cos C) 

c=*yr(l+cos A cos B oos C)+E(®y*co8 B oob C+as** cob A) 

Eay sin B sin C fy+a cos A) 

=(j!+y ooB C)(y+8 oos A)(B+ie cob Bj. 

^ *y ® _ =1 

2j{x+y 008 Cy(2+a5 ooa B) 

If PAB = tt, PBC=>ff, PCA=y, we get 

£tan <t tnn 

a+>ff+y=90®. 

Hence the sum of the angles in qoeation is conatAnt and eqnal to a 
right angle. __ 

Question 465- 

(S. NABiWNA Aitab, M.A.) .—When n lies between—1, and—2, 
shew that 


(1) j 


CO 

o 




X 


n etn 


*2 


/rt\ r* Nil oosb a^—oos 'n“+*g 

(2)f «-Mog-^-‘^=— 

Jo n am— 

4 

where S„=l"+2^+3".to infinity. 


Now 


Solution by N. Sankara Aiyar,\M.A. 

4 

QD 

ainh x I I / . x? 


• • 


. =11 

rasl 

1 = 1® E«^Mog(l+^)(te. 

log(l+y*)dy. 


= 2 ; 




158 


00 


-1 

3 

yiot-d + j,')'!’" 2|-«> y"+\i„\] 

1 

n Jrt "J (! + .'' / 1 


Ylf 1_- 

^ »2 COa^- \ - 

r = l L 2 


CO fl«+I ,« 

=V -T, 

^ II Sin_ 

2 


.*•+1 


— nTT 

« AID -2- 


S„. 


X 


A|>ain 


cosh *—cos X 


r-=l 


(Chrystftl, P;irt H, p.;:ir»9.) 


•. Is* 


r 00 _ 1 

QO 

r ^ 

1 y . 



J o ’■-l' 

• • 


r = » p 

22 y"'*(1+yO ‘'y 

rsl - 


r= CO 


r=l 
r= 00 

r=l I 


r 

CD 

J 

r® 1 

U^log(l+y‘) 

” 1 

4 

l+y‘ 

L J 

0 

0 


L 


n A'H 

2’ r”-,!" — 

4rn SIQ-— 

4 


2? 

. fJiT 

n am — 

4 


S„. 


Question 5>o. 

(S. P. SiNOABATBLU MUDALiAfi)Sbow that the louns of ihu syin* 
medico poiitt of the triangle of maximam area inscribed in the ellipse 
^ y* 

^+^=1 is the ellipse 

a* +b* -*\a*+by 

20 . . 
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Solution by T. P. Trivedi, LL.B., N. Sankara Aiyar, il.A., and 

D. Kriehnanturli. 

Let 9, 9+ 0+“3 vertices of the anpalar points A, II 

C of the maximunj triangle ABC in the ellipee. 

Wo have 

BC* = a* l^cOB ^ 0^ —cos ( 0 + ^ | ^ 

+ b^|sin(0+^)—ein^0 + ^) 


=3o* ein* 0+3!>* cos* 0. 

211 


and 


Similnrlj CA»=3a» sin*(0+-j) cos*(0+y 
AB*=3a* sin*(0+J) +3h* oos*(0+^). 




The areal co-ordinates of the symxnedian point a:e proportional to 
BC*, CA’, AB*; thus if (a?, y) be the symmedian point we have 

BC* 008 0. + CA* cos^0+^ )+AB*oo.'*^0-f-^^ 

BC*+CA»+AB* 


X 

a 


anil 


BC* sin 0.+CA’9in(0+^) +AB* sin (9+^)- 


BC*+CA*+AB* 


Now 

BC*+CA*+AB’=3a’^8iu*0+Bin* ^0+-^^ +sin* («4")} 

+ 3b’{ 008*0+.+.} 

Again 

CO90 Bin*0+co9 ^0+^^^ 8in*^0+ — ^ 

+ C09 ( 0 +^) Bin* (^0+y ) 
k| ^2 sin 2 0 Bin 0+2 ain ^2 9+^^9io^9+^^ 

-8.in(29+*^)sin(e+i)} 
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=i .^cos 0 —cos 3 0-t cos^0+^^ —cos (3 04-2-n) 

—coa^0+^^ +C08 (3 B+tt)^ 
= — J C08 3 0. 

Similarly 

C03* 0 + cos' ( 0 + ^ ^ +C03 (^0 + cos* (^0 + 

= CO3*0 + CO8*^0+^^ —CO8*^0+^^ 


Tbaa 


and 


= j voa 3 0, OQ siDiplifioation. 

co»)30(—a*+6^)_ cos 30 

y __ siu 30 Q^—fc* 

fc" ~2~ 


Hence tho iouue 19 


£ y*_l/a*—fe*y 
a* 6* 4W+6*/' 


Question 511. 

(S. KfiisHNASWAMi Aitangab) :—If S, H arc tbo foci of tho maAi* 
Miaiu iosoribed ullipso of the ti iaDglc of refureuce, prove that 

AS.BS.CS.AH.BH.CH =‘^. 

Solution by N. Sankara Aiyar, 3/. A. 

Now AS.BS.CS.AH.BH.CH = 16 R*a*>ff*. 

(see p.|143, Vol. IV., J. I.M.S.) 


But 


Or thus 


(see p. 113, Vol. V.) 
AS.BS.CS.AH.BH.CH = 


AS.AH=^ (see p. 14, Vol. VI., J.I.M.S.) 
AS.BS.CS.AH.BH.CH = “1^. 


Question 512. 

(A. Nasasinoa Row) If o^(»)+(n+2)4((n+2)sa4(n+l), prove 

that 

(0 *♦’(1)*—4(3)aj*+4(5)4^.=<K1) 8“ (tanh~'«) 

(ii) «K0)-«|:(2)a?+<^(4)*«...=«K0)+-#>(l) { oos (tanh-**)-! } 
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Solution by N. Sankara Aiyar, M.A. 


nnil 


Let y = co9 

UifTereniiatiiig >ji — 

,, , . C 09 (tanh“*x) 

y,{l-x‘)- 2 xy,^- -V—y—' • 


sio (tanh“’x) 
l-x> 


'y,(l — jJ)» - 2xy,(l -X*) = — y. 
i.e., >j,(l-2z>+x*)~2xy,il-x^+y=0. 

Pot Then, substituting and equating ooeffioieuts in the 

above equation, we got 

(r+2)(r+l)A,„-(2r>-l)A,+('—1)(^-2)A^,=0 ... (1) 

Now it is clear that tije differential equation is satisfiod by 


sin (tanh"‘*) ='/ also. 

Taking y-atn (tanlr'x), we s*>e Unit y changes sign with x and is 
zero wheu x is zero ; hence it is an odd function of x. 

Again differentiating sin (tanh“‘x) =rAv 4 .,x’'+‘, we get 
cos (ianh”'«r)=(l—x*)E(2'’‘*’*) Av 4 ,l**^ 

A„ = (2r-|-l)A-j,4.i—(2r—l)Atr_i ••• (2) 

Substituting in equation (1), wo get 

A|r4.)=(2r-|-2)Air4i—2rAa„ 

making use of the similar condition got by diffei'ontiatiiig Iho Talue 
of cos {tanh"*x) and equating to sin (tanh“‘x). 

Ucnoe if sin (tanh-*x)s:I(—l)A^+jX*'’+*, tho cqaation oonnooting 


snocessive A’s is 

A,=^(r+l)A,+i+(r — l)Ar=i ; 
or putting «^(n) for A,, 

4(n+l)=«4(n)+(»+2)<*(»+2). 
Similarly cos (tanh“’j) —A|4*^(— 

Hence wo get 

<^(1) 8in(tanli“x)=4Cl)*C“”'#C3)<»* +4(&)^+***‘** 
and 4(1) { cos (tanb“*j;)-l } +4(o)=4Co)-4(2)»+ 

I'eniouiliuriug that A| = l. 

Again put x=iy, then 

=4(o)-«l)++(l) 

=4(o)-4(l)+4(l)» 

In other words 

J4(„)*"=4(o)-4(l)+4(l) 
iluitci! tho given series is always convergent. 
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Question 515 . 

(A. C. L. WiLsiNsoN, M.A., F. R. A. S.):—ABCD is a quadri¬ 
lateral. DQ, BP are any two parallel straight lines meeting AB 
CD, respectively in Q and P. QL parallel to CDmcets BC in L, and 
PN parallel to AB meets AD in N. Prove that the middle points of 
AC, DL, BN are collinear. 

Analytical solution by D. Krisknamurti. 


Take OA, OD as ihc co-ordinate axes 
nhere 0 is the point of interHeutioo of AB, CD. 

Lot OBssol then, if BQ=X a, 

OC=b IPD = X ainut* BP and QU 

OP=fc I are parallel. 

PN=c J 

Now tbt) equalioD to DN le 
a?—c c 

puttiag wo get OA=c+^« 

Comparing A* LBQ, CBO 

QL=s\o.-=Vfc. 

o 



Ucncc llio co-ordinates of the following points avo known 

B (a, 0 ) C ( 0 , 6) L (a+a\,—\t) 

o.^ D (o, \ + l b+k) 

The co-ordinates of the mid-points of BN, CA, LD are therefore 
/a-fc t+ife\/cX-l-c ( n- 4 -uX h-f-fe-t-Xt X 

2 2 y 

If those are uollinoar then the neual determinant must vanish 
identically : mnltiplying by X the column of the first determinant, wo got 

X(o-l-c) 6-ffc 1 

A= c(X+l) b 1 

oX(X+l) 6+k+k\l 


N(c.b+k) a(c+±, 
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A=~X 


Sobtracting the 1** row from each of the 2*^ and 3"*, we get 

\(a+c) 6+fc 1 
c—a\ —ft 0 =0, 

(c_a\) -ft 0 
einue two rowe aro identical. 

lienee the mid-points of AC, DL, BN are cullinear. 


Question 516. 

(K. J. Sanjana, M.A.) :—TP, TQ tangents to a conic of centre C and 
focus F, cut the auxiliary circle in Y,Z ; anilFW is |)crpendicular to the 
chord of contact; a tangent of the conic perpendicnlar to TC cats FY, 
FZ, KW in y, z, tc, respectively. Prove that yta—wz, and enauciate the 
corresponding property for the parabola. 

Additioital solutum by T. P. Trivedt, Ai.A,, LL. B. 

Let TC be joined. Since TC bieects PQ, the lines TP, TC, TQ and 
the parallel from T to PQ from a harmonic pencil. 

Join FY and FZ, which are perp. to TP and TQ respectively. 

As FW is {Mjrpendicular to PQ, and as yvit is perp. to TC, a 
parallel from F to yu'Z will also be i)erp. to TC. 

Thus FY, FW. FZ and a parallel from F to ytez from a burmouiu 
pencil; whence we infer yu>—ws. 

For the parabola this becomes 

TP, TQ aro two tangents to a parabola unttiog tbo tangent at the 
veiiox in Y and Z, and PW pcrpeudicalar to PQ meets the tangent at 
the vertex in W ; then YWssWZ. 

T 
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OTESnONS FOR SOLUTION. 

562 . (N. P. Pandta) :—Solve the equation 

2(5+V+9„&)||+6(.+4«)g 


l/O!* 

+(*'+33») 

where 

dx 

563 . (N. P. PAXPfA) Given two qaa^lriluteraU in the plane of 
the pa()er shew how to <lraw a straight line bisecting them both. 

564 . (K* H. NsviLLr, B.A., B.Sc.)If D denotes the determinant 


1 

TO, 

«l 

a,TO, 

Oin, 

1 

Tft^ 

»* 

a,TO, 

a,n, 

1 

TO, 

»* 

OjTO., 

<*»«* 


TO, 

«« 

04 m 4 

o.n. 


TOj 

»6 

OjOTj 

as«4 


and N„ P„ are the co*faotors of the olements of the row, 

prove that 

='D^*r). 

2{a^X), E(n,*r) 

where Ar^ denotea (M,Q^—N,P^)/D, and the sonimationR inolnde the 
five values of r, 

665 - (S. Kbishnabwami Aitahoab):—S hew that the looiia of the 
orthopoles of tangents to the maximum inscribed ellipse of a triangle is 
a straight line parsing through the orthocentre of the triangle. 

666 . (S. Kbishnaswamy Aitakoab);—P rove that 

.} 

where #,_the aom of the reciprocals of the first r odd numbers. 

687 . (P. A. SOBBAMAKTA Ajtab, B A., L.T.):—Shew that a uniform 
tetrahedron of mass to is eqoi-momental with six particles ofmasa^ to 
at the middle points of its six edges end one of mass | to at the oontr© 
of mass of the tetrahedron. 

568 . (K. V. Ananthanabatana Sastbi, b.a.).—E valoato 

.® log X dx 

ol+i^' 


/' 




160 


569- (R- VythysatH4S\vamy): —If p points nro ohosen at random 
on the oircumfereoce of a circle, find tbu chance of their lying on an 
arc equal to a pari of the circumference. 

570. (Professor Saxjana) Prove that when n and tare positive 
integers the sums of the following series vanish— 

1 /n+2A\ 1 , 1.3 

' ^ V 2 / 2«+2fr-l \ 4 /(2n + 2fc-l)(2n+2fc—3) 


_ ^n+2k>^ 


1-3-5 


——=“- + 


^2n+2A:—1 




6 / (2n + 2fe-l)(2m-2A-3)(2n4*2*-5) 
/2n+2fr+l^ /'2.i + 2fc+l\ 2ti+3 

^ n 1 J \ 3 /2fl+2ft-l 

^ (2o+3)(2n+5) _ 

/ (2»i+2fr -l)(2i» +»-3) . 

where denotes *Cy 

571. (S.'Rasianujas):—I f ^“=log tan^-^+^^, shew that 

/l*+a»\ /3*—4*\ V5*+®*\‘ 

Vl*->ffV V3*+ttV V5*—/?v . 

672. (M. Bbiuasbna Rao):—I f / (z)=a:+^+|i+^+. 

o’ 5’ 7’ 

show that 

(i)/(V2_i)=g-;{iog(v*-i))’ 

<“) 

(m)/(V5-2)=g-|{log^*}’ 

573. (M- Buiuasbna Rao) :—Show that 
1-2 1 , ^ 1 1 . ..■n^_3f.._V5-lV 

2 S'* 2* 3 V 2» a-S-?*'? . 12 2t ® 2 J ' 


574. (V. Rauaswami Aitar, M.A.) :—Given a tetrahedron ABCD 
and a line LL'. Prove that the pedal spheres, with respect to the tatra* 
hedron, of points lying in LL' ont a 6xed sphere, £, orthogonally. 
Defining the centre of the sphere £ as the orlhopoU of LL', and denot* 
ing it by O’, show that, in general, there are three points in LL' snoh 
that the feet of the perpendiculars from any of them on the faces of 
ABCD are coplanar, and that the orthopole O' is the point of interseotion 
of the pedal planes of these points. Show also that the loons of the 
orthopoles of a system of parallel linos (LL') is* a plane, F, at ri^t 
angles to the system. 







ERRATA TO VOL- V. 


Page 3, line 8 from bottom, for * t<0,’ read ‘ t>0.* 

Page 4, line 14, for comma after ‘ A,* have full etop. 

Page 6, line 19, for the first m , re<uf--». 

Page 11, footnote, for ‘ Ubrjalal ’ read ‘ Cbrjetal/ 

Page 14, para 2 (1), for ‘ inveaelj ’ read ‘ inversely ’; omit fnllotop 
at the end of the same line. 

Page 14, line 10 from bottom, for ‘ n ’ read ‘ 0.’ 

Page 16, 3r<l line from bottom, for ‘ exdansion ’ read ' expansion/ 

Page 16, 2nd line from bottom, at the end, instead) of the comma, 
have . 

Page 30, 6th line from bottom, for ‘ devisible ’ read * divisible.* 
Page 31, Ist line, for ' X,’ read * y.' 

Page 34, 2nd line from bottom, for ‘j’ read ‘1.* Similarly on 
page 35, line 5. 

Page 35, line 8 from bottom, for * 0 * read * 0.’ 

Page 35, 3rd line from bottom, for ‘ hypotheis’ read * bypothetia.’ 
Page 39, 3rd line from bottom, atld ‘ c ’ at the end of the nnmerator. 
Pago 42, para 5, tneerl ‘ been ’ before ‘ presented.’ 

Page 50, Ist line of paragraph following second determinant, for 
*AB,* (,/read‘(AB,*/ 

Page 52, line 18, for * accoonts ’ read 'accents.* 

Page 66, Queation 371, 1st line of solatioo for ‘ L, M, N. The * 
read • L, M. N, the * 

Page 67, line 4, for ‘ » read * T.’ 

Page 69, last line of solntion to Question 401, for* 8 ’ read * g* 

Page 69, last line, ineert a braoket. 

Page 71, line 8, fop 

2 2 


Page 83, 11th line, read ‘ ^* in the index throughont. 


Page 84, 14th line, for ‘ Qaadric » read ‘ Q^artie.* 

I age 86, 2nd line, for the second ‘ =,* read ‘ ; * 

Page 103, line 4 from bottom, for * question * rend ‘ questions/ 
Page 116, lino 4, for * controids * read ‘ centroids.’ 

Page 118, line 4, omit the comma after ‘ Durai.* 


Page 132, 6th line from bottom, for 1-* read 

it it 

age 133, line 8, for*/armu/a* read ‘formula* 

Page 133, line 7 from bottom, for ' Briggt * read ‘ Briggs.* 




o 


Pago 133, line C from l>ottoui, for ‘ facs,’ read ‘ fact.’ 

Page 133, line 3 from bot*om, for ‘ oord * read ' chord.’ 

Page 139, lino 12, for ‘ qnadrndic' read ‘ qnadratir.’ 

Page 140, line 14. for ' s* ’ read • 

Page ir»6, tinder Question 446, for * Claraiut* read ‘ Cloiraut.’ 

Page 1.^9, line 4 from bottom, for the comma at the eod, muf * I' 
Page 161, 2 (c) 2, for ' Mechaoioea ’ read ' Meohaoica.’ 

Page 164, line 9 from bottom, for ‘ roathmatician,’ r-'iid ' mathe* 
niatician ’ 

Page 164, line 5 from liottoin. for ‘distance’ read ‘distances.* 

Page 164, line 2 from bottom, for ‘ fiills ’ read ' hlU.’ 

Page 164, footnote. 1st line, for ‘ earliar ’ read ' earlier.’ 

Page 165, line 16, for ‘ pmie,’ read ' poor.’ 
yPage 166, line 13 from bottom, insert a comma nt the end. 

Page 166, line 3 from bottom, for ‘ wether ’ read ‘ whether.* 

Page 167, emit the ‘ of ’ at the end of line 1. 

Page 167, line 7. for ^ meager' read ‘ meagre.’ 

Page 167, line 12 from bottom, for ‘ matbeniatial ’ read* mathe* 
matical.’ 

Page 167, line 7 from bottom, for ‘ reson ’ read ‘ reaeon.’ 

Page 169, lino 20, for ‘ principal ’ read ‘ principle.' 

Page 170, line 5 from bottom, for ‘ to * rco<l ‘ two.* 

Page 170, line 5 from bottom, for * eitention * read ‘ eileniion.' 
Page 170, lost line for ‘ Ssoiety ’ real' Society.’ 

Page 171, line 8, for ‘ three,* read ‘ there.* 

Page 1"4, line 6, for ‘ poblioations’ read ‘ pnblicalion.* 

Page 177, line f.illowing the rosiilU ( 4 ), insert ‘ and ’ between the 

‘ r ’a' and ‘ the ‘ X *a.* 


* 


Pago 178, lino 11, for 


tern/ 



Page 194, line 10, for * oa * reo// ‘ are.* 

Page 203. Ex. 2, 3rd line for (1,1, 00), read (1,1, 0, 0). 
Page 206, line 1, for ‘ Lagrangea* read ‘ Iji^frange’a.* 
Page 213, line 7, for * cone,’ read ‘ done.* 


Page 227, line 9, omit * ±.’ 

Page 233, line 2, for ' epherica.,* read * spherical. 
Page 238, 2od line of solntion, (or ‘ long * read ‘ log.’ 


List of Periodicals Rec^ived. 

(From lOth May to loth July 1914.) 


1 AoU Uathematica, Vol. 37, No. 3. 

2. AuicHcaii Journal of Mathematics, VoJ. 36, Xo. 2, April 1914. 

3. Annals of Matbouia'.ios, Vol. 16, No 4, June 1914. 

4. Astrophysioal Jonrna!, Vol. 39, .Nos. 3 and 4, April and .May 1014. 

6 Bnllntin of the American Mathematical Booiety, Vol. 20, Nos. 8 and 9. 
May and Jane 1014i 

• 6 . Bolleiin des Sciences Mathematiqoes, Vol. 36, May and June 1914. 

7. Bdueational Times, June 1914, (0 copies). 

8 . L'Education Mntheinatifiue, Vol. 18, Nos. 14, 16, 16 and 17. 

8 . Fortsobrittc der der Mathcmatik, Vol. 43, No. 3. 

10. Ij'lntermediaire des Malheninticians, Vol. 21, No*. 4 nn-l 6 ,\pril and 

May 1914. 

11. Journal do Matbematiqoes Elomcntaires, Vol. 38, Nos. 14, 15, 16 and 17. 

12. Mathematical Gazette. Vol. 7, No. Ill, Hay 1014, (4 copies.) 

13< Mathematics Teacher, Vol. 0,No. 3, Maroh 1014. 

14. Maihematisobe Annalen, Vol. 75, No. 3| Jane 1914. 

16. Mathesis, Vol. 4, April nod Hay 1914. 

le. Messeoqor of Mathematics, Vol. 43, Nos. 10, 11 and 12, February, March 
and April 1914. 

17. Bionthly Notices of the Royal, Astronomical Society, Vol. 74, Nos. 6, 6, 

and 7| March, April and May 1814. 

IB. Philosophical Magazine, Vol. 27, Nos. lOl and 162, May and Jane 1914. 
10. Popular Astronomy, Vol* 22, Nos. 5 and 0, May and June—Joly lOU 
(3 oopiea). * 

20. Pro'jeodings of tho London Hathomatical Society,Vol. 18, No«. 3 and 4, 

April and Jane 1014. ’ 

21. Proceodingi of the Boyal Society of London, Vol. 90, Nos, 616, 817 and 

618, April and May 1014. 

'22. Quarterly Jonmal of Mnihematie.-. Vol. 46, No. 3, May 1914. 

28. Revue do Mathemntiqnes Specialea, Vol. 84, Nos. 8 and 9, May and June 
1914. 

-24. School Science and SInthematics, Vol. 14, Nos. 6 and 6 , May and Jane 
1014, (3 oopies). 

26. TranuMtions of the Atnorioan Mathematical Sosoiety, Vol. 10, No*. I to 3, 
January and April 1014. 

20. Transaction* .of the Royal Society of London, Vol, 314, No*. 611 , 613 
4nd 618. 

S7. The Tohokn Mathematical Joomal, Vol. 6 , No*. 1 and 2, May 1914. 

28. Nature, Vol. 08, No*. 2320.26 and 3826 and 38^, April, May and Jane 

1014. 

29. ' American Matbematfcal Monthly, Vol. 21 , No*. 1 to 6. .Tann&ry to Mar 

1014. ' ’ 
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PROGRESS REPORT. 


Mr. V.G. Dalvi,B.A., (Bombay and Cantab)—Chief Secretary to 
the Indore Dorbar, Indore, —has been elected a member of onr Society. 

2. As some nambers of the '* Auerioan Matbomatical Monthly 
for 1913 were reoeired last year, it was oonsidered desirable to order 
the remaining nambers, and now the whole volame for 1913 is nrailable 
for issae at the Library to members desiring to hare it. 

3. “ Matriculation Meckasiics *'—by Briggs and Bryan, University 
Tatorial Press, 3rd edition, 1914, 3«. 6<f.—is presented to our Library by 
the Pabliahers. 

Calcutta University Calendar, Part III, 1914—has likewise been 
presented to the Library. 


Poona, 

30th September 1914. 


D. D. Kapadia, 
Bony, Joint Secretary. 
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The Theories of Irrational Numbers. Part I: 

Incommensurables, Convergent, anJ Earlier Geometrical 

Theories. 

By Phillip E. B. Jourdain. 

Tlio iiiiii of ihi* hisiorical nn-l critical study is 8otne»v|iat different 
froii; that of the other woi ks timt are koowi) to QS wl;iuh deal with 
the developmeiu of the theory of coDVergeace nud allicil topics. We 
shall, in fact, he concerned primarily with questions of principle; and 
the numerous and valuable deductions as to the criteria which enable 
ns to deoidc whether such and such a series or class of series is conver* 
gent or not, wliich belong to technical luathomatics, will only be shortly 
referred to. 

The whole theorv of convergence rests on one principle whioh is 
generallr referred to as “Cauchy's general criterion," althongh the 
name of Bolzano might, perhaps, with creator propriety, be associated 
with this criterion. On the basis of this general oriterion, various 
special criteria have been sot op by Cauchy and many others for the pur¬ 
pose of deciding whether certain series do in fact converge, and a 
general theory of these special criteria has been the work of Dini, Panl 
du Bois-Reyinond, and Pringsheiin, But in all this work the validity of 
the general criterion itself was presupposed. This validity seemed, 
indeed, quite obvious to “ intuition," and was either examined insnffioi- 
ently or not at all, nntil there arosetmathoTnatioiana who felt the need 
of tracing the logical connexion of mathematical theorems to the funda¬ 
mental laws of arlthraatio or even logic itself. Then it became evident 
that we cannot accept without a strict logical proof the theorem that, 
if a series fulfils such aud such a condition, that series has a limit. From 
a logical point of view, the proposition that there is a limit is not in the 
very least proved by an appeal to those geometrical notions which seem 
to make it extremely plausible that the welbknown geometrical inter¬ 
pretation of our conception of an arithmetical series points to something 
for vrhioh the arithmetical correspondent—if there bo one—would be the 
limit in question. We must actually construct tlie entity we require 
out of our conceptions, and actually produce it for the mental vision of 
others. An appeal to “ geometrical evidence,'* quite apart from ita 
irrelevance, resolves itself into an appeal to faith, and the appeal is all 
the more vicious beoause, owing to certain psychological oiroumstanoes, 
it is almost universally responded to without refieotion. 
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This 6rst part is devoted, iix the Hrst place, to a sketch of the diK« 
coverj of inoominensnrable mu^nitoiie.s the coDsei|U6ot soveraoce, by 
the loj^ioally mincled Greeks of ancient times, of geometry from 
arithmetic, and the gra<lQal assuniptton of the exact correspondence 
between arithmetic ard geometry, owing principally to •the discovery 
of analytical geometry (§ T). In the second phice, ihe rise of the care- 
fal treatiiient of the convergence of series is described. After a refer¬ 
ence (§ II) to the work of Waring, Lagrange, and Gauss, which has 
been partially treated in other works on theb isiory of mathematics, wo 
proceed to a more detailed account of tho cootributiocs of Fourier 
(§ III), Cauchy (§ IV), and Bolzano (§ V) to the theory of rhe cunver* 
genco of series* With Bolzano wo have a very important indication of 
tlie fact that the existence of a limit to a series which fultils a certain 
well-known condition must be proved, and the subsequent attotJi|>ts of 
Haukel and Stolz to prove it are then dealt with (§ VI). Stolz*s “ proof ** 
WHS founded on the conception of tho least interval that includes all the 
limitH to which a series that converges towards many limit'« can con¬ 
verge. This conception, which wa^* known to Cauchy and Abel, had 
been forgotten, and was re-introduced by Paul du Bois-Rey mond (§ VII)# 
Du Bois-Reyniond and Stolz apparently did not realize that the quest¬ 
ion of principle was the same as in the less complicated case of one 
limit, and it is iostrootivo to study their errors and obscurities on this 
point. After a characterization (§ VIll) of the main purpose of theories 
of irrational numbers, the introduction of irrational numbers in De 
Morgan’s and other tt'Xt-books is oxamioed (§ IX), aud tho geumoirical 
theories (Guilmin, Bertrand) published before 1872 described (§X). 

§ 1 * 

PybbagorsH and the Pytliagureans held that number is tho edsence of 
all things, and that there is a complete parallelism between the con¬ 
ception of number and geometrical represeniation, in the sense that it 

ie always possible to express the luugihs of two straight lines us multi¬ 
ples of the same unit, pro?ided that this unit was chosen small enough. 
However, Pythagoras himself discovered ‘ and his discovery is one of the 
greatest of antiquity—that the diagonal of a square is inuommuniurable 
with its side ; that is to say, no two numbers can express the ratio of 
these lines, so that the diagonal oanoot he represented as a sum of 
points. The Pythagoreans seem to have believed that all geomotnoal 
entities could be so represented. This discovery was probably made in 
ooneequenoe of the discoveiy by Pythagoras of the relation between the 

* Morlu Canto, VorUtungen ubtr Uetehiehtc der Slathematik, Vol. I, 3rd, od. 
Ijeipzig, 1UU7, pp. i61‘184. 
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Rqo&re oo the hypotenofte and the eqaares on the other sides of a right- 
angled triangle, a theorem of which a particalar case seems to have 
been known to the Babylonians* Chinese, and Egyptians, and which 
seems to hare been arrived at in its generality, thongh probably merely 
by indactioD, by the Uiodns.* If the sides of the triangle which inclnde 
the right angle between them are both of noit length, so that (he 
hypotennse is a diagonal of the onit sqaare, it is obvions that the 
numerical measare of the length of this diagonal wonld be such that its 
square wonld be equal to 2. All attempts to find & fraction which 
should be the sqnare root of 2 failed, and it would seem that at last the 
following proof of the incommensurability of the diagonal and the side 
was found/ Suppose that the diagonal were to the side as the inteu'er 
ti to the integer c, the ratio djc being in its lowest terms. The Pytha¬ 
gorean theorem gives us the oqaation J’=2c*, so that wo must conclude, 
that d is even and hence that c is odd. But, since d is even, we can 
write the theorem of Pythagoras as : 

4(d'2)*=2c® or 2(d/2)*=c*, 

whiob shows that e should be even. Hence the hypothesis that (he 
ratio djc expresses, in its lowest terms, the ratio of diagonal to side, 
must be given up. 

At this point came the argnmente of Zeno the Eleatio, which 
demonstrated to the Greeks the impossibility of making discontinnous 
plurality—the Pythagorean plurality of arithmotical points—account 
for the given continnons reality of space/ It would seem that Zeno— 
a supporter of the doctrine held by his master Parmenides that plurality 
is to be denied and that reality is unchanging—sought to show that 
motion is impossible. Tlieso argumenta appear to have played a part 
in the necessity which the logically-minded Greeks felt for a rigid sepa¬ 
ration of arithmetic fn m geometry. These two sciences were only 
recombined after abont eig'itoen hundred years of logical otagnation had 
dnlled logical perception. But, perhaps, it was not this so much os it 
was a characteristic of the later and more western civilizations to pay 
less attention to logic while paying mjre to the observation of natural 
facts like motion. 


* G/. Loon Bronsohviog, Ia* etapei d< la phi7»soj>hte matheinatt^uc Paris, 1912, 
p. 46. 

* For tbo reasons for snppottDg that this proof (Enolid, fitments. Book X 
Prop. 117) dated from Pythagorean times, see Cantor, op. pp. 182*188 
BruDscliviog, op. et(., p. 47. 

* BruDsebviog, op. cit., p. 48 { cf. pp. 1(>4*16S. 
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The Pythagorean diaooTery seems to have led, in epite of the 
Pythagoreane, to the rejection of the Pythagorean doctrine that num* 
hers are fnndamental to all reality, and to the adoption, by Plato, of a 
system in which geometry was fundamental.* EnoHd ^ expres.sly said 
that incommenenrable magnitndes are not related to one another in the 
same way as numbers. If, indeed, we represent the rational nombers 
SQch that their nth powers approximate to a given fraction which has 
no rational nth root, by points on a straight line, the sequence of points 

oloBters ronnd a point which does not correspond to any rational 
number. 

The arithmeticians and algebraists of the middle ages and the 
Renasoenc^snoh as Leonardo of Pisa in hie Ltber Abaci of 1202— 
spoke of irrationals as “fictitious numbers” or “abgnrd numbers.’*’ 
We find irrational “nombers” spoken of by Mich ml Stifel in his 
Arithmetica Integra of 1544. He said that “ an irrational nnmber is 
not a true number,” but this merely means that it is not a rational 
number. Stifel also remarked that every irrational number, just as 

every rational number, has a uniquely determined place in the scries of 
numbers. 


Ihi 8 18 charaoteriatic of the difference in the point of view of more 
modem mathematicians from that of the aucient Greeks. A tendency 
18 observable to sacrifice the strict logic of the Greeks for the end of 
extending conceptions and methods into domains where it was felt—and 
iwrhaps oidy vaguely felt-that they applied. Thus the conception of a 
variable in mathematics was first introduced by the endeavonr to 

molQde motion in space among the objects dealt with by mathematics 
We know that the Greeks had often used the conception of motion in 
geometry as a means of discovery, but it was first in the work of 
GalUeo that the conception in question began to be systematically need. 

th« <l«coTery of analytical geometry by Fermat and Descartes and 
the discovery of the infinitesimal calculus by Leibnitz and Newton made 
It nece^ry to ^sume that every line oonld be measured in length by 

thatT - R geometry with the algebra of 

t hat time. By t he unoritioal assumption of this correspondetoe bet- 

• Ibid., pp. 45,47,49. ' ^ - 

0 Book X, Prop. 7. The Ufth and tenlb Books of tbo EU.n^u ... 

cancornod. rospuctivolv with tUa, ail . « • mo ±,it»nent9 arc 

•"I 

^ Boo A. Priagaboim Bncykl. der, math t A ^ An m ^ • 

d..ail, 1. .h. French edition (Pring.b.im’.Td UelkoJ, Ta^-Ur 
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ween □ambers and lengths of lines, the distinction so clearly seen by 
the Greeks was starred over and forgotton. 

Newton, in his Ariihmetica UniveTscdit of 1707, onderstood by 
" number ” a ratio of two quantities; and, np to within quite recent 
times, the introdoction of irrational “ number was, explicitly or 
implicity geometrical.* We shall see later that Cauchy held the same 
opinion. 

The conception of a “ limit ” *• grow out of the “ principle of 
exhaustion ** used by the ancient Greeks, and the Qrst to formulate the 
conception arithmetically was John Wallis. In his Aritkmetxca Infini- 
toruin of 1655, he dedned a nnoiber a to be a "limit” of a indnite 
sequence a,, Oj, a„..., if the differenoe a—a„ becomes arbitrarily small 
when the integer » has a sufficiently great value. This definition, which 
is practically the same as that used at the present time, evidently pre* 
supposes the existence of a ; but Cauchy was apparently the first to 
indicate the necessity of proving in an arithmetical way the existence 
of a limit. This be did in his proof (1823) of the existence of a definite 
integral of a continuous function. However, with Cauchy the question 
is only reduced to the assumption of the existence of a limit when a 
certain simpler criterion is fnlfilled ; and it is with this assumption that 
we are concerned in the present question of principle. 

§ 11 . 

The theory of convergence of series is principally doe to raatbema* 
tioians of the nineteenth uentnry. Before this, only a few scattered 
theorems, due for the most part to Waring and contained in his MetUta- 
lioma analylicae of 1781,** were known ; and even Lagrange thought, in 
1770,** that it is sufficient for the convergence of a series that its terms 
approach zero indefinitely. The introdnotion, by Lagrange in 1797, of 
a formula expressing the remainder after » terms of Taylor’s series was 
not witli a view to (iroviug its oouvergenoe—for, this was a point upon 
which Lagrange did not tOQoh-~, but in order Co be able to estimate the 
limit of error when we break oS with a finite number of terms. 

» Soo Ibid., pp. 1G3-1M. 

C/. Priogahoim, Kncykl. math, 1.4. 3, pp. 03•66. 

ix CJ. M. Cantor, VoTU0mg€n ubar G€$chiciiU Jar Vol. lY., Loipsigf 

1008, pp- 276'270, 286-287 (artiolo by E. Kotio). On the bietory ot ooavorgoaoo, 
Boo^beaidci, tho third and fourth volemca of Cnntor'a GairhiehU, B. KoiO, GaichtcUa 
Jar iinendtichan Ttibingen, 1889; A. PriDgaboini, EncyU. Jar math. I A* 

3, lb08| pp. 78-79, and tho oorreapondiDg part of tho French edition, KoiS did not 
mention Waring. 

» RoiS, op. oi(s> p« 148. 



167 


Still, Lagrange’s Theone dea Fonctiona of 1797 may be said »» to 
f irm the passage from the old to the modem treatment of indnite series, 
and Lagrange’s investigations on the remainder of Taylor’s series appear 
to have influenced Fourier and, partly through him, Cauchy, to evolve 
a strict theory of conTergence. 

Gauss, in his inaugural dissertation of 1799, said, in his criticism 
of a procedure of d’Alembert’^ for finding the form of the roots of an 
algebraic equation.** “Infinitely small magnitudes were used by 
d’Alembert in a looser way than is compatible with mathematical 
rigour, or than a far*seeing matbematician would allow at the 
present time, when those magnitudes are rightly regarded with 
mistrust. Also the leap from an infinitely small to a finite value of n 
Can infinitely small value of the rational and whole function considered] 
is not clear enough. The assertion that H can receive any finite value 
cannot he conolnded from the possibility of an infinitely email valne of SI. 
This assertion follows from the faot that, when is small enough, the 
approximation to the true valne of (t) [the value of x corresponding to 
increases with the number of the terms [of the series for in terms 
of SI) retained, becanse of the strong oonvergenoe of the series. In 
other words, the eqnation which gives the relation between U)and SI (or 
between x and X) is satisfied so mnch the more nearly as wo take more 
terms to get <i). Bat this whole method of drawing conolosions seema 
too indefinite ifor any rigorons inference to be drawn from it. Besides 
this, I may also remark that there are series which always diverge 
however small the valne of the magnitnde in powers of whioh the 
development is effected, so that if we proceed far enongh, we arrive at 
terms whioh are greater than any given magnitnde. This happens if 
the ooeffioients of the series form a hypergeometric series.” 

Gauss added a note remarking, by the way, that there are series 
“ whioh first converge very strongly and then more and more weakly, 
and finally diverge more and more; bnt, in spite of this, give the sum 
almost exactly if not loo many terms are taken.” He mentioned that 
this faot did not seem to have been noticed before, and that it was 
desirable to show the reason of this hehavionr and to determine in how 
far snob a anm might be seonrely taken as oorreot. Again, Ganss 
remarked** that “from the supposition that X can take the valne S 
bat not the valne U does not follow that between S and U a valne T must 
lie which X can reach bnt not surpass. Hero a oase is overlooked : it is 


« Ibid, pp. 163,169. 
« Ibid., p. 12. 


** OrttMtU’s Elcuiier, No, 14, p. 11. 
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possible that between S ami U there lies a limit to which U oan approach 
arbitrarily near withoot reaching. From the groonda adranced by 
d’Alembert only follow that X can surpass every value which it reaches 
I'y a finite magnitude. If therefore it is, any S, it can be increased by 
a finite magnititado : then we can have a new increase fl', and then 
a further increase il" and ao on. But there is no last increase. 
However many increments have been added, a new one can always be 
added. But, though the number of the possible increments is infinite, it 
may happen that, if H', !!",.•• • continually decrease, the sum 

S+n+ft'+«'■+... 

never reaches a certain Itmit, however many terms may be taken- 
This case cannot indeed occur if X is a whole algebraic function of Xt 
but it must be proved that the case in qnestioo cannot happen...*’. 

We shall refer to this passage again when we come to consider 
Bolzano’s formulation of the conception of “ upper limit.” At present, it 
merely serves the purpose of showing that the difficulties which were 
brought forward in the first two paradoxes of Zeno about motion, and 
which are only solved by the ability to oonceive an infinite series oon> 
verging to a finite limit, were most decidedly overcome by Qaoss. 

Gauss, in his memoir on the hypergeometrio series, pnblished in 
1812, used the principle of comparison of a series with the geometric 
series, which is known to have a finite and assigned limit under a cer¬ 
tain simple condition**. This principle requires for its rigorons founda¬ 
tion one of the modern theories of irrational number. Of course, we 
cannot think it probable that Ganss bad penetrated so deeply into the 
foondations of analysis as to have evolved a sound theory of irrational 
numbers, but it is certain that he had formed the idea that it is neces¬ 
sary to assure oneself that the snm of the terms of a series approach a 
finite limit before we oan calculate with this limit—” the sum.” 

§nL 

In 1811, Fourier** gave a definition of convergence which showed 
that he had correct and fairly precise ideas on tbe conditions under 
which ” the som ” of ao infinite series could be caloolatod with 
Fourier’s work was not ootnally printed notil 1822, and it is impossible 
to say how far, if at all, Gsnohy’s conception of convergence, which 
was publishvd in 1821, was indebted to that of Fourier. 

BeifT, op. cit., p. 1(12. Oaosa (see t&id., pp. 163-166) aoinally ooutinuod tho 
iovostigalion of oouvorgenoo so far as to decide tho coovorgenoo or othonvilo of 
tho series oonsidorod by him, in every oaso. 

n Fourier prosuntod a memoir on the theory of the enndnotion of hoot to 
the French lostitato in 1807 (on it of. below and Uswvrss ds Founsr, Yol. I, p. iv ( 
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SpeakiDg of a certain trigonometrical series in Lis Theone aualy 
(ique de la GhaUur of 1822, Ponrier said : “ It wonld bo ea'^y to prove 

that this series is always convergent, that is to say that writing, ins* 
lead of y, any namber whatever, and following the calcolation of the 
coeflBoients, we approach more and more to a fixed valno ; so that the 
difference of this valoe from the sam of the calcnlated terms becomes 
less than any assignable magnitnde. Without stopping for a proof, 

Vol. II, pp. rii, xii, 216’221). For 1811, the French Acadetny proposed for a 
prise the doding of a nathomaiica] theory of the propagation of heai, and n long 
eseay by Fourier, which waa depoaited in tho archives on Sept. 2Sth 1811, wna 
awarded the prize in 1812 (see. thid, Vol I, pp. vii-viii). When, after Delambre’a 
death, Fourier became perpetual secretary, ho had the memoir printed without 
auy alteration, ill tho UewoirM dt I'Aea/l^mie RoijaU- dtt Sc\en*et de d 

FrasM (vol, IV. 1819 and 1820, published 1824. pp. 185*560, and Vol, V, 1821 and 
1822, published 1826, pp, 163-246), after the publication (1822) of his TJieonV 
afiofyli/ju««l* Jo Chalrur (we shall also refer to tho English translated by A. Freeman 
cited below). Fourier doubtless wished to ost.ablish thus, in nn incontestible 
manner, his rights of priority, for tho first part of the memoir of 1811 (that which 
appeared in tho volume for 1819-20) oaly differs in <)uitc secondary points from 
the definitive version in tho Theorie de la Chaleur. Thus Dorboux did not reproduce 
the first part; but, ea the second, printed in the ifemoiree for 1821-2, is of greatest 
interest, it is reproduced in the Oeuvres de Foiin'er, Vol, II, pp, 1 . 94 . 

Hero wo have to consider Fourier's prooise conception (cf. Friugshoim, 
Kntf/U, der moth. Viee., I. A. S, p, 146, whore the reference is wrong) of oonvor- 
geuoo, on p, 316, pages 313-316 arc exactly reproduced in article 228 of the 
Tktorie (Oeuvret, Vol. I, pp. 221*222 ; Freemon pp. 195-197.—sec below). A careful 
oompariaoo of Ponrior’s memoir of 1811 with the Thforie has also showu : 

(1) That the word “convergent ie used on p. 269 of the (which cor- 

responds to article 177 of tho 77i/oric), bnt the explanation of it, which is given 
in the TWons, is not given in the Slemoirte ; 

(I) Article 178 of the TTt^one is exactly given on p. 270 of the Sffmcireti 

(3) Articles 184-186 of the IWme are given, in essentials, on pp. 276-278 of 
the Mfmoirea ; 

(4) Divergent series are used for oaloulation on, for example, p. 262 of tho 
UtmoiTf, which exactly ooirosponds to article 171 of tho Throne (Osuvres Vol 1 
p. 149)5 

( 6 ) An OBoillating series is used for calonlatiou (in fact, for 1_ 1 + 1 _...{g 

pBt }) in the ITsmetrcs, as in article 2l9 of Thenrie (mo Oeuvre*, Vol. I, p. 206 
Fresmon, p. 182). But tho oaloulation witli un oaoiUating series in article 235 of 
the Thtorie (see Oewret, Vol. I, p. 284 5 Frsrman p. 288) is not in tho afvmoirM 5 

( 6 ) The Goometrioal coDstrootioii given by Fourier for proving tho conver¬ 
gence of bis integrals and series (of. tho text below) wore intentiooally omitted 
from the memoir of I 8 II. Fonrior's roodora conception of convorgonoo oortainlv 
dated from before 1811, but no statement dating from an earlier year has boon 
hitherto poblished. 

22 
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which the reader may sopply.Again, convergence, eays Fourier.” 

* does not result solely from the fact that the values of the terms dimi* 
nish oontintmlly ; for, this condition is not sufficient to establish the 
convergence of a series. It is necessary that the values at which we 
arrive on increasing continually the number of terms should approach 
more and more a fixed limit, and should differ from it only by a quan¬ 
tity which becomes less than any given magnitude : this limit ia the 
value of the series." 

In article 178 of the TAconV," Fourier gave an indication of the way 
in which the curve represented by a finite number of terms of the series 

cos a—J cos 3a-l-J cos 5x—... 

behaves as this number is increased ; and, in the immediately following 
third section of the third chapter,** Fourier summed the first m terms 
of tho above series, regarded this sum as a function (y) of x and m, and 
by a differentiation, certain other operations, integration by parts, ex¬ 
pressed y ns an infinite series arranged according to negative powers of m. 
Then it appears that, the more m increases, the more y approaches a 
constant value independent of x. Darboux” remarked on this passage 
that, in the study of some particular series, Fourier followed exactly 
the same method, which Dirioblot later used, to provide, for the first time, 
a rigorous theory of trigonometrical series.** 


•“ Theoric, art. 177; Oem ra de Fovrier, Vol. ), p, 160 5 Euglish tranilation, with 
notes by R.L. Ellis nnd Freeman, by Alexander Freeman (Th« dnatyfiniZ Ihcory of 
Heat, Cambridge 187S • referred to here as FVesman), pp. 143.144. A passage on 
p. 433 (art. 41R; Oevvre^, Vol. I. p. 603) is to tho earao ofloct j while a passage on 
p. 207 (ort. 23B; Oeuvree, Vol. I, p. 282), which runs t“ Tho series arranged 
according to sines or cosines of multiple arcs arc always convergent; that is to 
say, on giving to tho variable any voluo whatever that is not imaginary, tho sum 
of tho terms converges nioro and more to a single fixed limit, which is tho value 
of tho developed fiiuction," is of interest os showing that tho series which 
Fonrier oensidcroj only converge along tho real axis (of. P. do Bois-Roymond’s 
paper of 1870 ropriuted in No. 186 of OsfiMfd’s Klauiktr, pp. 6 * 8 ). 

r Theorit, ort. 128 ; Oouvret, Vol. I, pp. 221-22; JVsrman, pp. 196-107. 

M Ortivrri, Vol. 1, pp. 167—168; Fresman, p. 144. In the Ifemotris, this pass¬ 
age occurs on pp. 209—270. 

" Romarqaos Bar cos series", Osvvrsi, Vol. I, pp, 168—169 1 JVssfMfi, pp. 
146—164. Those invostigations are on pp. 270—280 of the ifemotrot. 

*• OsiiiTet dt FourUr, Vol. I, p. 168 w. 

** This method ia to express by a definite integral the sum of the m first terms 
ef the scries ond thon to sock tho limit of this integral. 
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Fouriert after treating other analogons series in a like manner, 
l>roceeilcil’^ to determine the lioute between which the reiauiuder of such 
a trigonometrical series lies. 

In his 6rsfc investigations, which were presented to the Institute of 
Franco in 1807, or in the extensive notes, which were partly concerned 
with the convorgOQoe of series and which Fourier added in 1808 or 1809 
to the original memoir^ to reply to or forestall the objections of 
Lagrange and Laplace,* Fourier gave some geometrical constructions 
for demonstrating the convergence of his double integrals and his series, 
which were left out of the memoir of 1811.^’ 

That this geometrical argument of FourierV’, although it is not 
carried through rigorously, contains the germs of Oiriohlet’s celobratod 
investigation, was remarked by KcilT^ and Darboux.*^ 

§IV. 

Before the time of Weiorstrass, the introiluotioa of irrational 
numbers was, explicitly or implicitly, geometrical. We will lirst 
examine Cauchy Oours d*Analyse ot 1821.^^ 

In the Pr61iminairesCauchy explicitly said'^ that the word 
number” was to bo understood to denote the entities which arise from 
the iiieasDrement of magnitudes. Again, he said* Just as the idea of 
number arisen from the measurement of magnituilcs, so that of (juaniity 
arises when we consider each magnitude of a given rti)ecies as serving 
for the increment or dimioalion of another fixed luagnitude of the same 
species. We will agree to range absolute numbers, which are not 
preceded by any sign [denoted by capital letters], in the class of 
posiiivo qaantities.** Kelativc numbers (numbers with sign or ^'quunti- 

« Th^oric, oris. 186-188; Oeuvret, Vol. I, pp. 166-108; pp. 150-163. 

Tbii iuvcstigatioQ is given in the Uemoircs pp. 276-280. 

^ Ditoours prelimiDsiro; Oeuvres, Vol. I, p. xxvi; Frcefnan, p. 9. 

^ Oeuwus de Fourier, Vol. II, p. vii. 

^ Thone, Oiscoore and art. 416 ; Oeuvres, Vol. I, pp. xxvi., 404 ; Freeman, 
pp. 10, 426. 

XKeorie, art. 423 ; Freeman, pp. 438-410 ; Oeuvre*, Vol. I, pp. 600-613. 

^ B. Beiff, op« cftt,, pp. 184-186. 

» Oeuvres de Fourier, Vol. I, pp. 4W, 611-614; of. tho note on p. 168 roferrod 
to above. 

* Oours d*Analy$e deV le royale Potytechnique: Fromiiro Partfo [no farther 

parts appoaredj, Analyse lalgebrique, Paris, 1821, Chap. VI, OcuVres (2), Vol III 
Paris, 1897. 

•* IWij p. 17 . 


^ Ihid, p. 833. 
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ties ”) were denoted bj small italicized letters ; and Cauohj’* remarked 
tbat we must carcfnllj distinguish between operations relating to 
numbers and those relating to quantities. 

Near the beginning of the book, Canchy dehned a “ limit ” oa 
follows: “When tho snccessive values attribnted to a variable 
approach indefinitely a 6xcd valne, so as to end by differing from it as 
little as wished, this last is called the ‘ limit * of all the others and 
remarked that “ thus an irrational number is the limit of the variona 
fractions which furoisli more and more approximate values of it.*’ If 
we consider—as, however, Cauchy did not do, although many others 
have done—the latter statement as a definition, so that an ' irrational ’ 
number is defined to be the limit of certain snms of rational nnmberst 
we presuppose that this sum a limit. In a note at the end of the 
book, Cauchy** explained the ninltiplioation of the number A by the 
number B, where B is irrational: “...Wo can obtain, in terms of rational 
numbers, values which are more and more approximate to B, Wo ea.sily 
show that, under the same hypothesis, tho product of .1 by the rational 
numbers in question approximates more and more to a certain limit. 
This limit will be the product of .1 by B.” And the explanation of 
when B is an irrational number, is** on the same principles. 

Thus, Cauchy did not define real numbere arithmetically, but pro* 
supposed tlieir existence, by assuming a correspondence between tho 
system of real namber.sand the systeo) of points on a straight lino.” 

Towards the buginningof the fifth chapter of Cauchy's work, he** got, 
for inslance, from the functional equation between uontinnous funutions 

'^(ic+y) = 4(a)+4(y). 

tho etinalion 4(aj) = a;(^(l), by proving tho latter for rational as’s, then 
varying x so os to approach an irrational limit, and then “ passinv to 
tho limit.” Tho legitimacy of this passage depends on the theorem:*' If 
X, y,...converge respectively towards the limits X, Y,... ; Hnd/(», y,...) is 
continuous will) rospeot to each variable in the neighbourhood of (ho 
system of values * = .V, y= y,.../ta?, y,...) will have/(A*, Y,...) as limit. 
Cauchy's method of conclusion by '* passing to the limit ” may also be 
illustrated by his argnuieot, at the end of § 1 of the sixth chapter of 

« ibid. p. 386. r» ^ p 337 ^ 

Ibtd.. pp. 341-342. 

” For a critique of this note of Canebj's, see H. UauJee), Thcorie dtr eempfcMii 
Zahieenjiitmir, Leipzig, 1867, p. 14. 

*• Op. ciL, p. Wt j of. pp. 102,108-109, 111. 

** Ibid., p. 47. 
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bis Ccmri, about the coDtinoitj of the sam of a series of fuactioos* If 
is a contiDQoas fonotion of z in the ooigbbourhool of r,^ 

^ fonctions of of which is OTidcntly cooIidgous in 
the Deighboorbood of x^ ; then coasider the iaorements which the^e 
three fuactious receive whea z increases by an inbaitelj small quantity 
a. The increment of 8,^ will be, for all possible valnes of n, an indefinitely 
small quantity ; and that of will become insensible at the same time 
as r„y if a very considerable valae is attriboted to n. Consequently the 
inoiement of the function s can only be an indefinitely small quantity,’* 
and so s is cootinuons in the neigbbonrhood of This theorem 

was applied, in §IV of the same chapter, to prove that the sum of a 
convergent power^series is a oontinaons function, and this w*as applied 
to a proof of the binomial theorem. At this point we arrive at the 
considerations of Abel, Weierstrass, Stokes, Seidel and Canchy; hnt 
we shall not porsoe the sabjeot in this place.^ 

Canoby gave the same definition of ^^convergence as Fonrier. Where 

** if”, said Caachy^, for values of n which always incresse, the sum 
approaches indefinitely a certain limit s, the series will be called con¬ 
vergent, and the limit in question will be called the sum of the series. 
On the other hand, if, while n increases indefinitely, the sum s^^ does 
not approach any fixed limit, the series will be divergent and will no 
longer have a snm.”^^ Cauchy then illustrated this distinction by the 

Cf. Ar<hiv<Ur Math, und Phyn. (3)» Vol. XIV, pp, 300-301 

« Oeuvret (2), Vol. Ill, pp. 114*115 • cf. Beiff, op. cit., p. 167. 

Vic oalloot hero a fow tjpioal inBtauccs of tho samu oonceptiun^whicb 
depends on tho oxisienco of a limit^of convergence : 

De Morgan (Blemenh of Algebra, 2nd od., London, 1837, p. 170) defined a'‘ con* 
Tcrgout series as one in which a limit towards which wc approximsto by con* 
tinoally adding more and more of Us torms exists, connidorcd (pp, 160*162) the 
goomotrioal series, which has a rational limit, derived (p. 182) the criterion of 
soDvergonco Urn. Ii and proved by this criterion that tho exponential 

series is oonvergeot. Tho result that the exponential soriei, oven Ihoagh it does 
not tend to a rational limit, is oonvorgont, is a consoqucnco of tho tacit asBunip* 
iion^ made in the derivation of the oriierion, that a series, every term of whioh 

is numarioallj lass than tho correspoziding torm of a convorgont series is oonvor* 
gent. 

De Morgan said (p. 96): ** Every number and fracti on has a rdot of every 
order, either exact or upproximato j ” and caationed (p. 101) t Whonover any 
now process is intiodncod, or any new oipreesion, it most be proved, and assumed, 
that problems involving that process admit ^lium progimcy if not of exact, 
sol" *1001.” 

ihe same doctrine of cuavergenoo {s also given in Do Morgan’s BUmentary 
lUu^ationi of the Dijerentud and Integral Caladui, pubUtbod at Loudon in 1832 
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geometrical progression 1, x, which converges ifz<;l and diverges 
if x>l, and proceeded: “ By the above principles, in order that the series 

may be conver^'ent it is necessary and sofficient that increasing valaos 
of n make the som s„ converge indefinitely towards a Gxod limit s; in 
other; words, it is necessary and sufficient that, for infinitely great 
values of n, the sums 5„, differ from the limit «, and conso* 

qoently from one another, by indefinitely small quantities. Now, we have 

thus it is necessary that the general term u„ should decrease indefi¬ 
nitely as n increases. Bnt this condition does not suffice; the various sums 


“w + »'b+j» ’*n + “M+l+**n+8*'M 

taken in any'natnber, must end by constantly having values which are 
numerically less than any assignable magnitude. Ilcoiprocally, when 
these various conditions arc folfillcd, the convergence of the scries is 
assured.” Then Cauchy showed that the harmonic series is not conver¬ 
gent although the general term decreases indefinitely. Furllicr, the series 


1 ^ L J— 

1. 1* 1.2’"'t.o... 




1’ 1-2' -n 

is convergent, said Cauchy, because each term islets than the corres¬ 
ponding term of a convergent geometrical progression. 

This general criterion of convergence occupies a very proiuinent 
position in theories of irrational numbers. It cannot, however, bo 
praotically used with many series, and accordingly Cauchy gave a scries 
of special criteria, based on the principle of comparison with series 
known to convereo. Here wo must pass over the development of the 
theory of convergence-criteria in the hands of Cauchy and others,** but 
there is one point about the distinction of two kinds of criteria and their 
efficacy that mast be-touched upon, ns it is very closely connected with 
the principles of the theory of irrational numbers. 

Cauchy considered, in the second section “ of Chapter VI., series 
all of whose terms are positive, and obtained, by comparison with the 
convergent geometrioal series, the following criterion of oonvorgenoe of 
the series «o, u„ “ Find the limit or limits “ to which (Urt)*'" con- 


(now edition, Chicago 1009, pp. 17-19), and bound up with his largo Differential 
and Intcrgral Calculus, London, 1843. Sco also pp. 118, 222, 234, of tho last-named 
work. 

Nearly all writers follow Oauoby in making tho meaning of oonvorgonoo ” 
imply tho existence of a limit. Of. SficyH, der math. IFiss., Vol. I, p. 77. 

Cf. ItoiO, op. rit., pp. 107sqq.; Fringehoim, £nq/U. der math. TFiss, Vo], I., 
A. 8, p. 180. 

Oeuvres (2), Vol. III., pp. 12M28. 

** For tho oMO of tho ooounonoo of many limits, of. IVll below. 
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verges when n is infinlle, and let k be the greatest of these limits (or 
in other words, the limit of the greatest valne of the expression in 
qnestion). The series converges if fc<l and diverges if i>l.” After 
tbe proof of this theorem, Caocliy pi oi^eelod : “Ina great nu.iibcr of 
eases, we can determine the value of Jt by theorem IV of section III of 
Chapter II. Thus, whenever converges to a limit, this limit 

will be the value of k. From this, Canchy got a theorem in which a 
more convenient but less general criterion was stated. 

Canchy*'''emphasized the advantage of the first criterion over the 
second, for, the npper limit in the first always exists, while that in the 
second, may not. However, tins important distinction has often been 
overlooked by mathematicians.** Nowadays, we follow du Hois- 
Reymond** in distinguishing criteria of " the first ” and “ second kind.” 

Wo have seen that Cauchy ilcfino l a ‘‘convergent ” series as one 
which has a limit, and then state I a necessary and sufficient con<lition 
for convergence, in which no existence of limits was assumed. 1'ho 
necessity of thU condition—the proof that if one and only ono limits 
exists, then, where e is an arbitrarily small positive non-zero niimbor 
which is of course rational unless wo have already defined the systonj 
of real number^, a wholo namber n can bo found such that 

I + I ^ €» 

whatever intorgor m is—is easily shown. The sufficiency ot the condl* 
tion—that the last inequality implies the existence of a limit—was 
asserted, but not proved, by Cauchy. Cauchy’s tl.eory seems iu fact, 
to have been e.ssentially of a geometrical nature. 

Before Canchy, Bernard Bolzano (1817) published a memoir*" in 
tho course of which he noticed that this criterion stated an important 
property of series, and went beyond Canchy in attompting to prove the 
safTioionoy of this criterion for oUablishing the oxistonco of a limit. 
This proof failed, and the existence of a limit was, after all, only 
assumed as a result of an appeal to those of ns who “have a correct 
conception of magnitude.” But. at any rate, that point was emphasized 
which seems to have been onivereally overlooked by writers of text¬ 
books np to quite modern limes. It was this oversight which led many 
persons into the vicions circle of defining a convergent series na one 
for which a limit exists, and then supposing that certain series defined, 
by approximation, certain • irrationol ’ nnmbers not hitherto considered.’ 

(To be continual.) 


“ Cf. Prinjjahoiin, tee. eit., p. 81. 

** fMd, Boiff also did not noUeo this 



176 


Isogonal Transformation. 

[The Bubstance of this paper waa read at a meeting of the 
Presidency College Mathematical Aasociation. References: Salmoo^s 
Cmii’c Sectione, §§ 55, 297 ; Salmon’s Higher Plane Ourves, §§ 283, 34-36.] 

1. If S, H be two points in the plane of a triangle ABC sneh that 

angle BAS = angle MAC 
„ CBS= „ HBA 
„ ACS= „ HCB, 

then the points S, H are said to be isogonally conjagale with respect 
to ABC, and their trilinear uo-ordinates with respect to ABC are 
reciprocal. 

If each point of a fignre is replaced by its isogonal conjugate, a 
new figure is evidently formed ; the transformation so effected is called 
ieogonal transformation. 

The only self'canjugate points are the in and ex centres of ABC. 

The conjugate of any point on a side of ABC is the opposite vertex. 
A vertex as such, has therefore no definite conjugate point, but regarded 
as lying on a continuous curve its conjugate is a definite point on the 
opposite side, tt'e., its intersection with the isogonal conjugate of the 
tangent at the vertex. 

The conjugate of any point on the cironmoirole of ABC is nt infinity, 
and the circular points nt infinity (being common to the cironmoirole 
and the line at infinity) are conjugate points. 

2. The following properties are easily established 

(i) The transform of n continuous curve is a continnons oarve. 

(ii) Each side of the triangle of reference outs a curve of the n*'* 

degree in n points, and therefore the transform passes 
through the opposite vertex n times, that is, has a mnltiple 
point of the order at tho vertex. 

(iii) The transform of a carve of the degree is in general a 

carve of the degree. 

For, if /(a, /?, y)=Obo a carve in trilinear oo'ordinatea, the 
transform is seen to hof^/Sy, ya, a/?)sO. 

If, however, the original curve has a mnltiple point of the 
order at A, its equation may be pat in the form 

.=0 

where 4>r a homogeneona function in /?, y of degree r. 

The transform is therefore obtained by replacing a, /S, y by their 
reciprocals and mnltiplying by (a’*~*y0*'y"). It is thus of 
degree (2fi—fc). 




Hence tbe degree of the transform is lowered bj k, oorrespond- 
ing to a multiple point of the order at a vertex on the 
original carve. 

^ 0 ^._XhoQgh the degree of a carve is generally doubled by isogonal 
transformation, the transform has maltiple points of the n*'* 
order at each vertex of the triangle of reference, and therefore 
(by the above rale) a second transformation will give a carve 
of degree (2*2n—r»—n—-n)=», and is in fact the original carve. 

3. Appiicalione :— 

(1) From any point two tangenti can be drawn to a conic. 

Transforming with respect to a triangle inscribed in the conic, we 

deduce that two conice can be described throagh four points to touch a given 
straight Une. 

(2) If a triangle circumscribes a parcdiola Us focus lies on the circnm- 
circle of the triangle. 

For, the foci of an inscribed conio are oonjngato points ; and since 
one of them is at io6nity, the other mast lie on the ciroamoirolc. 


(3) If* a conic touch the sides of a triangle and its foci lie on a 
rectangular hyperbola through the vertices of the triangle, the major axis of 
the conic passes through the circumcenlrc. [Mathl. Tripos.) 

Since, the oironmsoribed reutangolar hyperbola also passes thongh 
the orthooontre, its isogonal transformation is a straight line passing 
tbrongh the cironmoentre. Also, the two foci which lie on the reot. 
hyperbola are themselves oonjogate to each other. Hence, the trans¬ 
formed straight lino passes throngh these foci. In other words, the 
major axis of the in-oonio passes throngh the oironmcentre. 


(4) A conic touches four given straight lines. Show that the locus 
of the foci is a cubic curve passing through the six intersections of the given 
lines. 


In the Brat place, it is easily seen that the six intersections are 
special positions of the foci of the inoonio. For, each diagonal of the 
quadrilateral is a line conio belonging to the system of inscribed conics 
whose foci are its extremities. 


Secondly, the two foci most trace the same .loons. For, there is no 
intrinsio difference in the relation of either foons to the qnadrilateral. 
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Thirdly, the loons cannot be a nodal cnrre. For, then, there 
wonld be more than one-conic of the system haying the node fora 
foOQS. 

Hence, transforming with respect to the triangle formed by any 
three of the given straight lines, the loons is its own conjngate, so that, 

by § 2 (iii), 

2n—3=n, or n=3, 
n being the degree of the locns. 

4. Orofs»Bat\o Propertie $; 

(1) If (PQRS) be a set of points whoso isogonal transformation 
is (FQ'R'S’), then the cross-ratios of the pencils A(PQRS), 
A(PQ'R'S') are equal, where A is a vertex of the triangle of reference- 

The proof is obvions, since the cross-ratio of a pencil is a function 
of the sines of the angles between the different rays of the pencil, and 
isogonal transformation does not affect the angle between the rays 
joining two pointe to a vertex of the triangle of reference. 

(2) If (P, Q, R, S) be points on a cironmoonio, their transform 
(FQ'R'S') is a range on a straight line. Thns 

A (PQRS) = A (FQ'R'S') by (1). 

= (FQ'R'S') =B (FQ'R'S') 

= B(PQRS)by(l). 

Hence we have the constant cross-ratio property of oonios. We 
also learn from the above that a range on a $traight line transfornu into 
on equi-cro$9 range on a conic. 

(3) " A four-point $y$tcm of conicf*eutt a etraight line in an invo¬ 
lution range.** 

Transform, taking three of the four points to form the triangle of 
referenoe, and we have 

“ Lines through a fixed point cut a conic in corresponding point of on 
invcieition range.** 

(4) The pole and polar property of oonios may be stated thus: 

***Tangents at corresponding points of on tnnofufiVm range on a conio 
el on a straight line.’* 
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Transforming with respect to an inscribed triangle this becomes: 

“ // a three-point ry^tem of conics touches a straight luw at points of an 
involution rangCf the intersection of corresponding members lies on a conic 
through the three points.^^ 

As a particular case we xnaj notice the following : 

** Parabolas circumsembing a triangle and having their axes at right 
angles intersect on a contc.’^ 

(5) From the involntion property of conics follows an interesting 
involation propetry of nodal onbics. 

If a conic passes throngh the vertex A and cots the base BC in points 
distinct from B, C, its isogonal transformation is a nodal cubic having 
the node at A, and passing through B and C. Now, if transversals 
(BPjQi), (B P»Qt)...are drawn through B to ont the oonic in (PiQi), 

(P|Qa)».^hen A(PiPf .Qi Qj-*.) is an involution pencil. Trans- 

forminir, we 6od that in the nodal cubic lifies through any point B cut the 
cubic again in pairs of points (P/QO {P^Q^)***such that A(P/Pt •*•••• 
is a pencil in involution^ tehcre A is the node. 


A* Nabasinqa Kao. 
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Note oa the Diameter of a Quadrilateral. 

Thu colliocar properly of the midpoiaU of the diagocaU of a 
coinpleto qaadrilatcral has beeo proved in Text Books in varioaa ways 
[Ki'du; (1) Casey ; Sequel tc Euclid, p. 6. (2) Richardson and Ramsey ; 
J/oci«;rn Flatui Oeovietry, p. 72. (3) Askwith : Pore Geometry, p. 151. 
(4) Roesell: Pure Geometry, pp. 34)241. (5) Oarell: Plane Geometry, 
Ft. I, pp. 118,119.] 


The following elementary proof may be of interest. 

Let ABCD be a quadrilateral of whioh AC, BD, EF ore the 
diagonals. Complete the parallolograms AH, AK as in the dgore, and 
draw parallels through C to AB,:AD. 


Now in the parallelogram AQ, the complemonU CA, CQ are equal 
and in the parallelogram AP, the complements CA, CP are equal. 




~r cp=izr CQ. 



• • CHK is a straight line. 

Hence, also, the middle points of AC, AH, AK are in a straight 
lino. But the middle points of AH, AK are the same as the middle 
points of BD, EF. Therefore the middle ’points of the diagonals AC, 
BD, EF are collinear. 


M. T. NAXimiMGii. 
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The Pace of the Sky for November and 

December 1914. 


The Sun 

eaters tbe winter SolBtice on December 22 at 9'54 p.m. 


Phases of the Moon. 



November. 

December. 


D. u. 

u. 

D. 

H. 

u. 

Full Moon 

... 3 5 

19 

2 

11 

51 

Last Quarter 

... 11 5 

7 

10 

5 

2 

New Mood 

... 17 9 

32 

17 

8 

5 

First Quarter 

... 24 7 

9 

24 

1 

55 


Planets. 

Meroory is stationary on November 16 and attains its greatest 
elongation (19*51' W) on November 24. 

Venus is still an evening star, bnt approaching the Snn with which 
it is in inferior conjonotion on November 27. It is in coujunotion with 
t^e Moon on December 15 with Mars on November 22. Daring these 
months it is near the boundary between Scorpio and Libra. 

Mars is in conjonotion with the Son on December 24 and with the 
Moon on November 18 and December 17. The planet is in Sagittarius 
in thesa months* 

Japiter is in quadrature to tbe Suo on November 7 and is in con* 
jonetion with the Moon on December 21. In these months it is noar the 
bonndatj between Capricornns and Aquarius. 

Saturn is in Tauue. It is in conjunction with the Moon on 
Deoember 4 and December 31 at 6*51 f.m. 

Uranus is in oonjunotion witlt the Moon on Deoember 20. 

Neptune is stationary on November 3 and is in oonjunotion with 
the Moon on November 9 and Deoember 7. 


Vs BiHlBiM. 
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SOLUTIONS. 

Question 339. 

(M. Brimaseka Rac) :—The incircle of a triangle ABC toachee 
AC, AB in E, F, and E', F ore the midpoints of AO, AB. Show that 
the radical axisof the circles described on EP, E'F as diaraetere passes 
throQgh the in-Faerbach point. 

SoltUion by N. Sankara Axyar, M. A. 

Take the medial triangle D'E'F os the triangle of reference. 

Then the eqnation of the n. p. c. of ABC is 

S=o;ffy+ 6 ya -fca/ff =0. 

Now the equation of BC is i>^+cy=0. 

lienee the equation of the iooirclo of ABC is 

V (fi ^ (e-&Hcy+^'*^) + ^ (s-c)Caa + ''/?) = °- 

The common jioint of these two circles is easily seen to be 
\b—c c—a a—b/ 

The point E is found to be c(o—c), oc, o(c -o). 

Similarly P is foond to be 6 (a— 6 ), 0 ( 6 - 0 ), 06 . 

If P be a point on the circle on KP as diantetcr, then PE 

and PP are J.r. That is ma-l/?=0, and aoCme—nia-ctt)+/?(a-c) 
(cH+a 6 )+cy(oZ-mo+c)= 0 , should be perpendioolar. 

Thus nw—cn)—l{fl-e)(c»»+« 6)+6 cos A*c(af—wm+c) 

me 008 B (al-fna+c)-oo3|C { ^a-c)(cn+o/)-aI(m<:-ma-«n) } =0. 

Simplifying, we got for the circle on EP as diameter 

c S+(aa+ 6 /?+cy) { /ff(a-c) oos C+a(o-c-c cos A) } =0. 

Similarly for the circle on E'F as diameter. 

Hence the i*adioal axis of the two circles is 
J3{a-~c) oo8C+a(Q —c—c coe A) _ y(o— 6 )ooaB+a(Q— 6— hoosA ) 


aa( 6 —«)<—64(c—a) cos C—cy(o— 6 ) oos B=0, 
which evidently passes throogh the point 


Qaestlon 431. 

(P. V. SiiHD B. a., L. T.) Integrate 
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Soluii'm by N. Durai Rajan. 


Write n0=4i and-=:«t. 


n 


Then l=mf sin mr^iisin d<p 


=m/Bin’"“*«(co8<f siom—l.<^+9in<^> cosm— 


m 


m — 1 
Replacing 4 ** 


. eiD'”^<^. 8in(m—1)^. 


i-i 


! = sin” n0. ain ^1—1^ 

1—« \n / 


«0 


_ 1 8in(l—n)0 
~l^n i_l 

sin ”n0 


Question S05. 

(A. C. L. Wilkinson, M.A., F.R.A.S.) :**-A point moves along a 
corve and PQ is drawn making an angle with the tangent at P eqoal to 
X times the angle which the tangent at P makes with the tangent at a 
fixed point O of the orirve. If PQ envelopes a circle, find the equation 
of the curve and trace the carves for which X=l, Xs:|, showing that 
the latter is a nnicorsal algebraical curve of the fifth degree whose 
eqnation is 

108!B*a+a!*(y*+162fli/*+405oV-2916a*)+y(y>+26ay-81o*)*=0, 
where a ia the radius of the given circle, and that the former has an 
infinite number of parabolic asymptotes given by the equation y’s 
4a+'7j(—z+ar+'n) where r is a positive or negative integer. 


Solution by N. ^ratrq;ar». 


Let 

a sin 4»“*y cos 4'=P=/(4') 
be the tangent at P. 

Then the normal at P is 


a cos tp+y ein 
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Since PQ makes an angle n4< with the tangent at P, its inclination 
to the z—axie i3(n+l)4f. The equation of the PQ is therefore 

z sin 4'—3 /cos 4*—oos i|j+y sin 4»—=0, ... (i) 

sDch that the gradient is tan (n4*l)4'. 

COS ^—k sin 4> 

Sobstitoting in (i) we get 

z sin (fl+l)4'—y cos(n+l)4>—p cosn4'+~ sin n4i. 

(^4/ 

If this toQches a cirole of radios a the origin being supposed to be 
the centre of the circle, we have 

p 003 n4;+^ sin n4^=a. 

(i4i 

Solving this linear equation, we have 

1 j , 

p(Bin n4<)" =C+/o(8in n4<)" d4*- 

(i) Lot n=l, then p sin jj=c+o4>=Q(4<+tt)> 
where a is an arbitrary constant. 

Taking the typical carve j>=a4^ coseo 4^1 the tangent and normal 


are 


z sin 4»““y C 08 4j = , 

sin 4) 

* 008 4,+j, Sin4,^ °"°4--’l; 

Tbo co^ordiDatea of P aro givoD hy 

ir=a[oot 4>+4^(1 ^oo 
y=:a[l —241 oot 4^]. 

The point P moves to infinity where 4<=:fir. 
Now, when 4< approaches rw, we may write 

I «• t* r 1 

4,=r7r+t-j+5-.. I <=:ten4,| 

**J. ""W 1 ( (* 

fg'n+l— 


Thus 


rw 4t 

=-F+’’’'+T- 
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2r'ff 2t^ 

=-i— r+T+ . 

If 4r>9*n, and thas 

X rn 

.*. +rfl, 

S'- 1 ?ni 

Elimioating I 

(y+a)*=4ar7T(—aj+ar-rr), 
whiob is the eqaation of the parabolic asymptotes. 

Referriog the corre to the point A (o,—a) as origin, the eqaation 
becomes y*=4ar'rr (—a+am). 

A tracing of the cnrve Is added. The oarve is easily traced by 
tinding out the points where 4^ has valnes 

-n TT Sit 
0 ,*^, TT etc. 

The circle is the oanstio of the carve for rays parallel to the *—axis 

(See Boole’s Differential Eqxtationi for a different method of attack¬ 
ing the problem.) 



(ii) Let 

p. (sin ein '^4' 

. ^C—2acoa^4>. 

Giving C the valao 2a 

^ P Bin>|4i=2a(l-coB }4^), 
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• • sec’ I. 

4 

Henoe 1 oos* -J4j=sm 4'4-'i cos tji tan i4». 

^ cos*^4^= —cos 4'+ -isin4» tRD j4'- 

Put tan ^4^=^ tLen X and y can be expressed as fanctions of a 
single parameter t. 

Theiehminant in a onicorsal curve. I am not able to find out what 
value of C Prof. Wilkinson has adopted. 


Question 514. 

(A. C. L. Wilkinson, M. A.. P. R. A. S.) :-An conics catting a 
rectangular hyperbola orthogonally at all four points of intersection 
consist of (1) hyperbolas having the axes of the given hyperbola as 
asymptotes, (2) all conics confocal with the given hyperbola, 1 , 3 ) two 
sets of ellipses each passing through two fixed points and whose 
centres he on one or other of the axes of the hyperbola and whose axe- 
are parallel to the asyn.ptotes of the hyperbola. 

Solution by N, Durairajau. 

A more general problem is “ given a conic, find all the conics outs 
ting the given conio orthogonally at all fonr points of intersection.” 

Let the given conio be 

end the orthogonal conio be 

I S'= o 2h'xt/ +6'y*+ 2!/x +2/y+ c' = 0. 

The condition for oithogonaliiy is 

<l=az{a’x^ h'y+g')+by {h'x +6'y+/) ^ 0. 

This IS true for the four points of intersection. 

^ The conic 4 = is therefore of the form \S+/xS'=iO. 

Equating oo-efficients 

aa’s. \a+^a' 
bfc'eVii 4.^.6' 

A'(a+b)=2/iV 

as'=2/i.3' 

V'=2p./ 

'J he third condition gives 

V=0, ora+6=2^. 
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The fonrth and fifth conditions given 

9=0, or a = 2ft. 
f =0, or b = 2ft. 

We have thns the following cases 
(1) V=0. ff' = 0,/'=0. 

\a \h \ 

S' becomes-—^+^y+-=0. 

—i^+^/+-=o: 

a —a tL^ fL 


p. ' 

These are codics coafocal with 

(2) i.e.y = s' =0,/=0, 

, \o 2\q 2X6 

** ^ 6^ 6—a 

Hence S' becomes 

=0. 

shewing that the conies pass throngh tho iate^aoction^ of 

. . a—i> - 

^9=0, and a*®—t!/ 

(3) V^0.9'=0,6=2fi. 


2\a 


2 \ 


fc* 


Thns S'=2\(2-^+!/’+^)+2ry = 0- 


(4) V=0, a=2fi,/'=0 

Similarly, we get 




(5) h’=0. a=2p.. b=2p.. 

This case is impossible, for, a^the points of intersection of the given 
oirole (a=6), the normals to theiolrole are tangents to the oonio: The 
oonio would have fonr tangents from the centre of the oirole, which is not 

poBBible* 

(6) Vi^, 9 '= 0 ,;f.= 2 p„ and 2p.=a+6. 

Here o=0., which is contrary to the hypothesis. 

So also / *0, o=2p.. 

The condition <^=0 may be identically satisfied by putting. 
ao'=0, 66'=0, h'(o+6)=0, a^=0, hf=0. 

Since a and 6 are not zero, o'=0, 6'=0, and V if not zero, S' being 


a oodIOm 
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a-|-6 =0 And =0, y =0. 

.V. B .—Wlien the given c loio is a R. H. the orthogonal 

conio is the R.H. xy=P. 


Question 53 i. 

(K. V. ANiSTANABAYAXi Sastbt, B.A.) If V denote the entire 
volume of the figure bounded by 

and A the whole area of its trace on the xy—plane, prove that 

V = B -L'\ 

19 . 35 * ^ 8 ’ 16 / * 

Solution by T. P. Triwdi, 3f.-l., LT/.R, J2. J. Pococh and P, A. Sub’ 
ranianya Iyer B.A., L.T* 

The Tolonie is given by 8/// dx dy dt where the integral is to 
extend to all positive values of z, y, £ subject to the condition 

Employing Dirioblet's formula, the volume 

Sate r(^)* 


v= 


(ny ^ (^0 ■ 


The area of the trace on the zy>plane is 



17 1 3418 2 r /1\ 

o.l6l?i6'1616 W kl6y) 
' 5135 19 3 -/3 \ 

1516*TB16 Vl6 / 

17c „ /I lx 
19^5 kg’16 
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Question 533 * 

(E. N. Aptb M.A., P.R.A.S.) -.—Find the valae of 

{*+(£)^+ 

where sscfl—*^ 0 ^ the integration is overthe positi 
\ a* b ' 


1/^ 

quadrant of — 5 +^ = !. 


Since 


o* • b' 

S(^ution by T. P. Trivedi 3/.A., LL.B. 

£l=i-£—vL 

c~\ a’ f>W ’ c* a’ &*• 


Ld5=-4(ir,or 

HiK 


dz 


dx 


X c 

z d 


t» 


Similarly 


dz _ y 

dy t h** 


Tbos the integral 

Change s: ioto 02 and y into hy ; then ~«+p becomes z’+y* 
beoomee abdxdy. The integral finally rednces to 

f ^- A 

JoJ® a 6* / 


aVc 


= oVc 






*y 






/ 


zy* i 




(l-^-y*) 
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Pot *=sin 0; 
I 


= a*6*c J 2 I sin 0 co3*0 ^cos*0-f o* 


+ 


jCO8*0sin0^^1^d0| 


^bich girfis on redaction 

aW/2 , 2 , 1\ 

15 Va*'’’6*"^ cV‘ 

Question 524. 

(S. RjoiiNDJiii):—Shew that 

(i) ^ “““ T+V f+\/ ■=“• =Ay“-=i^ 

(ii) CO. cos COS ^ = 

Solution by N. Sankara Aiyar, 3f. A. 

Lemma .—If a, /?, y, be the roots of a given oubio ecjoation to form 
the equation satisfied by p ^yhe^o '^p^'^o- + ^/3+'^y. 

Unbing we get _ _ 

=Ea+3(£-^cr)(E-C'a>J)—3-^a;ffy. 

{ p-£a-\-Z^ai/iy } *=27f { Ea>£?+3E(^a/?)E(^aW) 

-3^a»^V ) 

=27p { Ea>g+-yaygyCp-Ea +3^^)—} 

p*—3p*(E«i—3^a4y)+3f(Ea—Sig/ayffy)* 

—(Ea—3-$ a/?y)*=27f { Ea/J-EaV^i^ffy } +2ip^^. 
p*-3pK^a+6’&'^)+3p < 9Ea/? 

+9Ea-(/a/?y } —(Ea—3^^y)*=0. 

(i) Iiet B=ioo8-^^+t sin The roots of *^—1=0 are the 

, , 2^1, • 2riT 

valaes of cos -^+* sin ~— 


Snbstitote a+l=y=2 oos The equation for 


y 18 


yi^yi_2y-*ls=0, and its roots are 

2 OOS y , 2 008 2 008 ^ or 2 009 

SabBtilnting in the equation forp the valaes of Ea Ea^, anda/?y, 
ire get after redaction 

p*— 15 p*+ 75 p+ 64 = 0 , 
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or 


0>—5)»+189=0. 
The real value of ^ is thus (5—3 -^T). 
Hence 


^2 = in. 

(ii) Again the equation 

(»“-l)/(a^_l)=0, 

has roots cos * sin where r 0 (mod 3), 

%r 9 

Substituting «+l=y=i:2 cos^^, we get the equation for y in the 

•J' 9 

form y*—3y+l=0. 

The equation for p reduces as before to 

j>»+18i^+108i»-27=0. 

or 0>+6)*—248 =0. 

Thus 


' "/ 2-7T , »/ ~4vr . 3/ S-n »/ 

Yco8-+^cos-+^coe-=^ 


_^»/3 -^9-6 
2 


Question 525. 

(S. Bamaiujah):— Show bow to find the square roots of surds of 
the form ‘^A+'^B* and hence prove that 


V 

V 


3 


■f28—^27 

Solution by N. SonAraro Aiyar, i£.A. 

The square i-oot should evidently be of the form 
where the surds^'^jj*, "i/pq 4o., should be similar in pairs 

p = a'b:q^b\ r=a .. 

or p=ab',q=b\ r=aV .(ii) 

or p=uS g=of. r=a»6 .(jii) 
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Taking (i) we get the sqtiare 

■^afc’(®^+2mn) + -^ 6(hni*+2oin)+i^a* (»’+2 lf»h). 
One of these coeffioienls should vanish. 


Thus, talcing the first example, we get 

aJ’+2»n«=0, 6Tn.*4'2ain=l, 

1 and b=5, as2. 


Hence 


V 


H’”= 




1 1 

"s'" s' 

f 20—^25+^2 
3 


Taking (ii) we get the square in the form 

iJ/a’6(6rq-26wm)+-^6(6m“+2aJf»)+'(/o6(oi>n*+25Iflv). 
We should make one of these uoeffioiente vanieb, 

Taking (iii) we get the square in the form 

Po’+2mno6+-^af»*(on*+2alm)+■^o*6(hm*+2af«). 
Comparing this with the second example abovet we get, 

l*a*+2mno6=—3, 6TO*+2aln=0, 
on*+2aim=l, a=7, 6=s2; 
or i’o’+2mnai=—3, 6wi*+2oln=l, 

an’>|-2alm=0, as2, &s:7. 


The first gives i=~, 

The second gives ws—_L, 

V 3 V 

Both give the same result: m's., 

l+-y28— 

The positive root is therefore 

-^9S-^28—1 

~3 


Question 537. 

(A. NiSisiKGS Kio.) A familj of qnartics having nodes at A, B, 
C, pass through four other given points. Shew that only two 
members of the family tonob the oirole ABC. 

Solution by Proposer. 

The isogonal transformation of this quartio family w.r.t. A ABO 

is a family of oonios passing through the oonjogates of the fonr given 

pointe. Also, the isogonal transform of the oirole ABC is the line at 

infinity. Henoe the above result follows from the following property 
of oonios: 
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“ Two members of a foar point system of conics touch the line at 
infinity.” 


Question 528. 

(A. N. Raohatachab, il. A.):—If (n, r) denote the sum of the 
prodncts r together of the first n natural nnmbers, find the value of 
(2n-l,n) (2n-2,nl , (2^*-3. «) n) 

^ '*‘1212;^ 1"-1 |n^ ‘ 

Sofuti’on by T. P. Trivedi, M.A., LL. B. 

We have 

[log(l + g)y aT (r+l,2K^« 

il Ir+i 1!!+^ 

(Ex. 11, page 80, Edward’s Dijf. Calc.) 

Jlence 


(^^^-^^=coeffioient of **" in (-I)” ^ 


1^ .. - V */ 

(2o—2,n) , f r* • , *flotr (l+xll 

'jj-g^'=ooeffic.e«t of *■“ ID (-1) 




and so on. Thus the series is eqnal to the ooeff. of ic*" in 

(-1) -^{[>”8 (n-»)r-|r|^»(log(n-»)3--- 

+ (l+a)]”^—eto. to « terms 


=(—1)” coeff. of in (l+*)-«r+{-l)""'a"} 

=(-!)" coeff. of in 

^_1 

\n 2"’ 


Question 531. 

(Ns Samkaba AitaB| MeA.)lotegrato 

r<o 

J 

SohUi^iS : (1) hy if, Bote^ (2) by Ka J. Sanjatuz^ T, P* Tr%vedi\and 
P. A, Suhra^ manyallyer^ B.A,f L,T,\i (3) by the Proposer, 



sio xy 
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Ngw^ is the real pan of 

9y (!+**)• 


taken round a eaitable uontour 


in the z-plane. 

Consider a contour composed of a semicircle in the upper half of 
the emplane together with the real axis from >*xi to+co • 

The Inoction has otd; one singularity 2 = 1 of the third order 
within the contour. 

Let R be the residue at z^i. 


Then 




on differentiating and putting z=i, we have 

R==^(y’+3!,+3), 

|i =2ma=? ,r^(!,'+3j+3). 

I=^Je"^*(y*+3y+3)t/y+coD3t. 

=^[8-.->'to’+6j+8).j 

Since the integrand is even the reqd. integral 


Hence 


(2) Taking the result 


integrating with respect to y, and determining the constant so that the 
integral vaniehes with y, we obtain 


/ 


00 




-(2«->+2!,«-'+y'0 } 

=n{8-.->(8+5y+j,') y 

(3) LetlJ=tbe required valoe of the integral. Then 


=-r 

dy* J 


CD 


Sin ay 




da 


It 


4 2 2 


(Vol. VI. p. 2t}of J.I. M.S.) 


» • 
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Bat «T s=0 when y =0, an^l when y=0 


and 


Hence 


:H= rf*= f 

,ly Jo (l+xy j 


« dx 


S-rt 


(1+xy 16 


A+B+io. 

A 


16 

A= 0 . Bs= 


IT 


2* 


J=?—«->W+5y+8)^ 


Question 536. 

(K. Appukd-btan Bradt M. A.) :—Prove that 

+00 .+<» a5'+a'6-2U' 

J -CO -03 (a'b'-h'*y- 

vrbere u=ctc*+2/iay+6i/*; it=aV+2A'ay+6'y*. 

Solution (1) by B. Vythynothaswamy and (2) by B. J. Pocock, B.A., 

B.Sc, F.B.A.S. 

(1) Consider the pairs of lines represented by 

aa!*+2A ®y+by®=0 ••• (1) 

a'a®+2V*y+b'y»=0. ... ... ... (2) 

Traneform the axes ao as to coincide with the biseotora of the 
angles between the lines (2), Let the transformed eqnationa be 

Aa;*+2H ®y+By*=0 ... ... ••• (1*) 

L**+My»=0 ... ... — (2*) 

Then the given integral rednoes to 

f® r“ (Aa>*+2H*y+By*)e“^®“"^^'’d®dy, 

^ —X J 

.<X) 


stnee 




K®* 


dx^O. 


Tboabovo^f f fAi?+By®)e ^^daaiy. 

J —flrt ^ 


Noting that| j 


-00 ^ -<0 
® -a** 




-00 

X 


=r ( 

^ -00 


A y- rr 

2 


d ®=2 [ 

- o 

a 


e ^dzt the above 


B/. 


Vy 
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V 7I A /-ff VlT B 

M 2-7r+Vi:‘ TT-’T 


■n ^ AM+BL \ 

~ 2 ^ (LM)= ^ 

An) hy invariants 

AM+BL=ay+a6-2/iV. 
aiiH LM = a5'-V*, 

whence t)ie r^^snlt recinces to 

5 (< 26 >a' 6 - 2 ^ 

( 2 ) By the sobstitatioD X.^a'^a^x^h*y ; Y-^a' A**, be* 

comes ^ ^ becomes 


<*.v*4._2XTa_ / v^. _ 

Va'^^'* ■ V"o' ■*■ (a'V-. 


(o'6'-V*) 


|^-2Wi + a'6j 


rfXcfir 


Also dxdy becomes -- — (Williamson's'/n^ejral, § 223 ). 


Now 


r+<» r+ -X*-Y* 

J J XYe dX<iY = 

^ —CD ^ --CO 


..+® 


— CD 


-X* 


r + X _Y» 

J_..Ye , 


— CD 


dY^O. 


since the integrals vanish at both limits* 


Also 


+CO +<x> _x*_Y« r+® 


— 00 —OD 


X*e 


=/ 


—00 


-X* 
X*e dX 


-Y* 

J *00 ^ ^ 


f+® 

=^/o. 


-X* f+® -Y» 

xj^ e «JY, 


= 2 / 


. . dY, 


writing X*=fi. 

The first iDtegral=r(|)= 3 ^^ the second al 90 =y’^. 

2 

The given integral 

=TO. ( V ) Win . 
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ir at'+o'6-2AA' 

2 (tf'6 


Question 537. 

(K. J. SiNJANA, JJ.A-) ;—Prove that 

1 a?_1.3 ** . 1.3.5 I* _ 

2‘ 2 2.4 4 '*'24.6 6 . 

=\ log (l+®’)+ g log (l+a,*)+ 1 log (1+*,*) + 

where .' 

and that 


lx* 1.3 X* 1.3.5 x«. 

2 2'*'2:4 4'^2.4.6 6r”‘ 


where z,*— 


= —i log (1—**)-J log (1 +X,*)— ^ log (1+*,*)— 


4(l-x*)‘ * 4(1+0 




In the first eqoalitj x is anj real quantity ; in the second, any real 
quantity <1. 

Solution by T. P, Tfivedi, M.A., L L.B. 

We have 

log (1+n cos*0)d0 = ^ log I (l + o)(l + n,)^(l+n,)^. 

where n, nj, n, etc., are oonneoted by the relation 

4(n,+l)' 

(Bz 16, page 75, Todhanter*8 Integ. OaJc.) 
Talcing nsx*. we find that 

i log (l+x*)+i -log (1+0+.^0® (l+x’oo8*0)d0 

.)■» 

1.3 .1.3.5 

2*2 SSi+gAfiT”. 


— the left side of the first equality. 

The second result follows by changing « into at or by reducing 
ftr 

j log (1 a*oos*0)d0, as in the first oase. 











198 


QUESTIONS FOR SOLUTION 

575. (S. Nabataha Aitab, M.A.) :—If B,, B„ Bm B, etc., are the 

Bernoulli's numbera etc., show that 


Bj^Bj+ Bj—B,+B«“B|j-f*.to 00 — 


IT’-9 


576. (S. Nabataxa Aitar, M.A.) Shew that 

.to 


c*= 


CO 


.-- 


577. (K. AppURrmM Eradt, M.A.):—If S. S' are the semi'scma 

of opposite angles of a spherical qoadrilateral, proTe that 

cos (S—S') sin^a sin^6 sinlc ein^tf .-cos (S+S')oos^aoot^hoos^coos^ 

=^£(008 a), 

< 1 , h, c, d being the sides of the quadrilateral. 

578. (N. P. Pandta) r^.-Construot a triangle ABC, having given 
the side BC, the distance between the oironmcentre and the symmedian 
point, and also the distance between the inoentre and the ezoentre. 


579. (S. Nabatanan, B.A., L.T.):—With the three vertices of a 
triangle ABC as oentres, oiroles are described to tonoh the opposite 
sides. Shew that the three common chords of these cirolee with the 
oironmoirole from a triangle whioh is in perspective with the original 
iangle. 


580. (R. Vtthtnathaswaut) :»^hew that the algebraical factors 
of the determinant 



are given by 

{ ±/ (a, m, n) ±/ (6, n, 1) ±f (c, I, m)-/ (o, 6, e) } , 
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the ambigQoae signs being taken all positive or two positive, whore 




0 


X 

0 


y 

z 


0 


y 

X 

0 


I 

581* (R. Vttetkathisawut) :—Shew that 

(1) iCfl—tC,+gC 4 —„Ci.to 00 =•! sin (J tan“'4), 

(2) —»Cj+^C|—loCg.to 00 =4 oos (i tan"^). 

582< (J- C. SwAAiiifABAYAM, M.A^) Ffove the identities 

•S.. % X % X . ^1 


tan“*aj—tan"* -—tan"^ >#+ 


gd 


and 


[tanh-*a:-UDh-'|+tanh-' ®-tanh->|+.gd-* 

583--HJ' 0. SwAuiKABATAM, M.A.):—Shew that 

CVZ-1 

log (1+a) , w* , f. V5—1 *) * 

o 

r V5-1 


and 


T- IogV5-l'» * w* 


(Snggeated by Qaeition 572 of Mr. Bhimansena Rao.) 

Ramakdjan) Examine the oorreotneee of the following 

resnlte 

(l-a')+(l-*) (!-*•) (!_»*)+. 

__ 1 __ ... 1 

a-»j (1-a^ (l-»«) '^(i—««) (1-e*) (!“«**). 

Here 1, 4, 9...on the left side are the sqoares of nataral nombers. 
while 1, 6, 11, 16,..and 4, 9,14,**.on the right side are numbers in A.P. 
with 5 for common difference. 

<“) (1-**) (l-a*)+. 

- 1 1 
i—a>l; {i-x^ (!-»•) (l-;e»). 










^0 


Here the n*^ term of the series 2, 6,12...is n (n+l)i 2, 7, 12...; 
3, 8,13,...increase b; 5. 

585- (£• V. Anahthakabatama Sastbi, B.A.) Prove that 
-n 

2 ten-> (a sin +) d+^:J+log m log (j^) -2^” 
o 

where m—(l+a*)*—a. 

586. (K. V. Amamtasabatana Sastsi, B.A.):—Prove that the 
length of the first negatire pedal with respect to the origin of the loop 
of the Folium of Descartes 3 oay =0 is equal to 6a—o{ 

V2 log (1+V2)}. 

687> (T. P. Tbivbdi, M. A., LL.B.}:—If the centre of preasore 
of a triangle immersed in a liquid coincides with the symmedian point 
prove that the depths of the aognlar points are in the ratios 

3o*-h*-o*; 3fc*-c*-a*; 3e*-a*-6*. 

588. (T. P. TSivedi, hLA., LL.B.) If S„ denote the series 

1——+-R—‘Sto., to n terms, prove that 
3* 6* 


n=CD 

2 

n=l 


(2n+l)* IR“ 


589- (S. KsisHNAsAwm Aitahoab) :— ABCD is a qaadrilateral 
and its diagonals meet at right angles at S. With S os foons two oonios 
a, /S are described one oironmscribing the qaadrilateral and the other 
insoribed in it. Show that 

1. the two oonios have one direotrix identical, 

2. the envelope of polars with respect to /3 of points on d is a 

conic having one foons and one directrix common with those of a and /S. 
♦ 

3. the lines joining the points of contact of/? with the sides of 
the quadrilateral meet two by two at the vertices of the harinonio 
triangle of the quadrilateral. 

590- (A. A. ERisnNAWiui Aitahoab) Solve completely : 

-4>’)^+(2>’+l) (2r+3)y=0. 

691* (A. A. KfiiaHKAawAui Aitanoie): —Two circles ioterseot at 
A and B. The tangents at the extremities of a double chord through 
A meet in X. Show that XT perpendionlar to BX enyelops a oircloe 
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The Theory of Irrational Numbers, Part I. 

Phillip E. B. JoardaiD. 

{Continued jVoni page 175.) 

V. 

Bolzano was concerned to prove the theorem in the tbeorj of eqoa 
tione that, between two valaes of the oiiknowo which give the funotion 
considered different signs, one real root at least of the equation most 
lie. He gave a most aoote criticism of the previous proofs of this 
theorem. That proof was to be rejaote.l which some people have carried 
onb bj nsing a conception of the “ continnity " of a fanotion, with an 
admixture of the conceptions of time and motion. “If the two fonotions,” 
they said “vary according to the law of contionnity and, for zsu, 
/(a)<<^(a), but for 2=5,/(h)>i^(5) there must be a value u between 
a and h for which J(u)=<^(u).“ The picture which is at once called up of 
two bodies in motion cannot be regarded as more than a mere example 
which does not prove the theorem itself, but must be proved by it 
According to Bolzano an “ incorrect conception of continuity ” is hero 
need. *' According to a correct explanation, we understand by the phrase 
that a funotion /(e) varies for all values of x which lie within or without 
certain limits according to the law of contiauity, only so much that, if 
X is any such value, the •difference /(e-f U>)—/(z) can be made less tban 
any given magnitude, if we can take (o as small as we wish.'* The 
sapposition that a oontionous fonolion can never reach a higher value 
without passing through all lower ones is a theorem which follows, 
indeed, from the above conception, but can only be proved by tbe 
theorem proved in Bolzano’s memoir. 

The theorem to be proved evidently rests on tho more general 
theorem that, if two continnous functions /(z) and 4(z) are such that, 
for z=a,/(a)<4(a), and, for z=5,/(6) >4(5), there must be a value 
of z, lying between a and 5 for which /(2)=4(^)> /(‘*)'<4(<^)> then, 

by the law of oontinnity, we also bave/(a-f t’)<4(a+0i * small 

enough. Thus the property of making / smaller than <p is possessed by 
all values of i which are less than a given one. However, this property 
is not possessed by all values of t, for /(5)>4(5). Now, we have the 
theorem that, when certain property Af is posbeased by all values of a 
variablQ t which are less tban a given one and not by all, there is a 
greatest valne u sooh that all valaes of t which are less tban u possess 
the property If. For this value we most have /(<x+tt) = 4(a+tt). The 
theorem just mentioned was proved " by showing that those valaes of t 
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of winch it can be aaserted that all lesser ones possess the property JIf, 
and those of which this cannot be asserted can be bronght as near to 
one another as we wish. Hence resnlts, for everyone who hai a correct 
conception of magnitude^ that the thought of an i which is the grealeat 
of those of which it may be said that all less than it is possessed of the 
property iV, is the thought of an actual tuagQitode'^^ 

Bolzano then began his formal demonstration by pointing out that 
there are inhnite series^ a geometrical progression whose base is a 
proper fraction— such that, if only n is chosen large enongh, what may 
be denoted by differs, however great m may be, from ^n(^) ^7 

a magnitude less than any given one however small* ** A fortiori this 
must hold of a series whose terms decrease more rapidly than those of 
a falling geometrical progression’*.* If, then, this condition—that, if e 
is given to be as small as wo please, then, if n is large enough, the 
difference between and any later sum is less than 6^13 fulKlled 
for an inSnite series, ^Mhere is a certain stationary iDagnitude {bestihuige 
Oro$$e)^ and indeed only one, which the terms of this series of sums 
approximate ever more olosely, and to which they can come as close as 
wo please if only we oontinne the series far enongh.”* 

Bolzano’s proof,* which is a very essential element in the proof* of 
the main theorem that, if a property is possessed not by all valnes of 
a variable magnitude x bat by all which are less than a certain v, 
there is a magnitude U which is the greatest of those of which it can be 
asserted tbat|uU ^’s less than it have the property if, is ns follows: *^The 
snpposition that a magnitade X, to whioh the terms of the series of snms 


1 IIhVI., p. 14. 

^ tUiU, ppi 19*20« We may notice that Bolzano oonsiderod series wboie 
terms depend on a variable e. Thua, what wc denote, following Cauoby, by i , 
he denoted by 7”#, (ibid., p. 39). That, os soon aa wo conaider tho sum of n 
terms of a sorioe oe depending on another variable (o) ibeaidoe a, we got the 
poasibiiicy that, thoogh a^fol^sy tend to a dodnife limit for csoh o in the 
domain oonaidered, there may be no nomber which (s not aorpasaed by auma of n 
terms oalcalatod for oerUin f't. was not notiood by Bolzano. Oaosa (of. M« Paaoh, 
Frrofidrrltchr und Funl'iton, Leipzig and Berlin, 1914, pp. )41*148, whore a further 
development of Oauaa'a oonoeptiona of upper and lower limit was moDtloned), in 
bis ineugoral diaieriation of 1709, rem&rkod, as we have seen above (} ll), that 
if 7 can take ifao value S and not the value 17, it deoa not follow that between S 
and (7 there must be a value T whioh Z can roaoh but not surpaan, for It is 
poaaible that there is a limit between S and V to whioh Z can approach aa oloarly 
ai we wish without reaching it* 

• Ibid.,p. 20 . « iKd.,p, 81i 

* Ibid., pp. 21*19, ^ fbiU, pp. 81*89; of. oap. pp, 87*88. 
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approach m closely as we wish as the series is continned certainly con- 
taioe nothing impossible when we do not presnppose that this magnitode 
IS single and invariable. For, if it is to be a magnitode which may vary, 
we shall be able to take it at every moment so that it comes very near 
to the term e„(*), with which it is compared, or indeed coincides com¬ 
pletely with It. Bat that the supposition of a con-itant magnilode which 
has the property of approximation to the terms of car series contains 
DO impossibility, follows from the fact that it is possible on this suppo¬ 
sition to determine this magnitude as accurately as we wish. For sup. 
pose that we wish to determine A' so accurately that the difference be- 
tween the supposed value and the true value of A' does not surpass a 
given magnitode d which is as small as we wish, we have only to seek a 
term F„{x) of the given series such that any following term F„^r{x) 
differs from it by less than ± d. By the supposition, there must be each 
a F{x). Now I say that the value of F„ (x) differs from the true value of 
the magnitude X by at most ±d. For if, with any n, r is increased at 
wish, the difference A'—FV+,(*) = ±(i» ran become as small as we wish. 

But the difference F„(a:)—remains less than ±t/, however great 
we take r. Thos the differonce 

X-F„(x )=A - (*) - 

must remain less than±(d-f to). But since this is a constant magnitude 

with the same »», and to can be made as small as we wish by increasing 

r, A—F„(a) must be equal to or less than ±d. For, if it were greater 

and, for example, equal to ±(«i-l-e), then the relation d+e<d+w, that 

18 to say e<( 0 , could not possibly subsist if to in diminished more and 

more. The true value of X therefore differs from the value of the term 

by dy and consequently, since we can take d as small as we wish 

we can determine the true value as accurately as we wish. There is 

therefore a real magnitude, to which the terms of the sorioa referred to 

approximate os nearly as we wish if we oontioue it far enough. But 

there is only one such magnitude. For if we supposed that besides A 

there were another constant magnitude T to (which the terms of the 

aenes approximate as much as we wish if fhe eeries is continued far 

enough, then the differences A-F„+,(*), and r~F„+,(«) must be 

capable of becoming ae small as we wish if r is aUowod to become great 

Therefore the eame mast hold of their own difference JC—Y* 

an 18 18 impossible, if A and T are to be constant magnitudes, unless 
we suppose that AssK 

VI. 

Hm-J** t" Bolzano did not presuppose tho existence of a 

mi . In fact, his procedure waa praotioally the same os that of Jleray 
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who defined a seqaence to be *< convergent’* if the ontenon above re- 
ferred to ie eatisfied. Later on, we will consider Meray s theory m 
detail; bat at present we must point oat that there is no logical evidence 
that, in general, each a “convergent” senes has n limit at all. Sappose 
that the set of rational numbers is defined. It is not d.ffioalt to give an 
example of a series of rational terms which is “convergent and yet h^ 
no rational limit. Perhaps nearly everybody wonld admit, on the 
groand of anaualy 2 ed ideas of a geometrical “conlmaam, that, if we 
represent the various rational soins *„+i. -of the senes i 

qnestioD by points at the corresponding distances on a straight li . 
these points would define a limiting point. Bat we can only affirm that 
the corresponding series has a numerical limit if we assame that to every 
length corresponds a number, which consequently is not always rational. 
But this is to assume the existenoe of irrational numbers. 

Proofs of the existence of a limit in the case that wlmt may be 
called “ the Bolzano-Canohy oi iterion of convergence *’ is satisfied were 
ftltempted by Hankel’ and Stols*. If /(») approaches a limit as (t tends 
to a, we can easily show that, for any possible tr, a possible 6 exists 

such that, if 0<5<e, then 

The converse proposition that this condition suffices to prove the 
existenoe of a limit, must, in HankePs* view, be proved and this can only 
happen by investigation of the conditions nndev.w. loh there is no limit 
M a appioaohes a. In this case we can never choose <r so small that, 

if 0<5<e. then 

[/(«»+e)-/la+5)]«r. 

Thns, if /(*) does not approach any limit, onr supposition is contradicted. 
Consequently the inverse holds. 

Stolz’s proof by means of the “limits of indetermination ” of F „(*) 
introdnoed by P. da Bois-Reymond. is only apparent, since it presup¬ 
poses the existence of a limit of indetermination just as Bolzano a 
theorem pre-sopposes the definition of a real number.** 

1 Artiolo!'On*n*e'’ in Krsoh and Qmbet’i AIlp BncvcJnpadtr, I. Sekt.Vol. 
XC. 1871, p. 198. Hankel, in 1 19 of this artiole, was the first mathcmatioian to 
^11 sttentloii to tho merits of Boliaoo’s mathematical work. 

9 Onp 200 of hie article "B.Boliano’s Bedoolung in dor Oesehiohte do 
Infimtcflimalreohnnng ifoths. Ann.. Vol. XVIII, 1861, pp. 165-279. See 0.t«>aW. 
ZliiMikw, No. 168, p. 42. 

» Ibid., p. 107. of. p. 95. loc. p. 20O- 

U Oltwold’l No. 163, p. 43. 
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VII 

Dn Bois-RejmoDd’s treatmeDfc of the qaestions lying at the basis of 
the theory of convergence is very instrnotive. He noticed” that the 
principles which held for the convergence of integrals were also fanda- 
tnental for the convergence of all the series known to him, and that 
besides this, they serve to prove the then unproved convergence of 
certain of the series used in mathematical physics and which represent 
arbitrary functions. These principles can be ooinbined into a email 
gronp of theorems aboot the snm 

Uil’» + U,V,+.. 

and correspond to the cases where the snm Ui+u,+...i8 (1) absolutely 
convergent, (2) conditionally convergent, (3) indeterminate. Potting 

•*i+“«+-*+«n=:F^Mand lim „=oo^»»=^^* Bois-Reymond distinguished 
fonr cases : 

1. 17 is finite and determined, as in the case of the series 

1 —^ ...; 

2. 17 is infinite, as in the case of 1 + ^+^ + ... ; 

3. U cannot be infinite, bnt is not determined, as in the case 

4. V can bet infinite and is not determined, as in the case 

1-2+2-3+3t-... 

The object of da Bois-Reymond’s memoir of 1870 was to exhibit some 
new relations between the first end the third case. 

Da Bois'Reymond ” formnlated the fondaraental principle of con¬ 
vergence as followa ; “ P is finite and determined! or Pis not, according 
as the Bom ««.+««+!-♦•...+«„ has zero for its limit when m. aud n be¬ 
come infinite with any relative velocity.” On this principle he ifemarked: 
It is easy to show that if V is finite and determined, “»»+•••+«« must 
vanish when both m and n become infinite. Jt is also easy to show that 
P cannot be finite and determined if does nobvanish for every 

relative velocity with which m and n become infinite. It is not so easy 
to prove that, if always vanishes when m and n become 

infinite, P cannot become indefinite or infinite. Althongh the above 
principle is often need, I do not know a rigid proof of it, and here I will 
simply ussamo it and will give the proof, which does not seem to mo 
capable of being carried tbroagh without the conception of the definite 
mtegral, elsewhere.” Dn Bois-Reymond, added a note to say that this 
prop, woold be given in a wonk, ebortly to be pnbliahed, on the oonver- 


“ Of. OtUBoid't SXauiim No. 18B, p, 8. 


“ Ihid., p. 6. 
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gence and divergence of definite integrals and infinite series. This pub¬ 
lication never took place **. 

The idea that the safflcienoy of Canohy’e criterion can be proved by 
means of considerations of definite integrals rests on an error in point 
of principle.** In fact, the very proof of the existence of a definite inte¬ 
gral presnpposes the existence of a limit to a seqnence which satisfies 
Caachy’s criterion. It is trno that, in the present case, the qoestion of 
principle of the existence of a limit is somewhat obscored by do Bois- 
Ileymund’s general consideration of series whose snm is indefinite bet¬ 
ween finite limits. This conception was mentioned by Caneby in his 
Coure of 1821.** A simple example of a function which tends to no one 
definite limit nhen the real variable x tends to a certain point, bat for 
which there are finite upper and lower limits, sneh that the values of 
the fooction never go outside these limits, is given by sin (1/x) as x tends 
to zero. Here what dn Bois-Reymond called " the limits of indefinite- 
ness ” are -{-1 and —1. The conception in qoestion seems, if we except 
Abel, not to have attracted much attention. It was rediscovered and 
applied widely by do Bois-Reymond in 1870, and again independently 
discovered and nsed by Jacques HAdamard|in 1888; and jnst before 
that time, tho'importance of the conception in the theory of fnnotioDS 
had been emphasized by Otto Stolz and Moritz Paseh.” ” 

Du Bois-Reymond *" proved the following theorem: ** Whatever 

may bo the nature of the series «j+“i+ •••» there are always two nnmeri- 
cal magnitndes B and A, of which the greater B, for infinite values of n, 
ie not surpassed by the series but on the other band, 

is infinitely often reached, while similarly, fern infinite, the snm 
does not sink below A, bat is infinitely often equal to A. Thns, all the 
values U of which limit is capable are inclnded between, th^ 

limits A and B, and these are the narrowest limits in which we can con¬ 
clude the valnes U. We will call the magnitudes A and B the “ limits 
of indefiuitenesa " (UnhesttfnmfAett^^rerisen) and the difference B-^A 
the interval of indefiniteness ” of the series Ui-f-u,+.. 

" Proof. Let ns first prove the existence of the upper limit of inde- 
terminatenoss B. For every n there musk be a least magnitude B„ which 
is not surpassed by when m inureases from 

X Ibid., pp. gs-oo. 

X Cf. the remark of PringtboiDi'a quoted on ibid., p. 98. Da Boie-Boymond's 
(endeDoy to this confaeion in point of priaoiple (s also illbstrated by pp. 6, 09 
(note 4). 

»» ilid.^iu.99.. — - -. 

» Of. ibid., pp. 99-lOC, 102-103. » Ibid., pp. 7*8. 
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0 to 00 , since othermse wonld have to increase, either only 

increasingly or alternately increasingly and deoreasingly above every 
limit, which would be contrary to the supposition that U cannot become 
infinite. This magnilaJe B„ does not increase for any value of n, that is 
to say B„ —B„+i is never negative, because we have supposed B^ is the 
least value which is not surpassed by Since now B„ never increases 

with increasing n, B„ most either approach a finite definite limit or not. 
In the latter case, B„ can only approach negative infinity ’*, but this is 
excluded by the supposition. Thns B„ approaches as n increases, a finite 
and determined limit, which we will call B. This limit must be reached 
infinitely often for n=ao. For, if it does not reach this limit infinitely 
often, it woold not be reached any more for a finite valae N of » and 
onwards. Then 

and Bff ^.1 woold be smaller than B„ by a finite magnitade. But then B 
could never be equal to B„, since B is the limit to which the least values 
Bn most approach as n increases to infinity. Therefure 77 is infinitely 
often equal to B. The second part of the proof ooncerniog A is proved 
quite similarly so that I will pass it over.” 

In this proof there lies implicitly a reference to a previous definition 
of irrational nnmbers, and we saw, when mentioning Stolz’s “ proof ” of 
the eoffioienoy of Canohy*s criterion by the help of these very conoep- 
iions* This fnndamental error of du Bois'Reymond has been strongly 
emphasized by Prtngeheim.* 

For many years after 1821, Canohy had, perhaps, an almost oxolnsive 
inflnenoe on the development of mathematical thooght relating to the 
fnndaoiental qneation on convergence, and he shares with nobody the 
glory of first oonsidering the qaestions of the existence of a definite in* 
tegral and of the solntions of differential equations. In these questions, 
oonvergent sequences of nnmbers play an essential part. Indeed, the 
arithmetical formnlation of the conception of the definite integral of a 
continnonsfanotion which Canohy gave in 1823 has been regarded ** as the 
decisive taming point in the development of the idea that it is necessary 
to prove the existence of a limit of a series which is defined 

I* " WboD a foDotioQ of a variablo, while this variable inoreascs to infinity 
either nowhere deeruases or nowhere increases, the fonotion most either approach 
a finite and definite limit, or it booomos+eo in the first case and— a> in the 
•eoond. It cannot become indefinite.” 

* Of. ibid,, pp. 10M08. 

By Pringsbclm, BneyU. dsr math. ITift., 1, A. S, p. 66. Cf. above. 
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ftrithmetioally. Bat we must remember that, for Canohy, what are 
called “ real nHmbei-e ” had a geometrical foondation. With him, 
in fact, a “ nomber ” is a resnlt of measorement.** 

viir. 

It was the avoidance of the logical error of defining an irrational 
nnmber b as the sum of an infinite series—for the definition of the 
sum Eoj. is first obtained by putting it eqnal to the necessarily already 
defined numher l>—that pave rise to the modern theories of irrational 
numbers. “1 believe”, said Cantoi,** “ that this logical error, which 
was first avoided by Weieratiass, was almost oniversally passed over 
in earlier times, and was not remarked because it is ono of the rare 
coses in which actual errors do not give rise to any important errors in 
calculation. Nevertheless, I am convinced that with this error hang 
together all the difliculties which have been found in tho conceptions 
of the irrational, and, when this error is avoided, the irrational number 
is established with tho same definittuoss and clearness in oor minds as 
the rational nnmber”. And again," the number h is not defined as 
the limit of the terms o^. of what Cantor called, in bis theory of irra¬ 
tional numbers, a “fundamental series” (<*,.)• ^ would be a similar 
logical error, because then the existence of a limit would be presnmed. 
In short, we do not need to obtain an irrational nnmber, in the first 
place, by a limit-process, but, on the contrary, we become convinced of 
tho practicability and evidence of limiting-prooesses in general by 
means of our possestion of it, 

IX. 

We will now glance at Ibhe inlrodoction of [limits and irrational 
Dombers in some text-books. 

De Morgan’s works are especially interesting to the historian of 
mathematics as showing both the inllncnoe of Canohy, that of the lator 
methods of the older analysts, and that of De Morgan’s own powerfol 
and logical mind. Thus we have seen, in one of the preceding notes, 
that the oonoeption of convergence is formulated after Canohy, and we 
must add that the ec^oation 

—1—l-|-2-i- ••• 

is justified beoanse the series “ is the resolt of an attempt to proonre 
an arithmetical result, npon an arithmetical process, to represent a 


»» Of. |IV above. 

» 3ra(^. Ann,, Yo), XXI, 1S88, p. 566. 


" Ibid., pp. C68-56e. 
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qoantity which is not arithmetical.’* “ In another paper,** I have 
shown that the conceptions of Cauchy auii Enler of the “continuity 
of a function, were given side by side. And, in the same work, the 
existence of limits was founded on the postulate which appeared with 
Peacock, Hankel, and others in the attempt to make algebra a formal 
science independent of geometry. De Morgan, we know,*’ was keenly 
cooscious of the fact that the system of points on a line is richer, as 
Dedekind has expressed it, than the system or rational numbers; and 
he probably did not contemplate the possibility of a purely arithmeti¬ 
cal theory of irrational numbers. 

Dealing with the subject of limits, De Morgan** said: “ In the 
questions which occur in arithmetic and algebra, relating to problems 
the conditions of which can bo satiefieci ordy as nearly as we pleased but 
not exactly, it is usual to create a solution by hypothesis, and to say 
that we continually approach to that solution, the more nearly wo solve 
the problem. Thus it is never said that there is no such thing as x, 
which makes x* actoally equal to 6 ; but it is said tUt there is suck a 
tiling as the square root of 6, and it is denoted by But we do not 

say we actually find this, but that we approximate to it. This non-exist¬ 
ing limit, if wo may so call it, actually has a more definite existence 
in geometry than in arithmetic, but only when wo make a sort of sup¬ 
position which is practically as impossible as the extraction of the square 
root of 6 in arithmetic. Let there be such things as geometricallmes, 
* namely, lengths which have no breadth or thickness, and let it be com¬ 
petent to us to mark off points which divide one part of a line from 
another, without themselves filling anyportion of space; then it is shown 
in Euclid that the side of a square which contains six square units is a 
line, which, when we come to apply arithmetic to geometry, must bo 
called Vfi whenever our arbitrary linear unit is called 1. And the lines 
reprobented by the preceding twelve fractions will, in such case, be 

a set of lines which being always greater than the line in question, yet 

are severally nearer and nearer to it. This lino can no more be expressed 


»• J7u: Differential and Integral Calculus. Lotxloii, 1842, p. 224. 

»“The orSgiu of Cauchy's conceptions of a delinito integral ami of the 
oontiouity of a function ", In*, Vol. 1,1914, pp. 661-71W. 

« Cf. bis little book On the Connerion of Kumber and Magnitud* ■. an Attempt 
to Eeplain the Fifth Booh of FAdid, London, 1836. 

tt Calwla*. PP- 7*8. 
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by meaQs of an arltbmetical fraction than V6,*’ A “ limit ” was defined ** 
as a certain quantity 1, so that...” 

Arthur Rosier'* examined sixteen text-books of dates varying from 
1776 to 1881 with respect to the definition of irrational nnmbers, and 
found that, in essentials, they all came under the four heads: 

“ 1. An irrational number is (he ratio of two oontinuons incom¬ 
mensurable, homogeneous magnitudes. 

“ 2. An irratioual number is a number (numerical form, nuoierioal 
magnitude), whose value cau bo given only approximately but up to any 
desired degree of approximation by means of rational numberji. 

'-<■ Ibid., p. D. 

In this connexion, an interoatinp study is afforded by G. Chrystal's Algdbra, 
an Elementary Text-boeh for Ilighcr Clatfeg of Secondary SchooU and for ColUyeu 
Part ii., Edinburgh, 1889. On p. 103, Chrystal concluded that Caneby’s criterion 
of convorgonco was a sufficient condition for existence of a limit, because, sinoo 
is tinito for all values of n, tho limit .8a oanuot bo infinite ”. It is not truo 
that, if /(j-) is fijiito at csch ». the upper limit of /(e) is necessarily finite} nor— 
and it is this fact that concerns us here—is there the least reason for thinking 
that a series which has not a rational limit has a limit at all, unloi^ the sysloiu 
of real nambers has been previously defined. This Chrystal did not do until his 
second edition wss published. On p. 78 of the same volume, Chrystal, having 

proved that the values of (1—l/r) and (I+l/*)* cannot pass each other 
when e is inorcased, concluded : ** Hence, when x is increased without limit, 

(1--1/*)—* must diminish down to a finite limit >4, and (l-J-l/*)* must increase 
up to a finite limit D ", and A = B. 

In the second edition of this book, howovor, Chrystal attained to an exposi¬ 
tion of the modern thoorios of irrational numbers. 

Axel Ilarnack in his well-known text-book, though ho professed to giro au 
arithmetical account of irrational numbers, really fell back on geometry. On 
An Introduction to the Study of the i'fcmcnts of tho Differential and Integral Co/cuius, 
translated by G. L. Oalhcart, London : 1891, p. 9, i 6, ho says that a fundamental 
sequence doficioa a nnmber’’. On p. 8 ^ 6) after determining two monotone 
sequences (a) and (/?) of rational numbers, such that a" and yff** are always 
coming nearer to the value a/h (which has no rational nth root), so that they 
ultimately differ from it as little as we please, Barnaek proceeded j “ Hence ii 
appears that the numbers a and themselves also approach mope and more to 
one definite quantity, which, even though it does not exist among rational 
numbers, is yet called a numerical value, becaesa it is connooted with a rational 
niimoer by a perfectly detorminato arithmetical operation.” This conclosion 
may possibly rest on geometrical grounds t it does not, rest on logical grounds. 

At the beginning of the .book (p. 1), Hamaok remarked! “To describe 
thoroughly the phenomena of motion is to assign every oireumstance in numbers 
of oonoreto units: so that, if the series of numbors is also to enable ns to desoribe 
motiOD, It moflt oontoiQ a coniioQODs Horici of qaantities.'* 

• J*. der irrafionalen ZaWcimnd thre Bsdcutu«o/ur 

dts Sdiulc, Hoonover, 1886, pp. 0-7. jur 
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“3. An irratioDal number is a fraction v?hose numerator and 
denominator have in6nitely many figures, or, what ;is the same thing 
it is an infinite, non-periodic decimal fraction. * 

“4. An irrational number is theilimit—not representable by means 
of rational numbers—of an infinite sequence of rational magnitudes, 
or it is the limit of a continually increasing and yet finite magnitude. 

“The first and oldest of these definitions is based npon the con¬ 
tents of the tenth book of Euclid’s EUments. This definition, though 
correct in itself, has the defect of resting on geometrical considerations, 
whereas we most wish that the conceptions of arithmetic be developed 
solely OQt of arithmetic. Also we most notice that the conception of 
the ratio between two incommensurable magnitudes can only be deve. 
loped clearly and understood when the irrational nombers are already 
introduced. 

“The second definition is logically false . it is too narrow a defi¬ 
nition as long as we have not given such a development of the couoop- 
tioa “number** that the conception of irrational number is contained 
in it. How is a olear-tbinking scholar to understand this defini¬ 

tion, if he is not shown beforehand that, besides the rational numbersi 
there are yet other nnmbors just as definite ? 

“ The uselessness of the third definition can be recognized at the 
first glance; we cannot define a conception which is, for us, to denote 
something definite by something indefinite unfinished, in a fluid state, a 
Being by a Becoming.” 

“The fonrlb definition, like the second, presupposes that the con¬ 
ception of limit is already given in such a mauner that it comprises the 
conception of irrational nnmber. In the contrary case we have a mere 
tautology. This error, of tacitly postulating tho conception of limit for 
certain infinite series before a criterion for the existence and a founda¬ 
tion for the idea of such a series-limit was given, was often patsed over.” 


■ “ Ad {nflntto non-periodic dooimal fraoLicn can only, I Uiiuk, bo lakoti to 
mean cho idoafwhiob uatnnily oanoot be oompietud)of au infinite eet of the 
rational namben repreeented by the VHrione finite decimal fractions written 
That there is a fixed nnraber which is the least nomber greater than all theso 
rational nnmbers eennot be ooncludod from the fact that, geometrically, it aeemo 
likely to some of ns that there ought to boa point which would oorrospond to 
the limit in qneition.’* 




iu 
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We will now shortly notioe a few discussions of irrational numbers 
which were fublished before 1872 the year in which the three principal 
modern theories became known to the public at large by publication. 

In 1847 Goilmin** attempted to give arithmetical definitions of 
certain irrational nambers ; and, in the course of his paper ho said : « 

“The roots approached from below [approximations to V2] form 
an increasing sequence ; however, these numbers have an upper limit, 
for some of them can surpass any one ’.of the corresponding roots from 

above.” 


Definitions precise arithmeliqaos dos racincs ct dos loRarithtnes inooni- 
Nouv dnn. Vol VI, I847.ai8-S26.. On p. 895 is nu anuounooment 

of u bcur* V volmno. Uoro is part of an anonymous 

Terauem suo the index, pp. 491. 499) paper " Qnestion d'oxamon. 
Sforiode. e“p^»‘» t.V..p.704)".cn pp. lOfi-llS. 

The part dcaUag with real irrational exponentials on pp. lOQ-UO (errata on p. 

504); 


.. p,fi„ie.on.-Tbo symbol m being a whole namber and p being a numbw 
hiohisuot o power of index pm, the symbol ptiVp denotes that there exists an 

Lrito series of/imlcnnmbers. such that by raising them all tothomtb ^or. 

ohUiu a second scries which has p for limit; i.c., a second scries of whioh no 
_ but where the diOerenco from abovo or from bolow (ca cbccs ou cn 
truO botwoci. the terme and p can become < any givea quantity. In the 
i .. »nries the diflorenoo between two oonscentive terms can also doscoud bolow 
every given quantity ; but it has not a limit assignable by a /imte number of 
lilurcs^o any syeieni of numeration; while iho second sonos has assignable 
limit Take, for example,V2, wc have for first series 1, 5/2, 7/5,17/18, 19/41,... 
.K« diflorenocs between tbo terms ceulinually diminish; it has not a limit 
Ixprwsiblo in figures of a numeration. Wo donoEo symbolically this limit by 
by forming the second eorlcs 1.9/4, 49/25. 289/144. oto., the limit 2. 


u General oUcrration.-Whenevor wo perform any one of tbo six arithmelioal 
onoratioDS oa irrational expressions, wo must always understand, if we are to 
k^w what wo arc saying, that wo perform thuso operations on tbo roUotial 
expressions of the first series of whioli these irraticual expressions represent the 

iymbcHo **• 

U rbids) Ps 816s 
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In Joseph Bertrand’s Traitfe d’arithm^tiqne“ occnrs the passage : 

"... We snppose that this definition [of an incommensurable 
nomber] consists in indicating what are the commensurable numbers 
which are smaller or greater than itself,’ 


'S Paris, 1851, p. 23i; 12ih ed., Paris. 1901, p 271. On p. 233 of the 12th 
ed. Bertrand defiood tiiO masnitade of which [N boin^ iho square of do 
whole or fractionary noraber] the moa»Qro’\ and aaid that it ir not poseiblo 
to dehne directly an abstract numlior. If one rcllects on tho ddinilious pivou^ 
given ill the aimple oasei) of wliole or fractionary numbers, one will see that they 
aro only tho indication of the oporation by the aid of which the magnitode of 
which they aro the measure is derived from the unit The eamo is said for a 
cube root on p, 255. And on p. 271: An incommeiienrablo number can only bo 
dediied by indicating how ike magnitude which it oxpreeaes can be formed by 
meant of tho unity. In what follows, wo Buppoto that ono can then conceive tho 
magnitude of which it ia the mcABure, as serTing aa common limit to those which 
are represented by greater or smaller numbora ** To add or to subtract two 
iDCommonturable nombert Is to find a number expressing tho sam or tho dif* 
forenco of tho magnitude expressed by the proposed numbers (Ibid ), 


s 




216 

SHORT NOTES. 


On Question 494. 

Prove 

1. Tbe solution given in the I. M. J. of April 1914» p. 65 is not 
rigoroos aod the hign of the right band side is incorrect. Very 
elementary considerations of the theory of fnnotions afford both a 
rigorous proof and tbe conditions coder which the theorem is valid. 
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We have * vr 


/ 


r »y 


^ «o+R.*e) .^.0^ 


•n 


R« 


*0 



_ rR ^a-iy) 

Jr It/ ' ' 


y. •n 


*Ka+*~a*^) ,-9 

,-0“ ire’^dSssO 


m 

T 


re 


provided (0 nowhere infinite within or on the oontoor of integration. 
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The oonditioDB to be satisfied by 4(z) are that 4( oe) is finite and 
that 4(z) has no infinities to the right of z=a. 

Example 1. '?(=', 

Example 2. If <^( 5 ) has infinities within the contour, they must 
he surrounded by circles of infinitesimal radius; as 4(0 ^>«» 

gives 

1 _L_ r I 

J a—b+ix a—b~’ txdx+} (z—b){z—a) 

O X (i>) 

einoe4(®)=0- 

• r” dg _,_ 2 i-n _ t-ff 

■^*Jo (0-6V+*’ 6-a 6-0 

f'” ^ for b>a. 

J o (a- 6 )’+** 2(6-0)’ 

3 Consider — taken over a contour bounded by the 

axis of y, an infinite semioircle, centre the origin, on the positive side of 
the axis of *, an infinitesimal circle centre (o, 0 ), when o is supposed 
positive. There are no infinities within the contour ; for sinh 5=0 gives 

c**=l but for all these values ~ is finite when * is a posi- 

tive integer. 

. f ® f“ ^ l-i)dx 

* * J o iBinx %x—a J o —i ein x^tx^a 


or 


+2^4-^-^0, 

8inb a 

SimpUfyiog we get 

f® osin 2n*+*(l—co82n*) dx <r*^ 

J 0 sin ® ai“h o 

^“*~*"* over the contour bounded by the 


Again consider J— 


sinh s z+a 

axis of y and the infinite semicircle, centre the origin, on the positive 
side of the axis of x, a being positive. 

'® «(1—cos 2n*)—a sin 2nx dx _q 
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Here n is necessarily a positive integer as (p (co ) was assamed to be zero. 
4. The special case 2n = —1 can also be investigated as follows: 

Consider f, ^ 

The fnnctioo is zero for s=(2r+l)‘ni. Sorroond these 

points by semicircles as in figare 2 and integrate over the contour tboe 
obtained. 



=0 


t. e. 


For the point 2=(2r-(-l)>w, if we take the integral 

f+*’ 1 ttt 

J_ y 1—e^“ »«+(2r+l)i‘iT 
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we can write 
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For, the integral ronnd the semioircle at (2r-^l)i7T is, by patting 
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Hence for the point ±(22+1)1^, we get 
▲Uo 4>(co)=l. 
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.0 


1+c-^' 


Writing -a for a, an! omitting the oontonr integral roand (o, o), we 
have also 

00 2 X 

ajsins+acoas 1— 

- - a dx^-n-tf 

(a?+tt’) 00*0 

A ^ 


Snbtraoting we have 
and adding we have 


fCO (ic -n»_ 

J o ;?+7-2a ’ 

rco xt^u\x . 

J ^ 

where the principal valne of the integral is determined. 

5. In the formula of §2, pntthas<KoD)=0. 

,00 f ^dx _/ 1 ^ 

•*• J o 1 (a+*®) (<»—«)/ ^ V einha/ 

This simpli&es to 

,00 e<*am (r+l)a>“e-^ ein(r-l)a 
J Q cosh 2 a—008 2 x » 2 einh o 

/• sin IE da? ^ ^ 

Jco 8 b 2 a-co 8 ^ a"' 2 emho’e*+e-^ 


and 


o 

Pnt fsO> 

<» «** 0 in( 2 r+l)* dt _w 

■ , . rt _ • " 


J 




o coah 2a-co8 2* ® 2 sinb o 

= 5-^1 l+r^+e-*«+-+<r«'-*>“+ 

2 einh a L 


® e** sin ( 2 f-l)g da 
cosh 20—008 2 a a 


e-^e 


e 


e®+e 


<n ri-e-*” ■) w r 1 

“2'SnFai.l-«-** '^l+e-"J ”28inh oll-e-" !-«-**/ 


einh a 
-n 


. f» ein (2r+l)*« d* ^ _. 

"Jo cosh20—008 ^ * *“2 einh a \2 einh a eioh 2 oi 

Pnt r=!, and 

• rco Bin 2g 

J o cosh ooe * 2 BiuhTa 
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and 


J o 


e" ftin 2rx dx 


m 




6 . 

obtain 


whence 


and 


cosh 2a—cos 2x X 2 sinh a\ 

® sin 2rx dx 7r(l—c”*'*) 




} 


J 


o cosh 2a—cos 2x x 4 sinh *a 


Similarly, applying the same method to <K-)=—r— “^7 

^ A A n ^ 


/ 


oo 


oosh s 

* e" sin (r+l)x+e“^ein (r—1)* dx_ Tf . 
o cosh 2a*i-coB 2x an 2 cosh a ’ 


/ 

J o 


sin (2r+l)z dx yt 


{ 


cosh 2a+cos 2x x 2 eosh a\.2 cosh a 
sin 2f* dg_‘n(l—(— 

o cosh 2a+cos 2x x ‘4 cosh *a 


^ einh 2o/» 




A. C. L. Wilkinson. 


Note on the length of a Circular Arc- 

1. Let 8 denote the arc of a circle of nnit radios sobionding an 
angle 0 at the centre. Then <=0. Assome that 

r=0=a,, sin ;>0 + a,ain p*0+a, sin j)*0+...a„ sin p"0, ... (1) 

where j’<l and a^, a,...On are onknown. We shall find values for 
Oi, a„...o„ in terms of p, so that equation (1) may hold good approxi* 
mately. 

Expanding the siues on the right side and neglecting terms beyond 
0*"“‘, we have the following n equations for Oj, : 

<hP+<hp'+ 

OiP*+<HP*+ 

“iP*+o*p'“+ 

••• ••• ee« 

•ee ••• 

... 

Now, consider the equation 

+(»)=a„»“-'+a,_i*'‘->+.a, = 0. ... ... (3) 

Its roots arej)*,i>»,.by virtue of ( 2 ), and wo may write 

therefore 

=o„ { y ... (4) 

Comparing (3) and (4), we deduce that 

« _0"-l «i 


anP*"=0, 

$•* 

•ee 


see 


( 2 ) 
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Ala n from the first relatioa io (2) 

1 


• • 


o-= 




by (4). 


Hence 


»«—r p 


#•—r 


^ _ (- 1 )_ 

ii-p*) . 


2. Tbe error in neglecting powers of 0 beyond 0*"-* in the expan- 

0»n+l 

Bion of Bin 0 is Rn. where R« < ® maximom 

limit to the error in eqoation (1) ie 

(= 191 ^ .} 

(^+1)! P 4> (p) (2n+l)r 

3. Exnmplee : 

(1) Potp=|, f»=2;wehave ai = —J,a«=y- 

s=:0—^ ein X 0*“1 

=|(8U—C), [Hoyghen’s] 

where C is the chord of the whole arc, and H is the chord of half the arc. 
(2) If p=|, n:=3, we find 0 ,=^, o,——so tbst 

sin sin jO+Jif sin i0 

_ 256Q-40H+C [E^^ard’s Dtff. Oalc., p. 109, Ex. 23(2).] 

45 

where Q is the length of quarter the arc. 

R VrrHTKATHlSWAMT. 


Geometrical Exercises with tbe Straight Edge. 

The straight edge or ruler, as a mathematical instrument, enables 
as to draw straight lines of indefinite leqgth through one or more 
points. It is not helpful to eet off definite lengths. Geometrical 
constructions in which the straight edge only is to be osed natnrallj 
find a place in Projective Geometry, (Geometrie der Lage, Geometrie 
de Position) in which metrical considerations are not. as io Enclidean 
Geometry, of primary importance. See : J. W. Russell’s Eleiwntartj 
Treatite on Pure Geometry. 

An attempt ie here made to introduce ponstrnotions with the 
straight edge at an earlier stage in connection with Euclid’s Elemente. 
The fundamental propositions on which the scheme is based are two. 
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Prop. I. In any triangle, the diagonela of the trapezoid formed by 
dramng a parallel to oneiof the sides intersect on the median which 
bisects that side. 

And conversely, if rio a triangle, lines be drawn throngh any point, 
on a median and the extremities of the side to which it is drawn, the 
line ioining the meet of these lines with the other sides is parallel to 
that side. 

Prop. II. If in a triangle OAA', a line OB be drawn meeting AA: 
in B and through any point P on OB, APC, A'PD be drawn meeting 
OA* in C and OA in D, then DC meets AA’ tin a fixed point B’ which 
onts AA' externally ; in other words, B' is so situated that AB : BA'; ; 
AB': B'A'. 

Constmotions with the straight edge can be made by paper folding, 
hot the latter also! admits of metrical constmotions. 

Constmotions^based on Prop. I can be effected with the parallel 
ruler. 

Exercises. 

1. Given a Boite .straight line and its mid-point,'draw a line paral¬ 
lel to it through a given point. 

2. Given two parallel segments,idraw,the line which bUeots each of 
them. 

3. Three segments and their mid-points being given describe 
triangles whose aides are parallel to these segments and pass throngh 
three given points. 

4. Bisect a given straight line, being given, 

(1) two lines which sure not in the same direction • and their 

mid-points; 

(2) a parallelogram; 

(3) a oirole with its centre; 

(4) three equidistant parallel lines. 

5. Given twoiparallel segments prodnee one of them in inoreoients 
each eqnal to its half, and divide the other into any number of equal parts- 

6. Constrnot the join of a given point to the inoocesaible point of 
intersection of two given straight lines. 

7. Construct lines which shall b« oonoarrent with a given line 

and the line joining two given points when this last line cannot be 
drawn. 

8. Throngh a given point O draw a line cutting the sides BO. 

CA, AB of a triangle ABC in A', B', O' sooh that' (OA', B'O') may be 
harmonic. ' ^ 
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9. Given a parallelogram and a circle find the centre of the circle. 

10. Given a circle and its centre. 

(1) Inscribe a rectangle in the circle, 

(2) Dravr the diameters parallel to the sides of the rect¬ 

angle. 

(3) Bisect A chord and its arc. 

(4) Bisect an angle whose arms intersect the circle. 

(5) Draw from a given point a perpendionlar to a given line 

which cate the circle. 

(6) Draw the diameter which is perpendicolar to a given 

lice which does not cat the circle. 

(7) Draw throogh a given point a perpendicular to a given 
diameter of the circle. 

(8) Inscribe 

(a) an equilateral triangle, 

(h) a regolar pentagon. 

11. Given a circle with its centre and an ioscribed triangle find 
the following points:—(a) centroid (6) io'Centre (c) points of contact 
of the in*circle with the eides of the triangle (d) orthooentre (c) centre 
of nine-points circle (/) point of contact of tho in-cirole and nine- 
points circle (g) ejmmedian point (h) Brocard points (t) Jerabek 
points. 

T. SCNDABA Row. 


The Face of the Sky for January and 

February 1915. 


1 

8 

15 

22 

29 


Sidereal time at 8 p. m. 


December 1914. 

H. U. B. 

... 0 38 24 

... 1 5 59 

... 1 33 35 
... 2 1 11 
... 2 28 47 


January 1915. 

H. U. B. 

2 40 37 

3 8 12 

3 35 48 

4 3 24 

4 31 0 


February 1915. 

H. U. S. 

4 42 50 

5 10 26 

5 38 12 

6 5 38 


Prom thia table the constellationB visible daring the eveninga can 
be ascertained b7 a reference to their positions as given in the atar- 

ohi^rte. 
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Phases of the Moon. 

January. February. 

D. H. M. D. H. U. 

FqU Moon ... 1 5 51 p.m. 

Laaf. Qnarter ... 9 2 43 a.m. ... 7 10 41 a.m. 

New Moon ... 15 8 12 p.m. ... 14 10 1 n 

First Qnarter ... 23 11 2 a.m. ... 22 8 28 i, 

Foil moon ... 31 10 11 

Eclipses. 

On Febmary 14, there will be an annnlar solar eclipse, invisible 
in India. 

The Planets. 

Meronry is in snperior conjunction on January 5 ; and attains its 
greatest elongation (18° 14' B) on February 6. It is stationary on 
February 12. It is in oonjunotion with the moon on January 16 and 
on February 15, with Mars on January 2, with Jupiter on February 2 
and with Uranus on January 21. 

Venus is a morning star. It attains its greatest brillianoy on 
January 2 and its greatest elongation (46° 54' W) on February 6. It 
is in oonjunotion with the moon on January 12 and February 10. It is 
in Sagittarius in these months. 

Mare is a morning star. It is in Sagittarius in January and near 
the boundary between Caprioomus and Aquarius in February. It is in 
conjunction with the moon on January 5 and February 13 and with 
Uranus on February 15. 

Jupiter is in oonjunotion with the sun on February 24. It is in 
conjunction with the moon on January 18 and February 15. It is 
near the boundary between Caprioomus and Aquarius in January and 
in Pisces in February. 

Saturn is stationary on February 26. It is in conjunction with 
the Moon on January 27 and February 24 Throughout these months 
it is in Taurus. 

Uranus is in oonjunotion with the sun on February 1 and with the 
moon on January 16. 

Neptune is in oonjunotion with the moon on January 3, 30 and 
February 26. 


V. RiUBSAH. 
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SOLUTIONS. 


Question 340 . 

(M. Bhimasbna Rao) DEF is the pedal triaogle of P with respect 
to a triangle ABC. If AD, BE, CP are conoarrent at Q, show that 
PQ passes throogh the circamoentre of DEF and through a fixed point 


Solution 6 y N. 5ankora Aiyar, M. A. 


It is easy toeee that if P be (/, y, k) then D is 0, 5 +/cos C, h+f oos B ; 
B is f+g cos C, 0, h+g oos A ; and P is /+h oos B, g-i-h 00 a A, 0. 

Hence AD, BE, CP are concurrent if 
(y-j-/oo8 C) (h+y cos A) (/+h 008 B)=( 9 +A cos A)X 

{h+S OOB B) (J+g 008 C) — (*) 


Oa redaotion this becomes 

Z(/*y 003 B+/ 3 ’ 008 B oos C)=Z(/*ff cos A cos C+/ 5 *oo 8 A) 
t.e,, (ooB A-oos B oo8iC)=sO. 

This shows that the line PP', where P" is the iaog. conj. of P, passes 
throngh the fixed point (oos A —*008 B oos C), etc. 

But PP' also passes through the oircumoentre of DBF. 

If AD BB, PF are concurrent, it follows that Q lies on PF ».e., 
PQ pasees throngh the fixed point noted above and through the 

circnmcentre of DBF, 

Now AD is >3(A+/cos B)-y(ff+/co3 C)=0 

BE isa(^+9oo8 A)-y(/+Joo3C)-0 

and PF is the line through P and cos A-oosB cos C,&o.A o.; PF is 

Zaig cos C-coe A oTB-A oos B-oos AcobC)=0. 

These throe linos are concurr ent if _ 

(J/ o^C-c^s a“co^ B-fc cos B-oob a cos C)(fc+/cos B) 

(/+<foosC) 

+(l CM Wc-/ cos C-ooT A^rB)(J+/ oo. C) 

{h+g 008 A) 


CO. A-00. B cos = 2 ^ 

Bimplifyiog and writing !. m, » i I'.’An'Ior g+h cos A. k+f oo. B, 
IZ cos A. /+* cos B, CO. C. we get 

y C-r cos B) ».»+(«. CO. A-. ^ . 


29 



^26 


t*,«. tmn cos C^Vviu cos B+Pn'fn cos A—cos C 

^Vmn cos B—Pmn' oos A=^0; 
cos C —Tm^n' cos C=0., 

>vbicb is trae, since lmn^Vm'n\ 

Hence AD, BE, CF are ooncarrent on PP'. 


Question 441. 

^S. Ramanujan) :—Shew that 

(6a’-4a6+46')*^(3oV5ab-56Y+(4a*-4ab+66V+(6a’'-5ab-36*)* 

and find other qaadratio expressions satisfying sirailar relations* 

Solution by 8. Narayanan^ L.T* 


t.e. 


H-^r^ = l+ ^ 


• • 


or 


t.e. 


t e. 


n(l^n) * fn(m—p) 
n{l+n) ^ mjtn—p) , 


Uenco 




»»• 




Let (ia’—na 64 -nlt*)*=(pa’+niai—m 6 *)*+(na*—nab+tt’)* 

+(ma *—mab —ph *). 

It is proposed to find the most geoeral valaes of I, m, n, p. The 
cooditioDs for the identity are seen to be 

and «(f*—n*) p^). 

Writing (1) and (2) in the forms 

n(P— «*) « p*), 

and dividing, we have 

I'^Ui+n' —»»y+p’. 

n{l+n) m(i»—p) ’ 


... ( 1 ) 
... ( 2 ) 




or 


I P 
n_ m 
r p' 

Patting ZsXp in (3), we get n=\(m~p). 


• •ft 


• ftft 




« •• 


( 3 ) 

(4) 
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Sobstitating in (1) for I and n 

\ Y =*«’+ -?)*+/>*• 

=»«*+?*• 

».e. X*(2/) —ni)(p*—/•m+i7»’) = m*+p* 

.*. X'(2^—m) = m+p, since p*—p7n+m’^r0. 

m(l + X*)=p{2X*-l). 

«(l + X*) = X(m—p) 

= X(X»-2)p. 

Hence we may write 

l = X(X*+l), m = (2X*-l), 
„=X(V-2),p=(X»+l), 

which are the general solatione resolting from eqnation (3). 

Again, from (4), we get 

f = Xp, n = —mX 

(p*X*=TO*—m*X'‘+p^ anbstitaling in (1). 
(p-+m")(X"-l) = 0. 

Hence, either ps—m, and therefore l=n\ or X=1 and therefore 
i=p, n =—m ; which are special solntions. 

Question 512. 


(A. Nabasimoa Rao):— If « <#> (»)+{n+2) (n+2)=4.{n+l), prove 

(i) + (1) (tanh-*ai) 

(ii) 4.(0)-4(2) **+4(4) **- = 4(0)+4(l) { oos tanh-‘»-l > . 

Dieonss the oonvergency of the series £4 (») *"• 

ArWiftonoZ Solution hy the Propo$er. 

Multiply both sides of the given functional ralation by »”+». Then 
(n+2)/(n+2) a!"+'+* n/(n) a!”=/(n+l)»'*+' 

^(»+l)/(«+!) *"*'+» *"-’=/(«) **•. 


• •• 

»»• 


• «« 


««• 


e»o 

• ee 


• ee 


e»e 


- 2/(2)»*+».0./(0)r=/(l).*. 

Z 

Bj addition 

(®+^) {2/(2)*’+3/(3)**+4/(4)**+...toa)} +*7(1) 


=I /(0■«^ 
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OD 

«= j/C'-K. 

Whena:=0, u=0. .% C=:/(l). 


Heace if 
we have 


CO 


• • 


^ /(O*'=/(0)+/(i) I « 


1 


taD"*x 


-i] 


Od replacing x by tx and equating real and imaginary parts on 
both sides, we get the two results given. 

The series for tan"** is convergent or divergent according as 

(a 1 < or > 1 . 

Also the series for «* is convergent for all values of «. 

An interesting point about/ is its behaviour at infinity. Since £/(») 
is convergent/(oo )= 0 , for otherwise the series would diverge or osoillate. 

Also the test ratio of the series is Lt. (1) 

Jt,") 

Our functional equation may now be written in'the form 

n+ 2 /(«+ 2 ) . , _ /(n+ 1 ) 1 . 

» /(n) /(”) ** ’ 

i.e. Lt. (Wn+i+1) —"• 

If then each is equal to ±t from (2). This is impossible 

since all terms of the series are reaL 

Also fn=^0 for then /„+! is infinity which cannot be beoanse of (1). 

fn— 

Hence after a certain term the series consists of two positive and 
two negative terms. 

Question 517. 

(T. P. Tbivbdi, M.A., LL.B.)Is there any known method of 
integrating«completely 

4 .40 

da* da*-diB*<i«'**'9 Vd?/ 

which is the well-known differential equation of all conio sections P 

iSoltttiort by T. P. Bhatkara Shattri and N. Durairajan. 

The differential equation should be 

/dV\* d'y .d*y d*y ^ . 40/(ry\*_Q 
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The following method is indicated in Examples 49 and 50, Foreyth, 

p. 497. 

Pati ^=2 and mnltiply the eqnation by s" as an integrating 
actor ; we have 

d*z,40 

“ \dxJ 


• 

J 

- »'+*d’s“| 

d rn 

t.e» 

dz 

• (i?J 

da:L“ 


40 


iJt\* 


The eqnation is integrable if we choose n so as to satisfy the 
eanatioQ 

(m + l)(n + 7) a. 12 = 0, 

— 2 ^9 

11 

which gives n= — 3 *°*^ 3 * 

Taking n = a hrst integral of the eqnation is 

c"l f l5V=a constant. 

• 5 ' \dx/ 


■dx 

s's^=Ax+B. 

dx 


Integrating, 

Integrating again 

_3 ~^=A a’+2B®+20. 

Thos we get an eqnation of the form 

^ = (a+ 2 bx+c*')"^ 

where a, 6 , c, are arbitrary oonstant^.^ 

Pat G=!/(a+2l>a!+ca0 ‘ 

The eqnation rednees to the 

X" 0 + 2 X( 6 +c») ^ = 


X. (^)’=d+2Q+G*(b’-ao). 


/ 


dG 


{d+2G+G*(5^-a«)} 


^ d» 

T=^+J (a+ 26 a+ca!*) 
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Taking the case when h*-~-ac is positive, the primitive is 

{ (6'-ac)G + 2 + Vc6*-ac)(d+2G+G*P^) j 

_ ^ , cx+h—y/h*—ac 

^y/b'—ac ^ cx-f-fc+Vft*—oc ’ 
i.e. [(6»-ac)G + 2+V(6*-ac)Crf+2G + G*.6*=^)^ 

_ cx+b—y/b' — ac^ 
cx^b-\-y/b*—ac 

Rationalising and snbstitating for G, we get the primitive which 
contains the &ve arbitrary constants a, b, c,d and e. 


Question 520. 

(R. VTTaTANATHASWAMT) ABCD is a qnadrilateral inscribed in a 
circle, centre O. Denoting the simson line of A u>.r.< BCD by a and so 
on, shew that if, a, h, c, d intersect OA, OB, OC, OD in P, Q, R, S, and 
themselves cointerseot at T, then P, Q, R, S, T, 0 are oonoyolio. 

Bemarks hy\N. Sankara Aiyar, and V. V. 8. Narayan. 

If, as the question etates, P, Q, T, 0 are oyolio, then 



ptq=p0q=a0b. 


A A 

Bat FTQ is easily to be the enpplement of AOB. Hence the question is 
ipooireot. 
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Question 542. 

(K. V. AxAifTANAKATAKA Sastri, B. A.) :—Expand ©cot ^6 in powers 
of COB 9- 

Soluiion by K. J. Sanjana and T. P. Trivedt. 

In the expansion 

Ters"*x , . 1 * . 1'3 ** . 1‘3‘6 . 


V(2*) ” *^3 4 T 4Ti2 7 

pot vere-’a^G; then a = l—cos 0, \/(2a)=2 sin®, and we get 

0 _lj_l (1—COS0) , 1’3 (1—CO80)*J 

« 0 ■*■3 ai *^5 . 


2 Sins 


Again, in the identity, 

^ 1 8in*0 2 sin*0 2'4 ein*0 

eoote-i— j —- -—_ -j--.... 

obange 0 to 5 0 ; as sin*a 0 =$ ( 1 —cob 0 ), we get 

0 ,0,1 (1—CO80) 2 (1—CO80)’ 

■2 2“^“3 -2-3 ^ . 

Adding op the two resolta, the left side gives ® ^cosec ®+ cot 

fl fi 

i, e., - cot ^; the right side gives 
2 4 


2 — 


(1—co80)rl 1 •> (1—co8 0)»r2 13 


3-2 


(H) 


&- 2 » 


/^iin 

\3 2^2) 


(1—CO80)* f2-4_lj3;5') 
-f*? l3-5 2*13/ 

Twice this series is therefore the required expansion. 


Question 543« 


(R. Vtthinatbaswamv) Shew that 

1'+2'+3’’+...n'^*(cs^+c,A*+...Cr+iAOO*^ 

where c^=n+10^. 

Solution Ij B. J. Pooook, B.A., B.8e., P.B.4.S.. mul A. Sarosinga Boo. 

We have the general theorem 

U+U,+U,+ —U„=(l+E+B’+...E’')Uo. 

- " A 

=(«i+A+c, A*+... )^o* 
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PuttiDg Uo=0', we have the required result rememberiDg that if 
»»>/■ all teroiB after vanish. 


Question 544 - 

(Sblbctbd) :—Evaluate the defiuite integrals 

J g, e sin ax* dzi ) 0 e cos oe* dx. 

Solution (1) hy B. J. Pocock B. A., B. Sc., F.B.A.S., T. P. Trivedi, 

M. -1., LL. B.f and K. J. Sanjana, M, A. (2) by J. 3/. Bose, M‘A,, B.Sc. 

r<x> f 00 “®*. 

(1) Lot P = J « C4)3 oa’cic, Qs J ^ e sin ax^dx. 

Then 

roo 

0 e (cos ttr*— 1.’ sin o**)cZa 
_ reo —x*(l+ot) 

“Jo*' 

=U/^.=—(l-o*-)- 

2 V l + o» 2 (l + a’)5 


_ jV? 
" 2 ( 1+1 


[ f^oos-—»■ sin-V whore tan 0 a 

.>)i V 2 2^ 


<u 




and 




2V2 


(2) We have | ^ " -2 

Consider the integral | e““ dz, taken round a contour consisting 
of the real axis OA. an arc of a circle AB and a line OB inclined to 

Si^ the function has no singularities within the oontour 

J^C='I^OA+-^ AB+^BO-0. 

If OA=R, then at all points of OA j is real; hence 
f —fR —when 'R is indnite. 

JOA ® o " 2 

At all points on AB, vte jnay put a=HCooa G+t' sinB) where R is 
constant and 0 varies from 0 to a. 
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/aB =*^/r {iBioQ+cos&)d9 

=iRj°' 

At all points witbia tha range of integration the real and icnaginarj 
parte of 

I J^-R*cos29 ^*(0-R’si“20)d0 I ^ I Rj,-R'ooa20^Q I 


g-R* cos29 ^*(0-R* sm20)(i0 ^ ^ 


— R* 008 20 


dO . 


Let a < — and oonsider 
4 


B ,-B-cos20,g^K 


Within the range 0^6^ we have ooe 20> —^ 

8 V* 


^_R- oos 20 < R .-R’ /V2 


which shows that the first integral within the braoket tends to the 
limit zero when R is indefinitely increased. 

Similarly with in the range -g- ^0 ^ V2 sin 29>1. 

aV2R(,-R*oos2e^j^20|>R|e-^’‘’°®20( 


. RV2 4 


^°^^^dicoB29 


ooB 20^ 


which shows that the second integral is also zero when Rsco. 


Hence 


I =0. 

^ AB 


and 


Vvr 


e“**d*=0; 

2 JbO 


at all points on BO pot fl=R (cos a+» sin o) where R varies from co 
to zero. 

,-R’(<>o>2a+8in 2<i) sin a)=0. 


,-R’(oos2a+sin 2<i) sin a)=0. 

^ ^ o _ 

f* —R* (oos 2a+* sin 2a) iRsiyi? (oos a—I sin a). 

Jo® 8 
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Eqaatiog real and imaginary parts 

J cos 2 a 


^/lx cos a 

cos (R* sin 2 a) dR=- 2 - 

V'ff sin a 


/ e" R sin ( R> sin 2 a) JR = g 


Since R is real, pat 


r* sin 2 a =<u;’ 
r* COB 2 a =«*, 

TT 


Hence tan 2a =o, bo that a<_ so long as a is Bnite. 

4 


Tims 


00 _x* 

« co3aiVj: = 

Vvr 

00 ^ a 

O 

"2 

(l+a*)i 

— 

c sin ax^dx = 

Vw 

rftin a 

0 

“2 


Question 547 . 



(V. K. Asatamodan)) ProTe that the obliqno trajectories of the 
system of corves represented by the elimination of t between 

*=/((. a) ; !/=4(t. a) 

a being the parameter of the family, are given by replacing a by the 
complete integral of 

-0 

dt* da^9t * 5aJ ’ 

and hence 6 nd the trajectories of a system of confocal ellipses, n being 
eqnal to the tangent of the angle of intersection. 

Solution by T. P. Dhashara Shastri and N. Durairajan. 

Let the equation of the trajectory be 

h=/(f.a). il=<^(f,a) .(1) 

where a is to be considered an nnknown fonction of h and 7 ) to be deter* 
mined so that the carve may be the trajectory. We now have 

5^ 9^ ,04 9a 

_ 0< dij 9t 9a‘9f 

dx 

9f ^■**9o’9f 






( 2 ) 
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dy ‘dri 

Ju dl. dtKdt'^ Oa'dO dt\dt'*'da'dtj 

au.l » - drdy~ dj,■ df , d/aa\ . 9^/^ . 

'd\dr^'dtj~^dft\.drdabtj 

*■ i+"l'^9a dr dr9a-9(; 

_Q 

dJtd^'da 9f’9a J 

U 9A* . /94.\*\ .9a C r9<^9<*) . 9f 9/] 

F«)+Cai) )+3iV‘L^.ai+^J 

-0 

9«'9a^9raa/ 

Replacing a by the complete integral of tbU in eqnationB(l), w© 
get the equations of the oblique trajectories. 

Let the eqaation of the system of confocal ellipses be 
ajj=Va*+^ cos t y=V6*+ h. sin t. 

Then, by the preceding part of the problem, the oblique trajec¬ 
tories ore given by replacing X by the integral of 

» { (QHX)sm' t+C6^+X)co.* ( } cos* ( 

Bin* (“1 "I =0. 

V6*+X ^ S 

. a* sin *t-f 6* oos*t -f X~| 

i.c. n { a* BiuV-bb* cob»<+X } y (a*+X)(*»’+^ -I' 

jv 2 

:. 2tKf<=- 2,i(<+A.)*oo8h-‘-^i^i* 

V(a*+X)(6 *+X) 

X=l:^, cosb,H(t-f A)—“-^• 

Replacing this value of X, we get for the trajectories 

cosh 2n(t-f-A)+l COB 

7 ,==.^^^* cosh 2n(t+A)—1 sinA 



2S6 


which are easily redaced to the form 

E=c cos i cosh n(t+A) 
i)=c sin t sinh n(< + ^)> 

where 2c ie the distaoce betwcea the foci. (Foisytb : p. 143.) 


Question 551. 

(T. P. Tbivedi, M.A., LI/.B.) Prove that 

/// (abcdfyhhnn) (xyz)* dz di/ de 

taken throagboat a tetrahedron bounded bj the co-ordinate planes and 
the plane ar/p+y/g+s/V^l) is equal to 

^ nr).f lOd } . 

60 

Solution by B, J. Pocoefc, B.A., B.Sc., F.B^A.S.^ and B,. Vythytuithaswamy. 
Kacb term of the Integral is a Diriohlet Integral. 

Thus fff dz dydzJ'^^\\ 

S!!2syz dzdydzJl£t^l^l\mzJ:z^, 

US dz dy j\ ZVZ=5|^. 

fff d-dz dy 

The given Integral is therefore equal to 
^ { (ap*+63’+oH-f/jr+3rp+hpg)+5(Ip-fnig-b»r)+10d } . 
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QUESTIONS FOR SOLUTION- 


592. (S. Naratana Aitab, M.A.) :• 
0 0 0 0 


1 

1 

1 

1 


Show that a" is eqoal to 

0 0 1 


0 


0 

0 


0 

0 


0 

0 

0 


0 il + a) 

0 il + ay 

0 il+ay 


*«« 






1 

1 

1 

1 


M-sCj 

«-.c, 

n-iCi 

nCi 


«-*Ca 

n-jCt 

n-iCa 

mCj 




«-.c. 


0 


»—2 






»—1 


nC. 


0 (l+a)’^» 
0 (l+a)”-> 

1 (l + a)’*-' 

» ( 1 +a)" 


593. (S. Narayama Aitab, U.A.) :—Shew that 

1 1 . »* 1 . 

”r . ^ » r».' . ^"t* M*' »*t* ••• to CO 


a a+l^l-2a+2'^l-2-3*^+3 


*• I A#»•" . ? •**tO 00 


is equal to 


a+l^a+2 l-2a+S l'2-3‘i+4 

^^ I ®* _ *• 

a o(a+l) a (a«H)(o+2) o(a-HXa+2)(/?+3>"^'"*® ® 

1 SC ^ » 

a+1 Co+ l)(a+ 2)(S+X)(a+2)(<rf^® 

694. (A. A. Kbishbabwami Aiyanoab, B.A.) :-EatabliBh the fol¬ 
lowing approximate formula for the length of a circular aro : 

32768R-5376Q+168H-C 

2?3l”^ 

where C is the chord of the whole aro 

H ... half the aro 

Q ... quarter the aro 

••• eighth of the aro. 
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595- (A. A. KBisH^iASWAMi Aitaxgar, B. a.) ABC is a tnanffle. 
D. B. F are the points of contact of tho io-cirole with the sides BC, 
CA, AB D', E’, F' are the middle points of AI, BI, Cl where I is the 
incentre’ Show that the circles on DD'. EE', FF' as diameters are 
concorrentatthein-Feurbaohpoint. AUo prove that a similar pro¬ 
perty exists for the other Feurbach points. 


596. 


(N. Sankara Aiyab, M.A.) :—Show that 

.=iog*i/^, 


2‘2 


and 


2*4^ 

13 


2 . 4 - 6 > 

1 - 3-5 


11 + 13+1^1 +.:-log 2. 

22 ^ 2 4 ’^ 2-4 6 *^ 


597. (A. NaRAsJnoa Rao) Shew that the parabola is the only 
curve such that the triangle formed by any three points on the carve 
is proportional to the triangle formed by the tangents at these points. 

598. (A, Narasikga Uao) Arrange 13 points so as to form 
18 rows of 3 eaoh, no row containing more than 3. 

599. (V. V. S. Nabatan):— If two circles oat orthagonally find 
tho locus of a point such that the tangents from it to the two oirolos 

form a harmonic pencil. 

600. (V.V. S. NaRAYAx) If PQ is a diameter of tho oironm- 
circle of a triangle ABC, shew that tho axes of the insoribcd parabolas 
whoso foci are P and Q intersect at a point R on the circle.^ Shew 
further that the axis of the Inscribed parabola whose focus i8 R is 

porpondicular to PQ« 

601. (S- Nabataxan, B.A., L.T.) If X is the Steiner's envelope 
of a given triangle and Y, the inoonio having its centre at the oiroum- 
centre, shew that (1) X and Y tonoh the sides of the triangle in the 
same three points ; (2) the other six points of interseotion of X with the 
aides of the triangle lie on a oonio Zj (3) Z is ooncentrio with and 
homethetio to the polar reciprocal of Y with respect to the polar oirolo 

of tho triangle. 

602. (S. Kbishkaswami Itemqab) A variable straight line 
meets two fixed straight lines intersecting at 0 in the points P and Q. 
If OP, OQ subtend equal angles at a fixed point A, show that PQ 
passos through a fixed point B snoh that BAO is a right angle. 
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603- (S. Kbisdnaswami Itexgab) ;—Shew that 

.= (v)/Jco.’(-in 0 ),;e-i. 

ami Bnd the value of 

^+^+( 11 ) +G 0 +. 

604- (R. Vtthynatuswamt),; —A quadrilateral PQRS has its 
vertices on a conicuid. Shew that the plane through PQ which is the 
harmonic conjugate of the central ‘plane througli PQ with respect to 
the planes PQR, PQS is parallel to thd». corresponding plane in tlie 
case of RS. 


605- (S. Ramanujan): —Show that, whcna:=co, 
[(z+ g—h) |8j+2b |9a; + a + 6 

[Sx+a—^c |3*+o— 6 +c 3 ' 


606- S. Ramanujan) :—Shew that 


Zjo Xc^n+iy J 


1 

24 12 


|;iog (2+V5) 



007* (K, J. SanMkA) KLA.) Shew how ;to scire the differeotial 
oqualioDs 

0*« _i_ 9*« I 9*«* 0 / \ 

where tjj* 6 denote given fonctions of x, y and s. 

Solve in partionlar the case when 

4(®. y. s)=4'(*, y. «)=3/(*"+y*+s»), 
and 0(*,y, 2)=3(*‘+y*+3*+2®*+2y*+2r*)(a:*+y*+2*). 


608- (hC. BniMASBNA Rao) :—Shew that 

(0 (!+.-’') ( 1 +.-^’') . 

(ii) (i+e--^V3^ 

(iii) ^l+.-^VV^ . 
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609. (M. Boimasbna Rao): —Shew that 


3*”+‘ 44”4-i 

1 ^47T , U-Tf ,*^811 1 

— 1 e —1 e —1 e —1 


_ Btfu-i 
4[iSn+l) 




where B|, B}, B],...are the oombers of Beraoclli and n ia any poaitiTe 
integer in (t), and zero or any poaitive integer in (ii). 


610- (K. V. Anaxtiunakatanasastbi, B.A.) :—If T is a point on 
the directrix of a parabola and t, the lengths of the tangents TP, TQ 
from it to the parabola, shew that the length of the aro FQ of the 
parabola is 



611. (T. P. Tritbdi, M.A., LL.B.) :~~Proye that the qnadratareof 
the ellipsoid may be expressed in the form 

4->ra4 j 

where e and o' ^ the ecoentrioitiea of the sections by the planes «=:0 
and y—0 and 



612. (N. Ganafatqi Subba Aitab) A series of vllipaea have a 
common foona, pass throngh a giren point and hare their major axes 
of the same length. Find their eoTelope. 
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